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Fractal surface dimensionality and finite-size scaling
at the superfluid transition of confined 4He
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A connection between surface fractal dimensionality and the critical behavior of confined He at
the superfluid transition is suggested. It is shown that in the specific case of Nuclepore filters the

disagreement with bulk-correlation-length scaling can be resolved if one ascribes a fractal dimension

to the confining surface of about 2.34. Explicit scaling functions for both the specific heat and the

superfluid density are suggested. Measurements of adsorption isotherms for 0.2-pm filters support
this fractal conjecture and yield a surface dimensionality of 2.24+0.02.

The behavior of He at the superfluid transition has
provided rather stringent tests for theoretical predictions
of critical behavior. For both static and dynamic proper-
ties the agreement with theory has been excellent. This is
true whether the transition takes place at saturated vapor
pressure or at pressures up to the solidification point; or,
equivalently whether the transition is in pure He or in the
presence of He impurities. ' This agreement with scaling
and universality has one major exception. This is the situ-
ation where the helium is confined to a geometry whereby
there are significant deviations from bulk behavior due to
the limitations which the confinement imposes on the
growth of the correlation length. In these circumstances,
under the assumption that the confining surfaces do not
affect the order parameter, scaling predictions suggest a
renormalization of the thermodynamic response in a way
governed by the bulk correlation length. Experimentally
this has proved not to be the case.

Measurements of heat capacity first suggested that the
shift in the heat-capacity maximum and the value of the
maximum did not scale in a proper way. ~ In a subsequent
analysis of these data, Gasparini, Chen, and Bhatta-
charyya (GCB) suggested a scaling function which al-
lowed for a more detailed analysis of all these data, above
and below the superfluid transition. This work rein-
forced the earlier conclusions which were based mostly on
a single feature, the heat-capacity maximum. In this
work it was also pointed out that correction-to-scaling
terms needed to rectify this lack of scaling would have to
be unphysically large.

More recently, Gasparini, Agnolet, and Reppy (GAR)
analyzed data for the superfluid density of confined heli-
um. It was found again that the bulk-correlation-length
exponent did not yield the proper scaling. These authors
were also able to suggest an expected relationship between
the exponent which did scale the superfluid density and
that which scaled the specific heat. This relationship was
found to hold, thus greatly reinforcing the disagreement
with the expected bulk-correlation-length scaling. The
conclusions of the work of GCB and GAR were that ei-
ther there is a new critical length associated with the sur-
face, or that the surface affects the order parameter in an
unexpected way.

In this paper it is suggested that a third possible ex-
planation for the disagreement with bulk-correlation-
length scaling is the roughness of the confining surface.
What we mean is as follows. The thermodynamic
behavior of a finite system, say a film, can be described
not too close to the transition as a sum of a bulk free ener-

gy F„anda surface free energy F„

where N is the total number of particles and N, is the
number at the surface. In the case of a planar surface, N,
is well defined, but, in the case of a rough surface, this is
not so because the area with which N, is associated is it-
self not uniquely defined. The area of a rough surface is
larger the smaller the unit of area with which it is mea-
sured. Noir, at the critical point, it is believed that there
is only one critical length (. This length diverges near the
bulk critical point T„asg =go(1 —T/T, ) "=got
where go is of atomic dimensions and v a characteristic
exponent. We suggest that near the critical point the sur-
face area of a finite system is gauged by g, thus the num-
ber of atoms "at the surface" becomes temperature depen-
dent. Now for surfaces of arbitrary roughness, it is im-
possible to incorporate this idea quantitatively into the
critical behavior. There is, however, a class of surfaces,
those that have fractal dimension, for which this can be
done. The concept of noninteger surface dimensionality
D is associated with the fact that certain kinds of rough
surfaces look invariant when viewed on different length
scales. s The area of these rough surfaces depend on the
unit of measurement I, as follows:

A(l)=A I (2)

For planar surfaces D=2, thus A is a constant. For
rough surfaces D~2 and A(l) increases as I becomes
small. For "earthlike" landscapes, for instance, D is
found to be in the range of 2.1 to 2.4.

We can now introduce the correlation length in Eq. (2)
by using our ansatz that I -(g'/go), thus

A -(g/go)

Thus, unless D=2, the boundary area which affects the
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total thermodynamic response near the critical point is

temperature dependent. For D~ 2 this area becomes
larger as one moves away from T, . This behavior would
explain why, in the case of the helium data, the effect of
confinement extends much further out in t than would be
expected on the basis of a fixed surface area and the tem-
perature dependence of the bulk correlation length. What
is suggested here is that this enhancement is due to the ef-
fective "growth" of the surface as it is probed with a
smaller and smaller correlation length the farther one
moves from the transition.

One can be more quantitative. GCB derive on the basis
of Eq. (1}a scaling function for the difference between the
bulk and confined helium specific heat, hC. This is given
simply by Q I
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Now by using the expected bulk-surface scaling relations
a, =a+v and g —(,=2v and the experimental results
from the slope of the lines in Fig. 1, one can calculate the
fractal surface dimensionality D. One finds for the two

where d is the smallest average confinement size. With
the assumption of bulk-correlation-length scaling one ex-
pects a, =a+v. In the case of the superfiuid density,
GAR suggest the following scaling function:

[k (p, /p)t—~jd'-t (5)

where k is the amplitude of the power-law behavior of the
bulk superfluid density and p, /p is the superfiuid density
of the confined helium normalized by the total density.
From scaling one has g=v, and on the basis of bulk-
correlation-length scaling one expects g —g, =2v. Ir-
respective of the connection with the bulk-correlation-
length exponent v, however, GAR suggest that the follow-
ing surface-bulk scaling relationship should hold:

2(a, —a)=g —g, .

In Fig. 1 are shown the data for the specific heat7 and
the superfluid density of helium confined to the cylindri-
cal pores of Nuclepore filters. These data are plotted in
such a way as to test Eqs. (4) and (5). The heat capacity
has two branches, one for T & Ti and one for T p Ti,.
To the extent that the solid lines fitted to the data are
parallel, ' this graph verifies the conjectured relation, Eq.
(6). However, the slope expected from scaling with the
bulk correlation length, which is indicated by the dashed
line, is obviously steeper than the data. This then is the
disagreement we wish to address.

To do so we assume that the inner pore surface of Nu-

clepore filters is rough and can be described as a fractal.
We also note that the smallest confinement size d appear-
ing in Eqs. (4) and (5) stems from the ratio of X/N„ the
total number of atoms to the number at the surface. This
latter is proportional to the area A. Thus, in place of Eqs.
(4) and (5) the following scaling equations follow from the
derivations in Refs. 4 and 5:

—a —v(2 —D)

I

L
4

al

IQ
2

FIG. 1. Scaling of the two branches of the specific heat and
the superfluid density of confined helium according to Eqs. {3)
and (4). The gas constant 8 is used to normalize the specific
heat. The various symbols indicate confinement in cylindrical
pores of given diameter. The solid symbols refer to the
specific-heat maximum. The symbols linked by a dashed line
reflect the range of t allowed for the value of temperature where

p, vanishes (Ref. 8). The dashed line represents the expected
slope of the data on the basis of bulk-correlation-length scaling.

Hence, by knowing o one can extract D.
To make these measurements, we have chosen Nu-

clepore filters with 0.2-pm size holes. We have done this

branches of the specific heat D =2.30+0.02 and
2.32+0.03 for T & Ti, and T & Ti, respectively. In the
case of the superfluid density one has 2.40+0.02. These
numbers are in good agreement and seem reasonable when
compared with the fractal dimensionality of surfaces ob-
tained by Avnir, Farin, and Pfeifer. " These authors use
adsorption measurements with different size molecules to
find the value of D for different absorbers. For crushed
glass, for example, they find D =2.35+0.11, for porous
silica gel 2.94+0.04, while for graphite 2.07+0.01. We
also note that a Koch surface has a dimensionality of

12

We now examine more closely the assumption of rough-
ness and fractal dimension for the Nuclepore filters. In
Fig. 2 we show an electron micrograph of an 8-p, m hole in
a Nuclepore membrane. ' This hole is made by etching a
radiation track in the polycarbonate membrane. The sur-
face of interest is the one inside the hole. It is clear that
this surface is rough, but it is certainly not obvious that it
is fractal. To address this point we have followed the ex-
perimental procedure of Ref. 11 and measured adsorption
isotherms with molecules of different effective cross-
sectional areas cr. It follows from Eq. (1} that if one can
establish the number of molecules to complete a mono-
layer on the adsorption surface Xi, then
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FIG. 2. Electron micrograph of an 8-pm pore in a Nuclepore
filter membrane.

for several reasons. These particular filters have the larg-
est area per filter and, equally important, have the largest
percent of total surface within the holes. This is the sur-
face to which the data of Fig. 1 are sensitive, hence it is
the surface which is of interest. Further, we had studied
these filters most extensively via Ni and He adsorption in
the past. This gave us a good basis with which to check
the new measurements for consistency.

The adsorption data were taken using a commercial
surface-area analyzer. ' This consists of a vacuum system
capable of 10 torr, two capacitance pressure sensors
with a 40-torr and 1000-torr range, standard volumes, and
a small-volume gas-handling manifold. The adsorption
cell was similar to ones we have used in the past. ' It is a
cylindrical brass can with 200 filter discs of 4.7 cm diam-
eter. The spacing of the filters is a compromise to allow
for gas promotion, hence, faster relaxation time, and for
minimum gas volume. The adsorption isotherms obtained
with this apparatus are shown in Fig. 3. Here we have
plotted data for six different molecules ranging in effec-'2
tive area from 13.8 to 44.4 A . These molecular areas

FIG. 3. Adsorption isotherms for 0.2-pm Nuclepore filters.
The data for argon and nitrogen have been shifted up by 0.5 and
0.2)(10 " mole, respectively. The vertical bars indicate the un-

certainty of the point 8 obtained as the point where the straight
line deviates from the data at low coverage.

were calculated from the liquid bulk density at the tem-
perature at which the isotherm was taken. To extract the
monolayer coverage, we have attempted a Brunauer-
Emmett-Teller (BET) analysis, but find that only argon
and nitrogen yield reasonable agreement with the BET
equation over a reasonable range of reduced pressure. Al-
ternatively, we have used the "point-B" method to identi-
fy the monolayer coverage. This, as indicated in Fig. 3, is
the point at which the isotherm begins to deviate more
sharply from a near-rectilinear region. '6 The results for
the various adsorbates are given in Table I. From this we
see that even though the range in molecular area is rela-
tively narrow, there is a definite trend for the measured
adsorption area to increase with decreasing molecular size.
To test Eq. (9) we have plotted in Fig. 4 logip(Ni 0 ) versus
logiptr. The data define a reasonable straight line. We
note that the nonzero slope is a measure of the deviation
of the surface dimensionality from 2. We find from a

TABLE I. The surface area of 200 Nuclepore filter discs of 4.7 cm diameter and with 0.2-pm pores.
The area is obtained using various adsorbates and the point 8 of the isotherm to identify monolayer
completion.

Adsorbate

Argon
Nitrogen
Methane
Krypton
Propane
Butane

Molecular
area
(A )

13.8
16.2
17.8
21.0
36.4
44.4

Monolayer
capacity

{10 4 mole)

1.70+0.08
1.40+0.06
1.24J0.06
1.0520.04
0.5620.04
0.46'0.03

Isotherm
temperature

(K)

77
77
77
77

195
77

Area
(m )

14.2+0.7
13.7+0.6
13.3%0.6
13.3+0.6
12.3+0.9
12.3+0.9
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least-squares fit that D =2.24+0.02. For comparison we

have also shown on this plot a dashed line which corre-
sponds to D=2.34. This is a representative value of D as
obtained from the finite-size scaling of the specific heat
and the superfiuid density. We believe that these values
of D are reasonably consistent. In fact, one might even

justify the slightly lower value of D for the 0.2-pm pore
filter as opposed to filters with smaller size pores. The
critical behavior data are for filters with pores in the 0.2-
to 0.03-imam range, and it is observed that the smaller the
pore size the rougher the surface. ' Thus, the present ad-

sorption data should yield a lower value of D than the
ones obtained from the critical behavior.

Lastly, we point out that in the work of GAR several
other sets of data for the superfluid density are analyzed.
Among these are data taken with helium confined be-

tween sheets of Mylar. ' The surface of this material is
substantially smoother than the surface associated with
the Nuclepore filters. One would expect on this basis that
the fractal dimensionality for these data would be closer
to 2. One finds indeed that D =2. 12+0.04.

In summary, we have presented in this paper a conjec-
ture that surface roughness modifies the behavior of a
finite-size system near the critical point. This effect is in
addition to the expected effects of finite-size scaling
which can be described via an average smallest confine-
ment size. In the specific case of helium confined in pores
of Nuclepore filters, we have shown that if the confining
surface of the pores is fractal, then one can work our ex-

plicit scaling functions for the specific heat and the super-
fiuid density. One finds that one requires D=—2.34 to
have agreement with predictions of bulk-correlation-
length scaling. In an independent determination of D for
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FIG. 4. The log of the adsorption area versus the log of the
molecular area of the adsorbate. The solid line is a least-squares
fit. The dashed line represents a slope of 2.34.

0.2-pm filters via adsorption isotherms, we find
D =2.24+0.02. This supports our conjecture of the frac-
tal nature of the surface and its effect on critical behavior.
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