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It is pointed out that the Kohn-Sham orbitals, for the exact interacting ground-state energy and
density for the external potential of interest v(r), are simultaneously the optimum orbitals of the ex-
act exchange -only computation for the modified external potential v(r)+v.(r), where v.(r) is the
correlation potential. This theorem is used to derive necessary bounds that the exact density-
functional-theory correlation energy must satisfy in terms of approximate correlation energies which
are obtained from available data. Numerical examples of one of the bounds is given with respect to

the surface correlation energies of jellium metal.

In the Hohenberg-Kohn-Sham density-functional
theory,! =3 it is E,[p]+E.[p] which has to be approxi-
mated for variational calculations, where E,[p] is the
universal exchange-energy functional of density p and
E_[p] is the universal correlation-energy functional of p.
In this paper we focus upon the definitions of E,[p] and
E_[p] and then exhibit necessary bounds that the exact
E_[p] must satisfy in terms of available data.

E_.[p] is commonly defined explicitly or implicitly in
density-functional theory as*—%

Ec[P]ZE[P]"‘Em[P] ’ (l)
with
E[p]=(¥|T+V..+ Sov(r)|¥), )

where T and ’I\’“ are the kinetic and electron-electron in-
teraction operators, respectively, and where

Exolp]l=(® | T+ Ve + Sv(r;) | @), (3)
i

where p comes from ¥, the interacting ground-state’ wave
function of external potential ¥ = ¥, v(r;), and where ®,
which also yields p, is the corresponding Kohn-Sham
ground-state single determinant. Note that ® is generated
by the full exchange-correlation potential. xo signifies ex-
change only.

Equation (3) is a natural choice for the definition of the
exchange-only part of Eq. (1) in that the gradient expan-
sion exists®!° for the nonclassical repulsive part of Eq. (3)
and this nonclassical part has also been shown to scale
homogeneously.!! That is, E,[A’p(Ar)]=AE,[p(r)].

An active area of density-functional-theory research
concerns the generation of accurate functional forms of
E_[p]. For this purpose, numerical estimates of E.[p]’s
are presently available for ground-state Coulomb p’s but
only by using data obtained outside of density-functional
theory. Specifically available as good estimates of E_[p]
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are the exact values for E_ [p] and EFF[p], where

E;[p]=E[p]—E[p] 4)
and
Eff(p]=E[p]—Ex5 [p] - (5

(Note that for atoms and molecules, E.[p], E.[p], and
EHF[p] have all been defined to be negative here.)

In Eq. (4), E;,[p] is the exact “exchange-only” total en-
ergy®’ for external potential V. That is,

Eiolp]=(®" | T+ V.o + Jv(r) | @), (6)

where @’ is that single determinant which is constrained
to be a ground state’ of some noninteracting Hamiltonian
of the form T+ 3, w'(r;), and which simultaneously
minimizes (T+V,, + > v(r;)). The potential w'(r) is
restricted to be local.

In Eq. (5),

E [pl=(Pur| T+ P+ Zo(r) | Pur) , 7

where ®yr is that single determinant which minimizes
(T+V,,+ 3., v(r;)), without further restriction. Note
that while @’ and ®yg, as well as P, are all determined by
p, in general ®, ®’, and Pyy are all different, and only
(®|p| ®)=p, where p is the density operator. The den-
sities p’ and pyr are generally different from each other
and different from p.

The exact value of EFF[p] is often available when p is
the %round-state density of an atom or a small mole-
cule,'>13 and the exact value of E/[p] is available for a
variety of atoms.%”!* In contrast, exact values for E,[p],
the density-functional correlation energy of interest, are
unavailable for comparison.'?

ECHF[p], based upon the Hartree-Fock reference point,
is the traditional quantum chemistry definition of the
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correlation energy for external potential ¥, and E,[p] is
the correlation energy based upon the reference point of
Aashamar, Luke, Shadwick, and Talman (see also Refs. 6
and 7).}* It is the purpose of this article to exhibit neces-
sary bounds, in terms of E/[p] and EHF[p], that the exact
E_[p] must satisfy. We shall also discuss the tightness of
the bounds.
The main rigorous bounds are

E.[p] <E/[p]<E[p], ®)
and we shall prove that
0<E[pl—E.lp]= [ [p(D)—p(D]v.(r)dr—5, 9)
where &, is a positive number, so that
0<E/[p]—E.[pl< f [p'(r)—p(r)]v.(r)dr .

Actual numerical bounds on E;[p]—E_.[p] may thus be
obtained via Eq. (10) because v, p, and p’, are now avail-
able for atoms,'*!>16 where v,(r) is the correlation poten-
tial associated with the ground-state density of v (r) which
is p. The rightmost inequality in Eq. (8) results from the
fact that E, has the local potential restriction associated
with it while EXF is unrestricted in this sense. (For two
electrons, the inequality actually becomes an equality be-
cause the Fock potential is local for two electrons.)

Equation (9) and the leftmost inequality in Eq. (8) are
now proven. For the key starting point in the proof, we
now state the theorem that the Kohn-Sham <& is the
minimizing single determinant of the interacting
exchange-only calculation for the modified external poten-
tial v(r)+v.(r), where

v.(r)=8E,[p]/6p(r) .

(10)

(11D

That is, @ is that single determinant which minimizes

(T+V+ > ovlr)+ 3 v(r)

and is simultaneously constrained to be the ground state
of some noninteracting Hamiltonian of the form
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T+ 3, w(r;), with w(r) restricted to be a local potential.
Throughout this minimization process it is assumed that
the v.(r) retains its ground-state form, always correspond-
ing to the ground-state density p, thereby playing the role
of a component of the modified external potential. Thus,
while @’ is the constrained minimizing single determinant
for the interacting Hamiltonian T+ I/;'e, + 3, v(r;), @ is
the constrained minimizing single determinant for the dif-
ferent interacting Hamiltonian

T4Vt o)+ 3 o(r) .

Thus, unless v,(r) is a constant, it follows directly that!’

Exo[P]_E;(o[plzal’ 6;>0, (12)
or equivalently
(@ T4 P+ Jv(r) | ®)
i
A | T+ Ve + i) | & )=5;, §,5>0. (13)
And it also follows that
(| T+ Ve + o)+ 3 ve(r) | D)
i i
AP | T+ Ve + Svlr)+ Soe(r) | D) =5, ,
82>0 . (14)
Now, add Egs. (13) and (14). Obtain
[ (D) —p(D)Ioe(1)dr=8,+8,>0. (15)
Equations (12) and (15) yield
Exwlpl—Ejlpl= [ [p(0)—p(D)o.(ndr—8,>0.  (16)

Finally, the combination of Egs. (1) and (4) with Egs. (12)

TABLE 1. Jellium-metal surface correlation energies as a function of the Wigner-Seitz radius r,. In
the table o is the total surface energy for the fully correlated system; o,, and o, the surface energies in
the exchange-only approximation with o,, determined for densities that minimize the total energy and
0, for those that minimize the total exchange-only energy; o. and o are the corresponding surface

correlation energies.

Wigner-Seitz
radius Surface energies (ergs/cm?)
ry (a.u) o Oxo Oro o, o.
2.0 —664° — 1549 —1643° 885° 979
2.5 187° —288 —332° 475° 519
3.0 278* -7 —26° 285° 304
35 2407 56 49° 1842 191
4.0 189* 65 57° 124° 132
45 146* 58 55° 88® 91
5.0 113* 50 47° 63* 66
5.5 89° 41 39° 48 50
6.0 712 33 33° 38 38
2See Ref. 8.

bSee Ref. 18.
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and (16) proves Eq. (9) and the leftmost inequality in Eq.
(8).
The rightmost side in Eq. (9),

[ [p(0—p(D]ve(r)dr -3, ,

is a positive number which is the difference between two
numbers that are always positive and generally small in a
relative sense. Hence, Eq. (9) dictates that while E,.[p]
should always be more negative than E_[p], the former
should be reasonably close to the latter, at least in a rela-
tive sense. We expect in general, however, that E_.[p]
should be farther from E./[p] than E/[p] is from
EHF[p]. Namely, the rightmost bound in Eq. (8) should
be tighter than the leftmost bound. That is,

E.[p]—E.lp]>EF[p]—E:[p] . amn

Equation (17) is conjectured because ¢’ and Py are
minimizing determinants with respect to the same Hamil-
tonian, T 4+ 17'&. + 3, v(r;), while as stated earlier, ® is
the minimizing function for a different Hamiltonian,

T4+ P+ o)+ Solr) .
i i

As a numerical illustration of the leftmost inequality of
Eq. (8) we consider the corresponding surface correlation
energies o.[p] and o [p] of jellium metal (for the surface,
we have replaced E, by o, and E; by o). The surface
energy o which is the work required, per unit area of the
new surface formed, to split a crystal in two, involves the
difference in energies between the split and unsplit crystal.
Consequently the surface correlation energy is positive,
since the correlation energy of the uniform electron gas of
the unsplit crystal is lower than that of the lower electron
density system at and about the surface of the split crys-
tal.

The results quoted in Table I are gleaned from the work
of Mohammed and Sahni,® and Sahni and Ma.!* The
work of these authors for the total surface energy® o[p]
for the fully correlated system and the total surface ener-
gy a;o[{o] in the exchange-only (Pauli-correlated) approxi-
mation'® is variational in nature. (A fully self-consistent
optimized local-effective-potential calculation of the
jellium-metal surface physics problem in the exchange-
only approximation has yet to be performed, as has the
more formidable fully self-consistent Hartree-Fock calcu-
lation.) The accuracy of the results of these authors is
guaranteed both by their use of physically realistic wave
functions as well as the application of the variational
principle for the energy. For details of these calculations,
we refer the reader to the appropriate references.® '®

In the second column of Table I we quote the results®
for the total surface energy over the metallic range of den-
sities, r,=2—6, where r, is the Wigner-Seitz radius. This

TABLE II. Theoretical values for the Hartree-Fock (conven-
tional wave function) and exchange-only (density-functional-
theory) correlation energies EX'F and E. , respectively.

Correlation energies (Ry)

Atomic number Hartree-Fock Exchange only

Atom Z — EFF —E,

He 2 0.0843*° 0.08430¢

Li 3 0.0906%4 0.0913%4

Be 4 0.1887>¢ 0.1899%¢
*See Ref. 23.
®See Ref. 20.
“See Ref. 13.
9See Ref. 21.
“See Ref. 22.

is the sum of the surface kinetic energy of a system of
noninteracting electrons, the surface electrostatic energy,
and the surface exchange-correlation energy as determined
by the nonlocal wave-vector analysis scheme of Langreth
and Perdew.'” In the next two columns we give the
exchange-only results o,,[p] and o,,[p] (which are the
sum of the surface kinetic, surface electrostatic, and non-
local surface exchange energies), the former® being deter-
mined for those orbitals which minimize the total surface
energy, and the latter'® for those that minimize the total
exchange-only surface energy. In the last two columns we
give the corresponding correlation energies o.[p] and
o.[p]. We observe that o, closely approximates the “‘ex-
act” result o, with o, being greater than o, as expected
on the basis of Eq. (8). The difference between o,.[p] and
o.[p], on the average, is about 5% although for higher
density metals it is as high as 10%. Finally, the fact that
the bounds are as tight as they are is indicative of the ac-
curacy of these variational calculations.

For atoms and molecules, as mentioned earlier, results
for the density-functional-theory correlation energy E,[p]
are presently unavailable. Consequently, it is not possible
for us, at present, to demonstrate the extent of the in-
equality E [p] <E,[p]. However, it is possible to demon-
strate the extent of the rightmost inequality of Eq. (8),
E.[p] <EHF. In Table II we present values for E; and
EHF for the atoms He, Li, and Be based on many-
parameter correlated wave-function calculations®**~2* for
the nonrelativistic ground-state energies. E." is greater
than E_; by less than 1%.

The work of one of us (V.S.) was supported in part by
the Research Foundation of the City University of New
York, Professional Staff Congress—Board of Higher Edu-
cation. M.L. acknowledges the Petroleum Research
Fund, administered by the American Chemical Society,
for support of this research.

IP. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964).

2W. Kohn and L. J. Sham, Phys. Rev. 140, A1133 (1965).

3There are several reviews which are now available. A very re-
cent publication is Density Functional Methods in Physics,
edited by R. M. Dreizler and J. da Providencia (Plenum, New
York, 1985).

4Since the definition of E, [p] is essentially set, the definition of
E.[p] then depends upon the definition of E,[p] and vice
versa. The definition of E,[p] that we employ is now a com-
monly used one. See, for instance, Refs. 5—8.

5J. Harris and R. O. Jones, J. Phys. F 4, 1170 (1974).

6V. Sahni, J. Gruenebaum, and J. P. Perdew, Phys. Rev. B 26,



3872 VIRAHT SAHNI AND MEL LEVY 33

4371 (1982); J. P. Perdew and M. Norman, ibid. 26, 5445
(1982).

D. C. Langreth and M. J. Mehl, Phys. Rev. B 28, 1809 (1983).

8A.-R. E. Mohammed and V. Sahni, Phys. Rev. B 31, 4879
(1985).

9For simplicity of presentation, we shall assume that all our den-
sities under discussion are interacting and noninteracting
pure-state v representable. Furthermore, we shall assume
that our densities belong only to nondegenerate ground states.
However, nondegenerate pure-state v representability is not
really required because we may invoke the recent develop-
ments in M. Levy and J. P. Perdew (Ref. 3); N. Hadjisavvas
and A. Theophilou, Phys. Rev. A 30, 2183 (1984); J. P. Per-
dew and M. Levy, Phys. Rev. B 31, 6264 (1985). Examples of
densities which are not pure-state v representable are given in
M. Levy, Phys. Rev. A 26, 1200 (1982); E. H. Lieb, in Physics
as Natural Philosophy: Essays in Honor of Laszlo Tisza on his
75th Birthday, edited by H. Feshback and A. Shimony (MIT,
Cambridge, Mass., 1982); Int. J. Quantum Chem. 24, 224
(1983); H. Englisch and R. Englisch, Physica (Utrecht) 121A,
253 (1983).

10D. C. Langreth and J. P. Perdew, Phys. Rev. B 21, 5469
(1980).

11See M. Levy and J. P. Perdew, Phys. Rev. A 32, 2010 (1985),
and references within.

12Among the many references, see for instance, A. Szabo and N.

S. Ostlund, Modern Quantum Chemistry (Macmillan, New
York, 1982). For atoms, see for instance, J. P. Perdew and A.
Zunger, Phys. Rev. B 23, 1809 (1981).

13There are related definitions for E.[p] that are different from
the one we employ in this paper. See, for instance, the work
of H. Stoll and A. Savin in Ref. 3, p. 177. This work contains
data which imply that our bounds are tight in atoms.

14See K. Aashamar, T. M. Luke, and J. D. Talman, Phys. Rev.
A 19, 6 (1979); J. D. Talman and W. F. Shadwick, ibid. 14,
36 (1976).

15D, W. Smith, S. Jagannathan, and G. S. Handler, Int. J.
Quantum Chem. Symp. 13, 103 (1979).

16C.-O. Almbladh and A. C. Pedroza, Phys. Rev. A 29, 2322
(1984).

"In Ref. 8, it was conjectured that E,,[p]=E,[p']. In other
words, it was conjectured that §, is zero. Although we now
know that 8, is not zero, it is true nevertheless that §, is gen-
erally small for atoms and small molecules.

18y, Sahni and C. Q. Ma, Phys. Rev. B 22, 5987 (1980).

19D, C. Langreth and J. P. Perdew, Solid State Commun. 17,
1425 (1975); Phys. Rev. B 15, 2884 (1977).

20C. L. Pekeris, Phys. Rev. 115, 1216 (1959); 126, 1470 (1962).

218, Larsson, Phys. Rev. 169, 49 (1968).

22C. F. Bunge, Phys. Rev. A 14, 1965 (1976).

23C. F. Fischer, The Hartree-Fock Method for Atoms (Wiley,
New York, 1977).



