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Theory of the perpendicular-field cyclotron-resonance anomaly in potassiuim
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A simple metal, having a spherical Fermi surface, should not exhibit cyclotron resonance when

the magnetic field is perpendicular to the surface. Nevertheless, a sharp resonance was observed by
Grimes in potassium. This phenomenon can be explained by a charge-density-wave (CD%) broken

symmetry. A small cylindrical piece of Fermi surface, bounded by the CD%' gap and the first mini-

gap, contains electrons having very small velocity. These electrons provide a mechanism for the
anomalous resonance even though their relative concentration is only -4X 10 . This same group
of electrons is responsible for the sharp photoemission peak {reported by Jensen and Plummer) from
{110)surfaces of Na and K.

I. INTRODUCTION

Cyclotron resonance in metals is ordinarily studied in
the Azbel-Kaner configuration, ' for which the dc magnet-
ic field is parallel to the surface. In addition to the funda-
mental resonance (at H, ), there appears a sequence of
subharmonic resonances at H, /n, n =2,3, . . . . This
phenomenon was observed in the simple metals Na and K
by Grimes and Kip. ~ Theoretical studies~ of the surface
impedance of an ideal metal, having a conduction-electron
energy spectrum E(k) that is parabolic and spherically
symmetric, account for the main features of the data and
allow accurate determination of the cyclotron mass
(m '/m = l.24 and 1.21 for Na and K).

Cyclotron resonance is not expected when the magnetic
field is oriented perpendicular to the surface. The
theoretical curve of Fig. 1 illustrates the variation of the
surface impedance with magnetic field for a circularly po-
larized microwave signal. (The sign convention adopted
here corresponds to resonance when co, /co = —1;
co, =eH/m'c. )

—Structure at resonance should not appear
because electrons traveling at the Fermi velocity (uF -10
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FIG. 1. Surface impedance of potassium vs magnetic field
for circularly polarized radiation at T =2.5 K. co/2+=23. 9
GHz. The theoretical curve is for an ideal metal (spherical Fer-
mi surface) with a specular surface. co, =—eH /m *c.

cm/sec) spend too short a time in the skin depth (5- 10
cm) compared to the period 2trlto of the microwave field.
Electrons near the metal surface travel in and out along
(dc) magnetic field lines perpendicular to the surface.

Nevertheless, Grimes found a very sharp and large res-
onance in potassium. This is shown in Fig. 1. The ampli-
tude of the sharp feature is comparable to the total change
in surface impedance, Z(H), between H =0 and H =H, .
From our analysis in Sec. IV the sharpness corresponds to
co,-60, where ~ is the electron relaxation time. The
DPPH (diphenylpicrylhydrazyl free radical) marker indi-
cates where cyclotron resonance could occur if m'/m
were unity.

The sharp feature shown in Fig. 1 has been attributed
to excitation of a Fermi-liquid mode described by an el-
lipsoidal deformation of the Fermi surface. However, this
interpretation has a serious difficulty. The 1=2 Fermi-
liquid mode does not couple to an electric field (which
stimulates only 1= 1 Fermi-surface distortions). The 1=2
mode can arise only from a steep spatial gradient in the
electron distribution function f(k, r, t). Variations which
occur in the skin depth are too small by 4 orders of mag-
nitude to explain the observed resonance. Vfhen one as-
sumes diffuse refiection of electrons at the surface (in-
stead of specular) the shortfall is alleviated by about 1 or-
der of magnitude.

The existence of this resonance anomaly remains enig-
matic. Effects of surface roughness (on a scale larger
than that required for diffuse scattering) were investigat-
ed. The model postulated was represented by a very
short relaxation time, co~-0. 1, within a distance ——,5
from the surface. At greater depths a bulk value cor-10
was considered typical. The sharp spatial discontinuity of
toe did lead to a significantly larger coupling to the 1=2
Fermi-liquid mode. Ho~ever, there appears to be experi-
mental evidence for discounting this possible explanation.

The samples employed by Grimes were similar' to
those used in (parallel-field) cyclotron-resonance studies.
Well-developed subharmonic resonances were observed,
and these required m~-10. Grimes has kindly sent us
data which show that the sharp resonance (in perpendicu-
lar field) and the Azbel-Kaner signal (in parallel field)
occur in the same sperimen. Subharmonics out to n =8
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were visible. Comparison with the theoretical expres-
sion" for the Azbel-Kaner signal indicates that ror was
between 10 and 15. In fact, the n =2 subharmonic would
disappear if ro~ g 3, and the fundamental would disappear
at cur= l. ' We believe, therefore, that high-order Azbel-
Kaner subharmonics cannot be expected in samples when

cora l in a significant fraction of the skin depth. We
therefore propose an alternative theory of the
perpendicular-field anomaly, an idea that acquires plausi-
bility from recent photoemission studies of Na and K.'s

II. CHARGE-DENSITY-%AVE STRUCTURE
AND THE FERMI SURFACE

The evidence for a broken translational symmetry of
the charp-density-wave (CDW) type in Na and K is ex-
tensive. ' One of the most striking observations is the
large number of o en-orbit magnetoresistance peaks
found in potassium. ' The origin of this phenomenon is
the existence of several small energy gaps in E(k},which
cut through the Fermi surface, as shown in Fig. 2. The
minigaps and heterodyne gaps arise naturally in the solu-
tion of a Schrodinger equation having two incommensu-
rate periodic potentials. ' Figure 2 is schematic; the
separations between adjacent high-order gapa have been
exaggerated, and the Fermi-surface distortion is not
shown. The heterodyne gapa are very small, —1—10
meV, and can suffer magnetic breakdown. The theory of
the open-orbit magnetoresistance spectrum' provides a
rather complete account of the observations. ' It is worth
noting that without a CDW structure the Fermi surface
would be simply connected and open orbits could not even
occur.

The exact shape of the Fermi surface near the main
CDW energy gap cannot be predicted because nonlocal
many-body corrections' to E(k) are important and are
difficult to calculate, especially for a nonuniform elec-
tronic charge density. That the Fermi surface comes close
to the CDW energy gap is known from the shape (near
threshold) of the Mayer El Nab—y optical absorption. '

There is now direct evidence that a small cylindrical

Heterodyne gaps

Fermi-surface sheet exists between the first minigap
(-0.1 eV) and the main CDW gap (0.6 eV), as shown in
Fig. 3. Solution of the Schrodinger equation for E(k, }
in the region between these two gaps leads to an E(k, )

that is almost a constant, F,. The relevant question is
whether E, is above or below EF, the Fermi energy. If
E, &EF, there will be a small cylindrical volume of occu-
pied states (between the two gapa) and these will give rise
to a sharp photo-emission peak (normal to a [110] metal
surface) at photon energies for which (otherwise) photo-
emission is forbidden. t Such a photoemission signal has
recently been reported for Na and K.'

Electrons on the cylindrical Fermi surface will have
u, ~~ uz, and will accordingly remain in the skin depth for
a much longer time than other Fermi-surface electrons.
We should remark here that the z direction (the direction
of the CDW wave vector Q} is known from optical stud-
ies to be perpendicular to the surface of a thin filmz' or of
a thin slab grown between smooth, amorphous surfaces
(from studies of Doppler-shifted cyclotron resonance ).

The purpose of the present work is to show that this
"new" group of electrons, even though their number is ex-
tremely small, can account for the existence and size of
the perpendicular-field cyclotron-resonance anomaly,
shown in Fig. 1.

In Sec. III we shall calculate the surface impedance
Z(H) for a metal having both a standard spherical Fermi
surface and a small cylindrical sheet (with its axis parallel
to the magnetic field H). It is obvious from Fig. 2 that
the theoretical model used in what follows greatly over-
simplifies the full reality of the CDW structure. Not only
do we ignore effects of other high-order gaps, but we
neglect the small angle between Q and the [110]
reciprocal-lattice vector. This deviation will cause the
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FIG. 2. Schematic illustration of some of the energy gaps
that arise I,

'in an alkali metal) from a CD% broken symmetry.
The undistorted Fermi sphere is shown. (Spacings between ad-
jacent high-order gaps have been exaggerated. )

FIG. 3. Sketch of the Fermi surface near the COW energy
gap of potassium. For simplicity the CDW Q and the
reciprocal-lattice vector Ci»o have been taken parallel, although
a small tilt (-1 } is anticipated. The small cylindrical sheet of
Fermi surface between the CD%' gap and the (first} minigap is
the focus of this study. (The horizontal axis is parallel to t.}
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cylinder axis to be tilted away from z. However, the cy-
clotron frequency on the cylinder (and for motion perpen-
dicular to z) is probably not seriously affected. Finally,
we remark that the cylinder radius will be taken constant
(independent of k, ), which corresponds to E(k, ) =E,. It
is clear that the cylinder's radius mill actually be slightly
larger at the rninigap plane compared to its radius at the
CDW gap plane. Neglect of this variation is equivalent to
taking u, =0 for electrons in the cylinder. Therefore, if
such electrons are in the rf skin depth, they remain there
during their relaxation time. It follows that a very small
concentration suffices to explain the large, anomalous res-
onance. There are, of course, two cylinders: one near
k, =—,Q and another near ——,Q.

III. THEORY OF THE SURFACE IMPEDANCE

In accordance with the foregoing discussion, we shall
calculate the surface impedance Z(H) for a metal having
both a spherical Fermi surface and a small cylindrical
one. The axis of the latter will be parallel to H and per-
pendicular to the surface. The infinite-medium conduc-
tivity o(q, co) can be written as the sum of two contribu-
tions, one from each group,

0 =O's+0'c

We shall follow standard procedures to evaluate the con-
ductivity cr, of the sphere by solving the Boltzmann equa-
tion for f(k, r, t),

Accordingly, one looks for a solution having the form

f=fo+f& exp(iq r —icot) .

It follows from Eqs. (2)—(4) that f, must satisfy

1 eH dfo—+i(q v —co) fi+ (vXVq)fi ——eE v
'T Ae Bc

(4)

where s=iri k /2m'. lt is convenient to change coordi-
nates from k to s, k„P, where

P=—tan '(kr /k„) . (6)

Equation (7) is easily solved when the propagation vec-
tor q is parallel to z, which is the case of interest here.

[1+ir(qu, —co)]
X exp (p' —p)

~c~

The current density j(r, t ) can now be evaluated:

P is the azimuthal angle of an electron in its (k-space) cy-
clotron orbit. Equation (5) then becomes

1 c)f i dfo—+i(q v co—) fi+co, =eE v
'r '

ay
= a.

af e v fo f+v V,f E+——x—H .V„f=
t '

A e 7
(2) f fivd k. (9)

E exp(iq. r —icot) . (3)

where fo(k) is the equilibrium Fermi-Dirac distribution.
We are interested in deviations from fo to first order in
the electric field,

In tensor notation,

Ji =g &cmEm

The tensor components of conductivity (from the sphere)
are

g,. = — fde fdk, f dPu;(e, k„P)f dP'u (s,k„P)exp
' ($' P)—8fo z& y [1+ir(qu, co)]-

C C

For circular polarization of E we define

+=+s —0'xx —l &xy

Evaluation of Eq. (11) then leads to

+ 3ne v. ~& sin 0
4m o 1 —l(co+coc )r+Iql cosO

(12)

(13)

where

a:—(co+co, )r,
x:—ql,

p=— ln
1 1+(x +a)

1+(x —a)
where n is the electron density and i is the mean free
path, uFr. (cos8=k, /kF. ) The integration in Eq. (13) is
elementary and yields

+ 3ne ~2

cr, (q, co)= [2'—1+r(x +1—a )
2 2

2P7l X

+i [a+@(x +1 a) 2ar]), —(14—)

r = [tan (x+a)+tan —(x —a)] .1 —1

2x

'We next consider the conductivity from electrons in the
small cylindrical section of the Fermi sea, shown in Fig.
3. We shall assume that the total number of "cylindrical"
electrons is gn For the reasons . given at the end of Sec.
11, u, for these electrons is neglected. It follows that the
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cT,+(ni) = one v

m

1

1 —iv(co+co, )
(15)

(We have assumed that the effective mass m ' is the same
for the x,y components of motion on the cylinder as it is
for the sphere. )

The surface impedance Z, which is the ratio of the
tangential electric field at the surface to the total current
density inside the metal, characterizes the microwave-
metal interaction. For specular reflection (of the elec-
trons) at the surface, Z+ is related to the total conductivi-

ty, the sum of (14) and (15),

o+(q, co) =o,+( q, nr) +o~+(cu), (16)

transverse conductivity is then the same as in a local
theory:

ative to its unknown value at H =0. The vertical scale
factor is also unknown.

Theoretical results from Eqs. (16) and (17) are shown in
Fig. 4 for three values of 8. The sharp feature (at cyclot-
ron resonance} is reproduced rather well with 8-47',
cov'-60, and q-4~ 10

One aspect of the data still unexplained is the smooth
falloff of Zs for magnetic fields beyond resonance. It is,
of course, possible that other types of orbits, created by
the heterodyne gaps shown in Fig. 2, may be responsible.
We have found no way to incorporate such orbits quanti-
tatively.

It is of interest to estimate the radius R of the cylinder
having a volume equivalent to the value of rl given above.
The result depends on the magnitude of the CDW wave
vector Q, which is now precisely known. We shall take
(from unpublished diffraction data)3

Q = 09 &5G rpr (19)
Z — Sl 6) (17)

c g —4wlNO'

(where c is the velocity of light}. The integration in Eq.
(17) can only be done numerically.

There are essentially only two unknown parameters in
cr+:coo and rl. We shall adjust co~ so that the width of the
sharp resonance is reproduced. The fraction of electrons
in the cylinder determines the (vertical) size of the resa-
nance, compared to the change in Z between H =0 and
H, . The values we find are ci~-60 and rl -4X 10

We have, of course,

rrR L= rlkF .
4m

3
(21)

From Eqs. (20) and (21) and the fact that G»c ——2.3kF,

where 6 i ra is the (smallest} reciprocal-lattice vector. It
follows that the total length L of the twa cylinders is '

Gllo Q 0 015G110 '

R-O. lkF . (22)
IV. RESULTS AND DISCUSSION

Before fitting the theory (just derived) to the data of
Fig. 1 it is necessary to discuss in detail several experi-
mental details. The microwave bridge used by Grimes
was one built a number of years before by Gait et al. r It
did not incorporate feedback tuning of the klystron to the
center of the microwave-cavity resonance. As a conse-
quence, the bridge response corresponded to an unknown
linear combination of surface resistance and reactance,
which we shall call Zs..

Thus the cross-sectional area of the cylinder (perpendicu-
lar to z) is about 100 times smaller than the cross section
of the Fermi sphere.

It is of interest to note that Baraff surmised that the
sharp cyclotron resonance found by Grimes could be ex-
plained by ——,', af a monolayer of electrons confined to
the surface (and free to move parallel to the surface). He

Zs =cos8 Re(Z+ )+sin8 Im(Z+ ) . (1&)

The early work on Bi produced such robust signals that
the microwave cavity was rhodium plated to reduce the
cavity Q. This precaution tends to reduce any effect of
detuning, so that the bridge output would then be a mea-
sure of surface resistance.

Grimes plated the cavity with high-purity copper to
maximize Q and optimize sensitivity. Effects of
thermal expansion, magnetoresistance, etc. can result in
an unknown (and nonconstant} value of 8 during, for ex-
ample, sweeping of the magnetic field. Another effect af
the plating can be seen in the data of Fig. 1. The broad
resonant dips near co, /c0-+0. & were probably causedi
by hydrated CuS04 particles trapped in the copper plat-
ing. i9 (Their resonance frequency corresponds to
g-2. 15.) Finally, the relative sizes of the sharp reso-
nances near co, /co-+1 indicate that the circular polariza-
tion was -90%. The bridge was balanced at H=O, so
the signal shown in Fig. 1 is the change in Z~ with H, rel-

I I I I I I I I I

-2.0 -1.5 -1.0 -0.5 0 0.5 1.0 1.5 2.0
~ci

FIG. 4. Theoretical surface impedance Zq(H) for potassium
with a CD% broken symmetry. The mixing angle 8 (for surface
resistance and reactance) is defined by Eq. {18).



33 THOERY OF THE PERPENDICULAR-FIELD CYCLOTRON-. . .

emphasized that it was highly unlikely that such a specu-

larly reflecting thin film could be formed on the surface
of the sample; only it was interesting that so few electrons
were needed to give the observed magnitude of the peak.
It is not a coincidence that the number of CDW cylinder
electrons within a skin depth 5 of the surface would con-
stitute ——,', of a monolayer equivalent. In other words,
the CDW structure provides a small group of electrons,
having local properties, that fulfill the essential require-
ments of Baraff's imagined specular fllm.

V. CONCLUSIONS

A cylindrical sheet of electrons caused by the CDW
broken symmetry of potassium explains the sharp
perpendicular-field cyclotron-resonance anomaly found by
Grimes. This same group of conduction electrons is re-

sponsible for the angle-resolved Iihotoemission anomaly
observed by Jensen and Plummer. '

The foregoing conclusion can be tested by searching for
de Haas —van Alphen or Shubnikov —de Haas oscillations
having an oscillation period about 100 times larger than
the traditional one. Samples with an oriented CDW wave
vector are needed and can probably be obtained with eva-
porated films. In this case, resistance oscillations (versus
H) would likely be the easiest method.
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