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A small metal sphere interacting with an incident electromagnetic wave will produce second-
harmonic radiation in a quadrupolar mode. A hydrodynamical model for the electron gas is em-
ployed and a Green-function formalism is used to solve for the cross section for producing second-
harmonic generation. Numerical results are obtained for aluminum and silver.

I. INTRODUCTION

Ever since intense sources of electromagnetic radiation
have become available, interest in the nonlinear optical
properties of matter has persisted. One of the most ele-
mentary manifestations of such a nonlinear property is
second-harmonic generation (SHG). First-principles cal-
culations of the effect in bulk matter have been carried
out by numerous researchers. Adler' discussed the gen-
eral symmetry properties of nonlinear media and outlined
a formalism to compute the nonlinear polarization
currents in polarization theory. Early theoretical studies
of the nonlinear optical behavior of metallic surfaces were
conducted by Jha and co-workers.>~> Experiments on
media with inversion symmetry confirmed,* to within an
order of magnitude, these theoretical models. In more re-
cent years attention has turned to rough surfaces primari-
ly because of the observation of surface-enhanced Raman
scattering. Agarwal and Jha® have studied the surface
enhancement of second-harmonic generation at a metal
grating using a perturbation expansion based on an expan-
sion in terms of the surface roughness parameter. Chen
et al.” have studied the interconnection between SHG and
Raman scattering. Arya® has developed a Green’s-
function formalism for treating SHG from rough metal
surfaces. Boyd et al.’ made a detailed study of the local-
field enhancement of various solids using SHG as a probe.
Recently, Keller'® emphasized the need for including non-
local electronic transport effects in describing SHG.

In a somewhat unrelated development there has also
developed in recent years an interest in the properties of
small particles. A variety of techniques have become
available to prepare small particles ranging in size from
what may be called just clusters of atoms to particles mi-
crometers in size. An extensive body of work has been de-
voted to the study of the linear optical properties of such
particles'! but not much work has centered on their non-
linear optical properties. Agarwal and Jha’ studied the
nonlinear optical properties of spherical particles in the
context of a dielectric model for the limiting case of the
particle size being much smaller than the wavelength of
light. In this paper we will extend their work in two
directions. First we will use what is analogous to a full
Mie theory and develop a formalism which is valid for all
particle sizes, although for computational reasons we will
restrict our attention to particles of moderate size but
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smaller than the wavelength of light in vacuum. Second-
ly, we will base our study on a more microscopic model of
the particle, rather than employ simply dielectric theory.
This will allow us to include screening effects, both at the
level of the linear theory and the nonlinear theory. Our
attention will be restricted to the study of SHG from a
spherical metallic particle.

At first sight the production of SHG seems difficult, at
least for centrosymmetric materials, due to the fact that
symmetry considerations outlaw dipolar radiation at the
second-harmonic frequency for a spatially uniform field.
However, it is well known, that as the particle grows in
size, higher multipolar scattering becomes more and more
important. Thus, we may envisage a range of particle
sizes for which quadrupolar (and higher multipolar)
higher-harmonic generation becomes significant. Thus,
the observation of higher-harmonic radiation could pro-
vide us with a new set of experimental techniques to help
characterize and probe the properties of small particles.

In Jha’s early work? it was found that the nonlinear po-
larization responsible for SHG could be written in the
form

P(20)=aEXB+BEV-E, (1.1)

where E and B are the electric and magnetic fields and «
and B are simply related to the properties of an electron.
Based on simple symmetry considerations and Maxwell’s
equations, it is possible to extend this formula and develop
simple formulas for the multipolar moments of a small
particle in terms of the incident fields.* We restrict our
attention to SHG and let u, m, 6, and X denote the elec-
tric dipole moment, the magnetic dipole moment, the elec-
tric quadrupole moment, and the magnetic quadrupole
moment, respectively. Note that p and X are even under
panty reversals, while m and Q are odd. Also note that 7

and Q are even under time reversal while m and X are
odd. Thus, in a truncated hierarchy,

pQw)=Br VE*+y E-VE+8;VB*+¢:B-VB,
(1.2a)

m(20)= ByEX(VXB)+yyBX(VXE)+8yE; VB;
+€yB; VE;+vyE-VB+0,B-VE, (1.2b)

Q20) —3BB),

—ag(ET—3EE)+By(BT. (1.2¢)
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X(20)=y1E-B+8EB+§BE , (1.2d)

where a,B,7,6, ... are coefficients which depend on the
nature of the particle’s composition.

In this paper we will consider an incident electromag-
netic field which is a circularly polarized plane wave.
Then, as we shall see, symmetry further requires that
1(20) and m(2w) vanish. We start by developing formu-
las describing the linear response of the system. These are
used as driving terms to generate the nonlinear response.
What we will ultimately obtain are formulas for the cross
section for producing second-harmonic generation.

II. THEORY

A. The model

Consider a metallic sphere of radius a interacting with
an incident plane electromagnetic wave. In our previous
work!? we introduced a model in which both the electrons
and ions were modeled as interacting hydrodynamic and
elastic systems. For the case of SHG, however, we are
likely to be concerned with photon frequencies sufficiently
high that the ionic contribution will not be of significant
size to warrant its inclusion in the model. Thus, we con-
sider an electronic fluid moving in the presence of a uni-
form jellium background. Our goal is to solve Maxwell’s
equations:

V-E—4mp 2.1a)

V-B=0, (2.1b)

vxE+L 3B o, 2.1¢)
¢ Ot

vxp_ L OE _4m,y (2.1d)
¢ Ot ¢

together with the hydrodynamical equation for the elec-
trons

dv v A
—_—t—|=— —XB |- . 2.2
M ar e E+c X Vu (2.2)

Here, p and J are the charge and current densities, e and
m are the charge and mass of the electron, 7 is the elec-
tron relaxation time, v is the electron velocity, and u is
the chemical potential. Thus,

(2.3a)
(2.3b)

p=_e(n_n0) ’
J=—nev,

where n is the electron density and n, is the ion density.
At the level of Thomas-Fermi-Dirac theory,

(Fkp) 2
=———¢

3n
- ) 2.4
m (2.4)

m

u

where kp=(37n)'/3 is the Fermi wave vector.

We shall derive our description of SHG from perturba-
tion theory. The first-order response will be at the in-
cident frequency w, while the second-order response in-
cludes, in principle, contributions from both 2 and dc ef-
fects. The latter are of no interest here so will be neglect-
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ed. Thus, let
n—nog=np4+ng+-:° , (2.5a)
v=vy+Vs+ ", (2.5b)
E=E; +Esg+ - , (2.5¢)
B=B; +Bg+ -, (2.5d)
where the subscripts denote the particular harmonic in
question (L =linear, S =second harmonic, ...). By as-
sumption, |ng| << |np | <<ng, etc. Noting that the

chemical potential is nonlinear in the electron density, we
obtain

p=po+Xonr +Xons +X1nf + -, (2.6)
where the expansion constants are
(AkP? o2

= — =K, (2.7a)

Ho 2m T F a
(kP e’Kp

0= F £ , (2.7b)
3nom m3mng

X=—+2 2.70)

9"0

and k2=(37?n,)!/3. Carrying out similar expansions for
p and J and the various terms of Eq. (2.2) leads to a re-
vised set of equations which may be separated into first-
and second-order equations:

V-E; = —4mwen; , (2.8a)
V-B, =0, (2.8b)
VXE, = ’—c“lBL , (2.80)
i 41eng
VXBL=-7EL—- vy, (2.8d)
m —iw+% vy =—eE; —X,Vn, , (2.8¢)
and
V-Eg= —4meng , (2.9a)
V-Bg=0, (2.9b)
2iw
VXEszTBS , (2.9¢)
VXBs=— —2':’ Es— —4:e (novs+nyvy), (2.9d)
. 1
m ——21w+—; vs+mvy-Vvp
= —e BS+:1;VL XBL —XoVns—X1an . (2.9¢)

Note that the first-order equations are homogeneous equa-
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tions, whereas the second-order equations are inhomo-
geneous with the first-order variables acting as source
terms. The incident field for the linear equations enters
through the boundary conditions.

B. Solution of the first-order equations

Wave equations for n;, E;, and B; follow directly
from Eqgs. (2.8):

(V2 4-k¥n, =0, (2.10a)

<v2+p2>EL=%(p2—k2)VnL, (2.10b)

(V24p?)B. =0, (2.10¢)
where we have introduced the plasma frequency,

w,=(4mnee?/m)'/*, (2.11a)
the Thomas-Fermi screening constant,

A=w,[m/(Xone)1'?, (2.11b)
and

p=gVe, (2.11¢)

where g is the wave vector of the photon in free space,
g=w/c, and

k=Ale/(1—€)]"/?, (2.11d)
and € is the Drude dielectric constant
e=1—w,/[olo+i/7)]. (2.11¢)

The solutions to Egs. (2.10) which apply inside the sphere
(r<a) are
iw
V-v L= ;‘O*n L -

(2.12)

The solutions to Egs. (2.10) which apply inside the sphere
(r <a) are

=3 Comit (k1) Y (®) , (2.13a)
ILm
EL (D=2 |Fipit(or)+ Com T2 krji(kr) | ¥im(®) ,
Y Im k*r
(2.13b)

J

EL(1)=Ey Y 8, +1i' VA2l +1)
Im

and

BL(r)=—E( 3 8y +1i! "1 Var(2I +1)
Lm

Uirgr) + samhi(gr)1Xm +
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Im
E (=3 | ==iipr)X
(1) % l(l+1)j’(pr) Im
_ 172 ;Fii ;
[H+1] [1<1+1) ;o Lie0]
4me Jitkr) |
+ FC,,,, ; ™>XXm >
(2.13¢)
1 . ~
BL'(")=q_r ERIm.]I(pr)Ylm(r) , (2.13d)
Lm
B, (r)=— é S | P Fimit(pr) Xim
ILm
o019 . X Xim
+iRim 3 e A
(2.13¢)

where the fields are expressed as radial and tangential
fields

E;(r)=TE;,(r)+E(r), (2.14a)
B, (r)=%B.,(r)+B,(r), (2.14b)

and X, are the vector spherical harmonics defined by

L
X,m = W Y[m (?) ’ (2.15a)
where
L=—irxV. (2.15b)

The coefficients C,,, F},, and Ry, are to be determined
by matching boundary conditions on the surface of the
sphere.

Let us focus our attention on an incident circularly po-
larized plane wave

E=E,(it]))e®,

B=%IiE,

(2.16a)
(2.16b)

where E, is the amplitude of the electric field. For the
linear fields the general solution for elliptically polarized
light may be obtained by superposition, but for the non-
linear fields simple superposition does not apply and a
more extensive analysis will be needed.

The fields outside the sphere (r > a) are'3

(VXL (g Xim 1+ 5 Bim V X [ (g1 X }n 1}

b

hQ|-—

(2.17a)

_;_VXUI(qr)xlm]+ialmvx[hl(qr)xlm]i[jl(qr)"' %Blmhl(”(qr)]xlm } .

(2.17b)

Again the coefficients a,,, and B,,, are to be determined by matching boundary conditions.
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In the present model we have explicitly taken into account all dielectric effects in the charge and current densities, so
the boundary conditions are such that E;,, E;,, B;,, and B;, be continuous at » =a. This leads to

@ =Dl[zjl(x)ji(z)——xj,(z)ji(x)] , (2.182)
]
i’ +1
R, =E05m,t1';])_[4’"'(21+1)(1+1)I]l/2 , (2.18b)
!
where
Dy =xj(2)h{V (x)—zh{V(x)ji(2) , (2.18¢)
and
2
2 . x | [zi@)] x2 |1 +1) 7Y
=——{[xj(x)] —jix)| | = | ——— — = |11, (2.19a)
kE, § 2
Cm=t—— 2L 0 Gl DIT+ D 1= |, (2.19b)
4mex” Apji(y) z
E, 6
F1m=iq 0 .m,ili,+2\/417'(21+1)1(1+1) , (2.190)
pix ji(2) A,
where
2
zj(2)Y 2 j1(y)
Ay =[x V0] — iV | | X | 2T - X | HED Y (2.19d)
Ji(2) z Yy jiy
T
and x =qa, y =ka, and z =pa. Note that the coefficients a)f,
Bim and ay, refer to the electric and magnetic multipoles 6=1-— 200+i/m) (2.22a)
of the sphere, respectively. The coefficients Cj,, are relat-
ed to the charge-density fluctuations. In the present and let
model the boundary condition v;,(a)=0 is automatically _ _ 172
satisfied, as would be expected for a problem in which the ky=Aer/(1-€))] 2.220)
electrons are confined to the interior of the sphere. and
In summary, Egs. (2.13) and (2.17), in combination with 12
Eqgs. (2.18) and (2.19) provide an analytic solution to the P2=2q(€&)"’". (2.22¢)
linear problem. The source terms appearing in Eq. (2.21) are
.2
- i i io
C. Second-harmonic generation _ 4Lre VXE+ _cel 5 V:_(iy/T ’ (2.232)
In order to solve Eq. (2.9) let us introduce two auxiliary wl
6 —
vectors U=i§1rTwe§+(2q)2 X, (2.23b)
c
§=nrvp, (2.20a)
iA? V'§ -1
=—— n . 2
=—va-VvL-%vL XBL -—X,Vn,f . (2.20b) 2w 1-62 o v K 2.23¢)
Then the wave equations for the second-harmonic fields The radial components of E; and B; obey
become (V2 4+p2)rBg,=r-T (2.24a)
(V24+k3)ng(r)=S(r), (2.21a)  and
(V24p3)Bs(r)=T(r) , (2.21b) (V24 p3)rEg, = —8meng+r1-U
and on
; +4e %— —1r= . 24v)
2
(V2+p}Eg(r)=dre |22 1 |Vns+U(r),  (2210) .
2 Equations (2.21a) and (2.24) may be solved by using the

where we have introduced a second-harmonic Drude
dielectric constant

Green’s function G,(r,r') which satisfies

(V24p?)G,(r,r)=—8(r—1') . (2.25)
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In free space we have Y, () Y, (%)
e piblr—r| vrg(r)=0;,(r) EY: +v3(r) pry: (2.27g)
rr')= -
# 4m|r—r'| Here
=i#2j1(#r<)h1(“([-tr>)2 Y[’,,(?')Ylm(?) . ny(r)=Cyj,(kr), (2.28a)
I m
R
(2.26) Bi(r)=—_Tijilpr), (2.28b)
In order to obtain solutions that are not overly involved Ez_ .
let us simplify matters by making two assumptions now: By(r)= 2 Fujilpr), (2.28¢)
(a) the incident plane wave has positive helicity, i.e., R
m =+1 and (b) the linear dipole response is assumed to 33(,.)=_i‘. i[rjl(pr)] , (2.28d)
be much more important than higher-order multipole 2qr or
responses, i.e., the wavelength is not too short. In this wCy; eFy,
case the subscripts /,m may be restricted to take the value vi(r)=—"7jylkr) + ————— J jilpr) ,  (2.28¢)
L . nok m(o+i/7) r
1,1 when considering the linear fields. Let R
11 .
np(r)=n(rY (%), (2.27a) va(r)=— 2m(w+i/7-)h(pr) , (2.28f)
BL,(r)=Bl(r)Y”('1>) , (2.27b) r) O)C“ i (k) eF"
vi(r)= r +—————~
Y1 (8) oY, (8) 3 nokzrjl moti/n) T or []1 (pr)] .
By o(r)=By(r)— = +By(N—p— (2.27¢) (2.280)
Bryn)=i |Byn X ® gy Y@ 2.27d Alsowenmhe
Lé r)=1 2lr ae sin@ ’ ( . ) r.U-—_—‘n-(r)Yzz(’f) s (2.293.)
v )= —iv (Y (T), (2.27¢) r-T=p(r)Yx({), (2.29b)
”(r) aY”('f) S=0(I")Y22(?) ’ (2.29c¢)
vre(r)=—1i |vy(r) sin0 +v;(r 30 , (227D where
|
172
3 87we €—1 v, er an,
m(r)= Tor T’nl(r)vl‘“(zq)z (m [-"Ula—+01"3+vz"vs +"C‘(U233—0332)+2X1m1_a;‘] ] ,
(2.30a)
3 172 12 3w? )
(r=|— _ 12me - % P2 i 2 e _
P 107 . niv, ce(Zo+i/m) vy 3 + ; rUZU3 +c(le3 v3By) (2.30b)
and
172
_ 1.3 A2 1 nivy on;, o ,
olr= [10‘”] 20 1—e; | 7 it o
172
SR I O S N 700 O S YA SR (2% S KO T
Xo | 10m Tar2! or r ! ar +r2v1v3— rl | r r or
vy avl 2v, dv; 2 Ou; na v, oB;
T e e | BB+ B e
81)3 832 3
— By v ” T(Ule—szn)
2
anl 2"1 anl ni
2 smom g m (2.30c)
+ X1 nla n1+ ar , ar ; .

Expressed in terms of #(r), p(r), and o(r), the solutions for ng, r-Bg, and r-Eg are
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nS=[C27j2(k2r)+v(r)]Y22(?) ’ (2.31a)
r-Bg= 51;"22.1'2(1’2’)*‘2(’) Y(T), (2.31b)
r-ES=[f27_i2(p2r)+k(r)+C221(r)]Y22(?) , (2.31¢)
where
W)= —ik, [ dr'r'¥ytkor ORY (kor o(r") (2.32)
2(=—ipy [ dr'r'jy(par DR (par, dp(r') (2.32b)
2
k(r)=—ip, f dr'r'%j,(par . )h(z“(pzr> ) l——81rev(r')+41re L3 —1 r'%—(;r,-l +(r') l , (2.32¢)
2
2
. P12 (1) . ’ P2 ’ar '
I(r)=—ip, f dr'r' “jy(par )y (pary) [—-—81re12(k2r Y+dme | | = | —1 |kyr'jylkyr )] . (2.32d)
2
I
To obtain the tangential components of Eg and By let us i ive 1 3
write u(r)=— |—Eg, +— —[r¢(r)] ‘ , (2.34¢)
2q r or
ES "—‘Esr Yzz(?)+¢(f)X22+¢(r)?XX22 , (2.333)
B_, =BS,Y22(?)+u(r)X22+U(r)?>(Xzz ’ (2.33b) —i 3
and v(r)=—= |2Bg, +r—Bs, (2.344)
2 v’6 ar
o(r)= ‘/_6r-Bs , (2.34a)

There are three coefficients, 75, Cp,, and f5;, to be
4rrerv(r)+4meCqyyrjy(kyr) determined by matching boundary conditions. The fields
outside the sphere are given by formulas analogous to

i
¢(r)=—76

3 those of Eq. (2.17) but without an incident field at fre-
+ 2E5,+r¥ES, , (2.34b)  quency 2w being present. Thus, for r > a,
]
b iV'6
Es(r)=—(5m)!"2 azzh‘zl’(zqr)x22+—2?;— iTﬁ}—h‘z”(qu)Yzz(?)+%%[rh(z”(qu)]’fXXn]] , (2.35a)
Bs(r)=——2’;v><Es(r) . (2.35b)
17
Again T-Eg, T'Bg, Eg, and Bg, must be continuous at A ) Jja(pia) 6 Jjalkza) @)
= b= |1+pia= - mla
r =a. We find, after some lengthy algebra, that b P2 Japaa)  kaa j5(kya)
I,(a)
ay=——s 2g 1 , (2.36) + 4meals(a) {4(0) _24vrea12(a) ,
paV30r A (k2a)%a(pa)  @ja(paa) (kqa)’
where (2.39a)
I,(a)= foadr(pzr)zjz(pzr)p(r), (237a)  Ay=p?|[29ah{’(2qa)]
A=2gaj,(p,a)hy'" (2qa)—p,ah$ (2qa)js(pa) ,  (2.37b) 2 [p2ajp(pra)]’
9aj2(p2adh; " (29a)—p,ah; (29a)j3(p; _hWg ] |2 Lp2aj2(pya)]
and P2 J2(p2a)
2ig  Ab 2q 21 6 Jalksa)
by= - (2.38) + |1- — Xt
V30m A) P2 kaa j;(k,a)

where (2.39b)
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and
L= [ dr(por? ’z(kz )) olr), (2.39)
Ija)= [ dr(porPlparis(par) +inpar)lotr) , (239d)
Ia)= [ dr(pyrPin(parim(r) . (2.39%)

The integrals I, to I, are evaluated numerically.

III. RESULTS AND DISCUSSION

In the preceding section we have derived expressions for
the linear and nonlinear electric and magnetic fields both
inside and outside a small metallic spherical particle il-
luminated by an incident electromagnetic wave. The
sources of the nonlinearity included the Lorentz force, the
convection of electron velocity, nonlinear contributions to
the electron current, and nonlinear chemical potential
terms. In order to be able to compare these expressions
with laboratory measurements, let us compute the cross
section for SHG and compare it with the corresponding
linear cross section. We define the SHG cross section as
the ratio between the radiated SHG power at frequency
20 and the incident intensity at frequency w. Thus, put-
ting in the atomic units explicitly,

2

Eya3
had a3, (3.1)

USHG— (lazzl + b2

where e is the electron charge and a, is the Bohr radius.
The cross section is proportional to the square of the in-
cident electric field. It includes contributions from both
the electric and magnetic quadrupole terms. The corre-
sponding linear cross section may be written as a mul-
tipole series
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0L=$2(21+1)(|an§2+lﬁulz) (3.2)
1

where, in the dipole approximation, only the terms with
I =1 are retained. This cross section will be denoted by
Oy.

In order to compare our results with those of Agarwal
and Jha,’ let us start by writing expressions for the general
solution for the linear internal electric fields given by Egs.
(3.13b) and (2.13c) in the limit in which the wavelength is
much larger than the particle size both inside and outside
the particle (pa << 1 and ga >>1) and the screening length
is much less than the particle size (ka >>1). Then our
formulas reduce to that given by dielectric theory and we
get the formula quoted in Ref. 5 for the internal field

3By
12 — 21'X(q><Eo) .

E= (3.3)

However, for the cases of interest in this paper the above
limits are not satisfied. Thus, at the resonance frgquen-
cy for Al, for example, ga=0.43 for a =100 A and
qa=0.74 for a=200 A. Typical values of pa for
a 100-A sphere are in the range 0.6 to 0.8 and typical
values of ka are around 200. The fact that the values ga
and pa are not too small, points to the need for using the
full Mie theory in evaluating the cross sections.

Another point of comparison between our theory and
the standard Mie theory involves evaluating Eq. (2.19a)
explicitly. We do this for the linear theory because there
it is simpler to write analytic expressions than it is to do
so for the nonlinear theory. Analogous considerations
hold, of course, for the nonlinear coefficient given by Eq.
(2.38). The general expression for S, is

@y 10 +1) Ji)
[0 —jpey | |2 | ZE20 x| (1) Sy
z Ji(z) z y Jz'(y)
S *zi2)) ' (3.4)
eh 0]V | (2 | ) 1 x e A
z jl(x) z y z(y)

In the strong screening limit (y— o) this result reduces
to the Mie formula

)2 [ .]I(Z)]
Ji(z)

[xhf V()] — b D(x)(x /2 )2“’((2))]
Jiz

[ ()Y —ji(x ) x /2

Bites —

(3.5)

In Fig. 1 we plot the quantity ogyg/(ma2E3) for alumi-
num as a function of the dimensionless parameter
x =qa =wa /c. Graphs are presented for several values
of the sphere radius varying from 50 to 200 A. Several
features are worthy of note. At low values of x, corre-

sponding to low frequencies, the cross sections rise rapidly
with frequency, as would be expected for a sphere of finite
conductivity. The bulk plasma frequency for Al corre-
sponds to w, =2.4x 10'° rad/sec. In each case we see two
resonance peaks. The low-frequency peak corresponds to
the quadrupolar plasmon resonance frequency, while the
higher-frequency peak occurs at the dipole plasrnon reso-
nance. In Mie theory these occur at frequencies given by
the condition®

lelw)+1+1+42

wa | _U+n@4+D _
11— 120 +3)

The dipole plasmon is excited for /=1 and the quadru-
pole plasmon for /=2. Since we are concerned with
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T T T T
o
100 150 200 A

1 1 1 1

0 0.2 04 0.6 0.8 1.0

FIG. 1. Cross sections for scattering of electromagnetic radi-
ation by aluminum spheres in units of the geometric cross sec-
tion for spheres of 50, 100, 150, and 200 A radii. Abscissa
denotes the dimensionless parameter x =wa /c, where w is the
radian frequency, a is the sphere radius, and c is the speed of
light. The set of curves give second-harmonic-generation cross
sections corresponding to an incident electric field strength of 1
au. (Eo=e/ad).

values for a which are reasonably large, the approxima-
tion /e(w)+!+1=0 is not appropriate for determining
the position of the resonances.

In Fig. 2 we plot, for comparison purposes, the linear
dipole and linear quadrupole cross sections as a function
of x =gqa for spheres of the same size as in Fig. 1 (100 A).
We note that the linear quadrupole cross section is several
orders of magnitude smaller than the linear dipole cross
section. These results, including the screening effects, are
in good agreement with the Mie scattering formulas.

In Fig. 3 curves similar to those of Fig. 1 are presented,

T T T T
50 100 150 200A

quadrupole

FIG. 2. Linear cross sections for dipole (electric and magnet-
ic) and quadrupole interaction for spheres of various radii (50,
100, 150, and 200 A).
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FIG. 3. Same as Fig. 1 but for silver spheres.

but this time for Ag spheres ranging in size from 50 to
200 A. Again the nonlinear cross section displays the
pronounced dipolar and quadrupolar resonances. One
would naturally expect these linear resonances to play a
role in the nonlinear quadrupole resonance because the
nonlinear quadrupole is generated by the mixing of two
dipole excitations in the field and the production of a
quadrupole outgoing field.

We have not shown the differential cross sections for
SHG explicitly, but these may be obtained from the total
cross sections by noting that the fields have an angular
dependence associated with Y,,(f). Thus a standard
quadrupole pattern is to be expected.

In Fig. 4 we compare our calculations with the calcula-
tions of Agarwal and Jha® for Al spheres of two sizes:
a =50 and 100 A. We see that for small spheres the
agreement is good, whereas for large spheres there is con-

0.8

FIG. 4. Comparison of the second-harmonic cross sections as
computed in this paper (solid curves) with those given by Ref. 5
(dashed curves). Curves are given for a =50 and 100 A.
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siderable disagreement. For larger spheres the need for a
full Mie theory accounts for a considerable amount of the
disagreement. Then the wavelength of the light inside the
sphere becomes smaller than the radius and different parts
of the sphere begin to destructively interfere in the pro-
duction of both a dipole in the in field and a quadrupole
in the out field. This leads to a diminished cross section.

In Fig. 5 we plot the linear dipole cross section o, /7a?
and the cross section for second-harmonic generation
osug/ma? as a function of sphere radius a for two fixed
values of the frequency w=>5.0%10'° rad/sec and
©=1.0X10'® rad/sec. The curves are plotted for alumi-
num particles. The SHG cross section is plotted for an
incident electric field strength corresponding to 1 a.u.
(e/a}). Values for other field strengths may be obtained
by multiplying by (Eoa3/e)?:. For low values of a the
cross section rises rapidly with size but tends to saturate
when the dimensionless parameter becomes of the order of
unity. For values of x larger than 1, we know that
higher-order linear multipoles begin playing a more im-
portant role in scattering. Presumably the same thing will
occur in the nonlinear scattering, but we have not com-
puted higher multiples as of yet.

Let us estimate the rate of generation of SHG photons
for a hypothetical experimental arrangement. Suppose we
prepare a smoke of 100-A Al particles with a concentra-
tion of 10" cm~3. For an incident intensity of 10"
W/cm? we have a field strength EJ=8.4x10°
esu?’cm~*=2.9%10"° au. For the guadrupolar reso-
nance frequency in Fig. 1, o =1.3X10'® rad/sec, the flux
of incident photons is 7.4 10* cm~2sec™!. The cross
section for second-harmonic generation is 6.4 10~ cm?
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FIG. 5. Linear dipolar cross section (dashed curves) and
second-harmonic cross section (solid curves) as a function of
sphere radius for Al spheres. Graphs for two frequencies are
given, ©=5Xx10" and 1.0 10'® rad/sec.

as compared with the cross section for linear dipole
scattering which 6.3 10~!' cm? Thus, 4.7 10" pho-
tons per second will be produced by frequency 2w per
sphere. Taking an illuminated volume of 10~> cm® we
would have 107 spheres contributing, for a net rate of
4.7 10? photons per second. This number may be in-
creased by increasing the illumination volume, the concen-
tration of the spheres, or the intensity of the radiation.

IE. Adler, Phys, Rev. 134, A728 (1964).

28. S. Jha, Phys. Rev. Lett. 15, 412 (1965); Phys. Rev. 140,
A2020 (1965); 145, 500 (1966).

3S.S. Jha and C. S. Warke, Phys. Rev. 153, 751 (1967).

4N. Bloembergen, R. K. Chang, S. S. Jha, and C. H. Lee, Phys.
Rev. 174, 813 (1968).

5G. S. Agarwal and S. S. Jha, Solid State Commun. 41, 499
(1982).

6G. S. Agarwal and S. S. Jha, Phys. Rev. B 26, 482 (1982).

’C. K. Chen, T. F. Heinz, D. Ricard, and Y. R. Shen, Phys.
Rev. B 27, 1965 (1983).

8K. Arya, Phys. Rev. B 29, 4451 (1984).

9G. T. Boyd, Th. Rasing, J. R. R. Leite, and Y. R. Shen, Phys.
Rev. B 30, 519 (1984).

100, Keller, Phys. Rev. B 31, 5028 (1985).

UIM. Kerker, The Scattering of Light and Other Electromagnetic
Radiation (Academic, New York, 1969), and references
therein.

12X, M. Hua and J. I. Gersten, Phys. Rev. B 31, 855 (1984).

133, D. Jackson, Classical Electrodynamics, 2nd ed. (Wiley, New
York, 1975).



