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%ithin the framework of the variational theory for strongly interacting Bose liquids, we study the
optimal determination of three-body correlation factors. The Euler-Lagrange equation for the
three-body correlations suggests an iterative procedure in which the three-body correlation factor is

expressed as a series of diagrams containing only the pair distribution function. The long-

wavelength behavior of the three-body structure function agrees formally with the prediction of
quantum hydrodynamics. The simplest approximation for the optimized three-body correlation
function is identical to the prediction of second-order correlated-basis-function perturbation theory.
%'e show that this simplest approximation sums essentially the same sets of diagrams that are in-

cluded in non-optimized hypernetted-chain calculations with three-body correlations. Along with
the three-body correlations we include those elementary diagrams of fourth and fifth order which
have a comparable topological structure. The predictions for the ground-state energy and the pair
distribution function are substantially improved compared with hypernetted-chain calculations re-

stricted to two-body correlations.

I. INTRODUCTION

Much of the success in the present microscopic under-
standing of quantum liquids has been initiated by the ob-
servation that the exact ground state of a Bose system can
be written in the form

The cause for the success of this idea' is that the form
(1.1) of the wave function, the so-called Feenberg form,
allows in a relatively straightforward way the accurate
calculation of expectation values, either by integral-
equation methods' or by direct Monte Carlo integration.
Integral equation methods such as the hypernetted chain
(HNC) summations are less accurate than Monte Carlo in-
tegrations, but it is easier to asses fine details (such as the
long-ranged behavior, ' or anisotropies in an inhomogene-
ous system } by the optimization of the correlation factors
u„(ri,rz, . . . ,r„}through solving the variational problems

5E =0 (n=1,2, 3, . . .). (1.2)
5u„(ri,rz, . . . ,r„)

The optimization of the correlation functions is an impor-
tant prerequisite for the study of the low-lying excited
states of the system. Apart from this, the correlation fac-
tors obtained by optimization can also be used successful-

ly in more accurate Monte Carlo evaluations of the ener-

gy expectation value

(1.3)

but it is much harder to use direct Monte Carlo methods
as a guidance to find optimal pair correlations. s

Of course, it is not practical to solve Eq. (1.2) for all n,
but it is fortunately sufficient to keep only the first few
components of the wave function (1.1}. The treatment of
n =1 is necessary only in an inhomogeneous system. s It
leads to a generalized Hartree equation for the one-body
density. We need not be concerned with that aspect of the
theory in the present case of the bulk liquid.

An elegant and practical method for solving the Euler-
I.agrange (1.2} for n =2 has been given by Campbell and
Feenberg7 in their "paired phonon analysis" (PPA). The
method has proven sufficiently efficient to be applied also
in simple inhomogeneous systems. The wave function
obtained by omitting all correlations for n+2 is usually
called the Jastrow choice.

The first serious approach to include three-body corre-
lations in the wave function was reported somewhat later
by Woo and Coldwell. ' Campbell and co-worker9'io for-
mulated a systematic optimization procedure for arbitrary
n-body correlations in the form of a perturbation expan-
sion. A superficial interpretation of these early studies
seezns to indicate that three-body effects are treated there
in low order, and that the equivalent of HNC summations
with three-body correlations" might be preferable. One
of the results of this work show this to be incorrect, and
the second-order correlated-basis-function (CBF) treat-
ment of Campbell to be, when used with a re-optimization
procedure for the two-body correlations, in fact of com-
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parable diagrammatic structure to the work of Refs. 11.
A problem that is closely related to the structure of

three-body correlations is the question of the so-called
"elementary" diagrams. The hypernetted-chain approxi-
mation contains all the important formal ingredients of
the ground-state correlations qualitatively correctly, but it
fails to give the correct saturation energy and density. In
order to achieve quantitative agremnent of HNC type cal-
culations with experiment or Monte Carlo simulations,
these elementary diagrams must be included somehow.
Some studies are found in the literature that calculate'
the elementary diagrams or estimate their effect by "inter-
polation"'3 or "scaling. "'4

From the viewpoint of a variational theory, the physical
meaning of three-body correlations and elementary dia-
grams is different. While three-body correlations improve
the wave function, elementary diagrams improve the ac-
curacy of the energy evaluation for a given Jastrow wave
function. From the viewpoint of perturbation theory, the
two prablems do not have a clear distinction. A careful
analysis of the perturbation series for the ground-state en-
ergy' ' shows that the Jastrow wave function fails at
fourth order, while elementary diagrams contribute only
sixth and higher-order corrections. This shows that one
should first go beyond the Jastrow choice of the wave
function before attempting to include elementary dia-
grams. One can easily see that essentially the saine di-
agrammatic structures are involved in both the series of
elementary diagrams and the three-body correlation ef-
fects. There is no point in including one effect while leav-

ing the other one out.
A few words are in order here to justify the recon-

sideration of the problem of elementary diagrams and
three-body correlations. The energy expectation value
with respect to a Jastrow wave function is known from
variational Monte Carlo calculations. A simpler, HNC-
type calculation can at its best reproduce these results but
yields in bulk He hardly any additional information. On
the other hand, most of the important formal structure of
the many-body problem (i.e., the ring and ladder dia-
grams) are contained in the HNC approximation, elemen-
tary diagrams contribute at most quantitative shifts of the
general picture. Bridging the gap between the HNC ap-
proximation and variational Monte Carlo results is there-
fore, as a stand-alone task, a problem of a predominantly
technical nature. The situation is a bit different for the
three-body correlation function u3(ri, ri, r3). The study of
the properties of this function gives insight into the struc-
ture of "backfiow" correlations, which are hard to uncov-
er from a wave function obtained by an exact Green's-
function Monte Carlo (GFMC) solution of the
Schrodinger equation. Conclusive information on the
structure of the three-body correlations can be obtained of
course only from an approach which detnmines three-

body correlation via the optimization procedure (1.2).
Among others, we have undertaken the present effort

with the goal of applying the theory to inhomogeneous
systems. In the surface or in thin films of liquid- He sys-
tems, a wealth of experimental information is met by rela-
tively little understanding of the correlations. The optim-
ized Jastrow-HNC method provides a qualitatively reason-
able description of the anisotropy of the correlations in

these systems. But the predicted surface tensian of liquid
He is about a factor of 2 too small compared with the ex-

periment, and improvements of the theory must be sought
before reliable predictions can be made for the propaga-
tion of ripplons and third sound or on the behavior of im-

purities. We formulate, therefore, the theory with its ex-
tension to inhomogeneous systems in mind.

The paper is organized as follaws: We give in the next
section a brief discussion of the paired phonon analysis
for the optimizatian of the two-body correlations. The
energy expectation value in the presence of three-body
correlations is calculated to sufficiently high order to al-
low for a meaningful unconstrained optimization. The
derivation of the Euler-Lagrange equation far the three-
body correlation factor is quite straightforward. We
derive this equation only in the approximation in which
we choose to work, but we display and discuss alsa the ex-
act form of the equation. At the same time, the elementa-

ry diagrams are identified that give rise to the same topo-
logical structures as the three-body correlations.

Section III derives the long-wavelength behavior of the
three-body static structure function as obtained by the in-
clusion af optimized three-body correlations. We show
that one obtains a structural agreement with the predic-
tion of quantum hydrodynamics. ' The last section Sec.
IV, describes our numerical procedure and presents the re-
sults. There, we have decided to treat elementary dia-

grams, as far as possible, in the old-fashioned way: we
calculate them. Formulating the theory in momentum
space leads ta simplifications such that the relevant fifth-
order elementary diagrams can be calculated from the
four-body term without additional effort. Thus, we ex-
haust essentially the effect of the fourth- and fifth-order
elementary diagrams calculated by Smith. ' This brings
the ground-state energy within 0.5 K of the GFMC re-
sults. This about as far as one can go without excessive
»mericai effort. To improve upon the accuracy, one
may apply enhancement factors to the non-HNC contri-
butions. Thus we adopt the idea, but not the ideology, of
Ref. 14 on a much more modest scale.

II. ENERGY AND EULER-LAGRANGE EQUATIONS

Using the wave function (1.1) and including correlation
factors up to n =3, we can write the energy expectation
value of a translationally invariant system in the form

1 d'&i I d'&2si( lri —ril »( lri —rz I
) — ~'~2( Iran

—r21)
4m

1
d i'I d i 2 d P3P3(I] II r3)(Vf+VI+V3)Q3(ri I2 13) . (2.1)



3160 E. KROTSCHECK 33

In Eq. (2.1), U(r) is the two-body interaction, and the p„(ri,rz, . . . ,r„)are the familiar n body densities. For further
reference we introduce also the n-body distribution functions g„(ri,rz, . . . ,r„}—=P„(r„rz,. . . , r„)/P,where P is the one-

body density. The two-body correlation factor igz(
~
r; —rj

~
) is renormahzed to include, in a diagrammatic expansion, all

those three-body terms that have one coordinate dependence integrated out, i.e., we define

igz( I r1 r2 I )=uz( I r1 r2 I }+pf d &3 id3(ri rz r3} .

Using (2.2), the energy expectation value (2.1) takes the form

E=E(2)+«3]
with

(2.3)

E121—— d r, d rzg(ri, rz) u( (ri —rz() — Vzuz( (ri —rz~ )
4m

(2.4)

(3) — —, d r, d rz d r3[g3(r„rz,r3) —g(ri, rz) —g(ri, r3) —g(rz, r3)+2]3 3

8m 3!

X(V1+'|}'z+&,)u3(r„rz,r3) . (2.5)

The optimization condition for the two-body correlations
can be formulated in various ways; we present here the
formulation that allows for the most efficient numerical
implementation. In that formulation, a particle-hole in-
teraction is defined as

52E
Vp-h( I

r1-rz
I
}=

~ ( )~ ( )
(2.6)

[To apply the algorithm (2.6), one has to allow for an in-

finitesimally small nonuniform density component and

keep the two- and three-body correlation functions fixed. ]
This particle-hole interaction defines through linear
response theory a density-density response function, from
which one obtains the static form factor S(k)
=1+p J d r[g(r) i]eap(it r) ria frequency —integra-

tion. The case of the homogeneous system is especially
simple. One finds

—1 /2

E3( I ri r2 I }=pf d "3[g(ri r3}g(r2 r3} 1]

&(u3(r„rz,r3), (2.9)

«g(&) U(&) — V [ing(r) —N(r) —E (r)p 2

2 4m 3

—E(r)] +E(3)

and E(r) is the familiar sum of elementary diagrams,
which may now also contain three-body correlation func-
tions ug(r;, rj, rk). It is convenient to use the HNC rela-
tions (2.8) to ehminate uz(r) from the energy expectation
value (2.4) in favor of the pair distribution function g (r).
Thus we arrive, for the two-body part of the energy per
particle, at

S(k)= 1+ 2 V~h(k)kz
(2.7) =EHNC +~+3+~+@ s (2.10)

where the dimensionless Fourier transforin

f(k)—p f d r exp(ik r)f(r)

is denoted by a tilde. Of course, the energy functional
must be sufficiently accurate to allow for an un-
constrained variation with respect to either the two-
body correlations or the pair distribution function
g(ri, rz)= g(

~
ri ——

rz j ). The HNC theory provides the
necessary information on acceptable approximation
schemes. In the presence of three-body correlations, the
HNC equations are

where

EHNc —— f d rg(r) U(r) — V [1ng(r) —&(r)]
2 4m

(2.11)

is the energy per particle in HNC approximation,

EE3—— f d rg(r)V E3(r)+E131 (2.12)

is the contribution arising from three-body correlations,
and

g(r) =exp[M(r)+N(r)+E3(r)+E(&)],
(2.8)

b,E, = f d'g g(1)V'E(r)
8m

(2.13)

[S(k}—1]
S(k)

is the contribution from elementary diagrams. The ad-
vantage of the formulation (2.10)—(2.13) is that three-
body correlations enter the theory only through the
Jackson-Feenberg kinetic energy E[3~, the three-body con-
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tribution E3(r) [cf. Eq. (2.9)] in the HNC equations, and
the elementary diagram structures. The total energy func-
tional which appears as a correction term in the particle-
hole interaction V~h(r), includes these corrections. The
derivation of the new Euler-Lagrange equation is straight-
forward. We obtain the general form

&uh(r)=g(r)[u(r)+hu(r)]+
I VVg(r}

Irn

+ [g(r)—1]~/(r) (2.14)

1 fj(AR3+hR~)
b, u(r)=-

p 5g(r)
(2.15)

is the correction term due to three-body correlations and
elementary diagrams, and

iui(k)= — [2S(k)—1][1—S '(k)]2 .
4m

(2.16)

The next task is to derive a Euler-Lagrange equation
for the three-body correlation factor u3(r;, rj, rk). To this
end, one has to include at least all terxxis in the elementary
diagram sum that contain two three-body factors and all
terms in the three-body distribution function that contain
at least one three-body factor. For consistency, the topo-
logically corresponding diagriims containing only two-
body distribution functions should be retained. Figure 1

shows the diagrammatic representation of the terms that
must be kept in the three-body factor

g3(ri, r2, r3) —g (ri, r2) —g (r~, r3) —g (r2, r3) + 2 .

We use the usual diagrammatic conventions: small circles
represent the coordinates r; of particles, a dashed line be-
tween two points r; and rj represents a function
Ii(r;, r&) =g (r;,r/) —1, and a shaded triangle a three-body
factor u&(r;, r/, rk). A solid dot implies integration over
the coordinate space of the associated particle and a densi-

ty factor. The representation of the three-body distribu-
tion function satisfies the sequential relation between

g 3 (ri, rz, r3) and g (ri, ri). Note that the graphical repre-
sentation shown in Fig. 1 is exact if we interpret the shad-
ed triangle as the sum of all three-point diagrams which
are non-nodal in all three external points. (A diagram is
called noda/ in an external point if there exists an internal
point though which all paths which connect that external
point to any other external point must go.)

Figure 2 shows the sets of elementary diagrams that
must be included. In particular, we see that the inclusion
of these diagrams contains, after trivialization of the full
three-body correlation factor, the so-called backflow form

u3(ri r2 r3)=Pii)( I ri —r2
I

) ~ill( I ri —r3
I
)+c p ]

where c.p. stands for cyclic permutations of 1,2,3. The
approximation shown in Fig. 2 contains essentially all dia-
grams included in Refs. 11; it goes far beyond that work
in the computation of the three-body kinetic energy (cf.
Fig. 1).

After the relevant diagrammatic structures are identi-
fied, it is straightforward to derive a compact expression
for the energy correction term. Since the calculation is
somewhat tedious, we bypass the technical details. One
works most conveniently in momentum space. We define

/

0

0

/o-4
cf 0

1

1 0
I

/
/

/

0 0 0
/

I 0
/

/
/

FIG. 1. Graphical representation of the connected part
g3(rl, r2, r3) —g (ri, rq) —g( rI, r3) —g (r2, r3) +2 of the three-body
distribution function. Thc 1'cprcscntatlon ls exact lf thc shaded
triangle is interpreted as the set of all irreducible, non-nodal
three-body diagrams. The set of diagrams included in the calcu-
lation of the three-body Jackson-Feenberg kinetic energy is the
one obtained by approximating the shaded triangle by the
three-body correlation function.

I y
I

I

I

I/

0
/

I

FIG. 2. Set of elementary diagrams included in the present
calculation that contain one or two three-body correlation fac-
tors u3(rf, rj, rk).
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IT3(k&,kz, 4)=p f d r» f d r»exp((k, r»+ikz r»)»3(r~, rq, r3)

with r;J =r& —rj and k3 ———ki —k2. Additional abbreviations are

(2.17)

Xi(ri, r2, ri) = h (r„)h(r„)h(r„) (2.18)

X3(ri r2 rs) —= [V'h(ri2)h(rig)h (r2i)+c.p. ] .
4m

(2.19)

(The quantities Xi and X& have a more general definition, which will be given below. ) In terms of these quantities and
the set of "non-nodal" diagrams

X(r)—=g (r) —1 N(r)—,

the three-body contribution to the total energy is

@3—
6 g 1 d ~l f d kg f d'k, W3()» kg, kg)

24(2n) p

X [2ki kqX(ki )X(ki)+c.p ]+[k i(1—2X(k i )+c.p. ]Xi(ki,ki, kq)

8mX, k
2ki ki ki2 2

S(k, )
+ S(k, )

+ S(k, )
"'

XS(k i )S(k2)S(ki )5(ki+ kg+kg) . (2.20)

This form is easily minimized with respect to u&(k„k2,ki), which leads to

[k, kiX(k, )X(k2)+c.p. ]+—,
' Ik, [1—2X(k, )]+c.p. ]Xi(ki,kz, k3)+(4mlfi )X'(ki, k2, k))

ui«i k2 ki)= —&i +~+),0 k ) /S{ki)+kg/S(ki)+kg/S(ki)

(2.21)

Equation (2.21) is more general in the sense that its
algebraic structure is identical to the structure of the exact
Euler-Lagrange equation for the three-body factor. The
quantities Xi(ri, r2, rs) and Xi(ri, r2„r3) must be defined
more generally in that case: Xi{ri,r2, ri) is the set of
three-body diagrams in terms of the two-body correlations

f2(r J )—1=—exp[ui(rj )]—1
2

reduce Xs(ri, r2, rs) and Xi (ri, rz, ri) to their "basic" struc-
tures by expressing them in terms of the pair distribution
function h (r) =g (r) —1 and (in X&) V g (r) and
(Vi +V2 + V3 )g3(ri, r2, ri). The first contributions to the
three-body quantities in this dressed representation is the
superposition approximation given in Eqs. (2.18} and
(2.19).

In Eq. (2.21) we recover the convolution approximation

u i "«i k2 ki) = —5i,+i,+i,,o

f3 (r;,rl, rk ) —1:exp[u i(r—;,rl, rk }]—1
2

ki k2X(ki)X(k2)+c. p.

ki/S(ki)+k2/S(k2)+ki/S(k))

(2.22)

used by Chang and Campbell' if we neglect the non-
nodal three-body quantities Xi and X&. The first correc-
tion term to the convolution approximation is the super-
position approximation, (2.18) and (2.19), which can be
written as

f2(r; ) u(r; ) Vu2( ~r; —r
~

}.—2 2

4m J

and all three-body correlations fi(r;, rj, rk) —1 by

that is non-nodal in all three external points, except the
three-body correlation factor u&(r, rz, r&). The quantity
X3 (ri, r2, rz) is obtained graphically from X&(ri,r2, ri) by
replacing, in turn, all two-body bonds f2(r;~) 1by—

fi(r;,rj, rk )(V(+Vj~+ Vq ) (ru;s, r r J).ksm

One can now also invoke the usual dressing procedure to

(Vi+V2+V3)X3(ri I2 r3) — X3 (ri r2 ri)
8m

[2V(hr)i.2V (hr )ii(hr 3)2c+p ]. {2.23}. .
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FIG. 3. Four-, five, and six-body elementary diagrams in

terms of the pair distribution factor g (r) —1 that correspond to
those shown in Fig. 2.

convolution approximation (2.25) is exact to at least
fourth order in the energy. Higher-order terms in the per-
turbation series are not available in the literature. Since
the superposition approximation for X3 and X3 plus the
set of elementary diagrams shown in Fig. 3 exhausts all
diagrams up to fifth order in the pair correlation function,
we conjecture that this approximation gives the energy of
a weakly interacting Bose system correctly up to the fifth
order.

The generalized definition for X3 and X3 provides a sys-
tematic route to improve upon the three-body correla-
tions. But we will see that the correction term (2.23) is, in
the vicinity of the saturation density, only a rather small
modification of the convolution approximation (2.22).
The convolution approximation (2.22) should therefore be
adequate for most practical purposes. We see also that
the so-called backflow form of Refs. 11 can be obtained

by setting the energy denominator in the convolution ap-
proximation (2.22} equal to a constant. More convention-

ally, however, one means with backflow a current-current
coupling term in the particle-hole interaction. The parti-
cle hole interation (2.14} derived from any variational
ground-state theory is local independently of the presence
of three-body correlations. One hesitates therefore to
identify correlations of the structure (2.22) with the
Feynman-Cohen backfiow. These correlations should
more appropriately be identified with static three-body
correlations; a relation to the Feynman-Cohen backfiow
cannot be derived from a ground-state theory.

The remaining task is the calculation of the elementary
diagrams of a topological structure equivalent to the ones
kept for the three-body correlations. These diagrams are
shown in Fig. 3. For a given approximation for the
three-body correlations and the choice of the elementary
diagrams one may now also make a comparison with the
perturbation series of the ground state of a weakly in-
teracting Bose system. The relation between this pertur-
bation series and the optimized Jastrow-HNC approxima-
tion has been studied most thoroughly by Jackson et al. '

who find that the Jastrow-HNC approximation fails in
fourth order of the perturbation series. One can easily
verify that the inclusion of thro:-body correlations in the

III. THREE-BODY STATIC FORM FACTOR

X [1+u3(ki,ki, k3}+X3(ki,ki, k3}] . (3.1}

The first term in Eq. (3.1) is the ordinary convolution ap-
proximation, the remaining terms are the corrections due
to the inclusion of three-body correlations and Abe dia-

grams. To be able to make general statements about the
three-body structure factor we must, of course, assume
throughout this section that X3(ri, r3, r3) and X3(ri Iiyr3)
are included exactly in the sense of the diagrammatic defi-
nition given in the preceding section. X3(r„r2,r3) and

X3( ri, ri, r3 ) are short-ranged functions, and the long-

wavelength behavior of the two-body quantities S(k} and

X(k) is

S(k)- as k —+0+Cc
2mc~

and

(3.2)

X(k)= 1 —1/$(k) -—2mc, /i)ik as k ~0+, (3.3)

where c, is the velocity of sound predicted by the long-
wavelength limit of the particle hole interaction (2.14),

mc, —:V~i, (0+) .

Keeping in Eq. (2.21) only the contributions that dom-
inate as k; ~0(i = 1,2, 3), we find

The graphical representation of the connected part
g3(rl r2 r3) g (rl r2) g(rl r3) g(r2 r3) + 2
three-body distribution function shown in Fig. 1 leads, for
the three-body static structure factor, to the exact repre-
sentation

(k» 3, 3)=(ii ~+a,+i, o i)S(k2)S(k3)

[ki k X(3k, )X(k )+3p.c]+(4m/A )X 3(0,0,0)
u(ki, ki, k3)= —(iq +i, +i, 0

k', /$(k, )+k', /S(k, )+k,'/S(k, )
as k;~0+ . (3.5)

S(ki,kz, k3) =—5a +i +q o 2mc,

2
k)k2k3

k)+k2+k3

The three-body correlation function u3 dominates the
long-wavelength behavior of the three-body structure
function (3.1):

The form (3.6) of the long-wavelength structure is iden-
tical to the one derived by Berdahl from a quantum-
hydrodynamic model. ' There, the constant X3(0,0,0) has
beep connected to the Griineisen constant

(3.7)

k).k2 X 3(0,0,0)+c.p. +
2 NlC g

(3.6)
To make a similar connection in our variational model,
we follow the diagrammatic derivation of Ref. 18 for the
connection between the quantity c, [cf Eq. (3.4)] and the
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hydrodynamic velocity of sound

d id(E/A)
mc = p (3.8)

(Note that c and c, are identical only for the exact
ground-state wave function. )

A diagrammatic construction of the quantity
X3(ri, rq, r3) starts from the energy expectation value
E/A. We assume E/A to be represented by a series of
n-body diagrams; each of these diagrams carries a factor
p"; thus, we write

X 3(0,0,0)= g n (n —1)(n —2)p'" "e„.
8=3

(3.10)

If we ignore the density dependence of the optimal
correlation functions, we can also calculate the Griineisen
constant from the energy expansion (3.9) and obtain

gy generates n(n —1)(n —2) diagrams contributing to
Xz(ri, rz, r3}. Taking the long-wavelength limit of this
three-body function yields therefore an expansion in terms
of the same diagrams as the energy, but with a weight fac-
tor n (n —l)(n —2) for each n-body diagram, i.e.,

E/A= g p" 'e„,
n=2

(3.9) u, =
2 g n(n —1) p" 'e„.

2N1C g
(3.11)

where the e„depend on the density only through the den-

sity dependence of the optimal two- and three-body corre-
lations. The set of non-nodal diagrams X'i(ri, r2, r3} can
be obtained from such a graphical expansion of the energy

by letting, in turn, each triple of internal points be exter-
nal. Thus, each n-body diagram contributing to the ener-

In other words, we arrive at the relation

X3(0,0,0)=mc, (2u, —1), (3.12)

and obtain for the long-wavelength part of the three-body
structure function

S(ki k2 k3)= —5i,+i,+i,,o 2pBC g

k(k2k3

ki+k2+k3
ki.k2

kik2
+c.p. +2u, —1 as k;~0. (3.13)

We find, therefore, exactly the same situation as for the
two-body structure function in the sense that the
equivalence of the hydrodynamic prediction agrees with
the prediction of the variational model only if the density
dependence of the optimal correlation functions is negligi-
ble. The rigorous equivalence of the sound velocities c

I

and c~ has so far not been demonstrated in the variational
model for any finite truncation of the Feenberg function
(1.1).

It is also interesting to examine the long-wavelength
behavior of the optimal three-body correlations. Using
(3.3) in (3.5), we find

u 3(ki, kz, ki) = —5i,+i,+i,,o
2mc, j(k, kz/kikz+c. p. )+[X3(0,0,0)/mc, ]J

as k;~0 .
ki+k2+k)

(3.14)

The result (3.14) allows interesting conclusions on the
density dependence of the three-body correlations in the
vicinity of the spinoda point c, -+0: In this limit, the
contribution from the convolution approximation van-
ishes, whereas the correction term becomes the dominant
one.

We have given here, to our knowledge, the first micro-
scopic derivation of the structure of the long-ranged por-
tion of the three-body structure function. The derivation
has beni general enough such that one does not expect the
result to be changed by the inclusion of four-body correla-
tions. We have provided a proof that Berdahl's hydro-
dynamic model leads to the correct analytic form. The
identification of our u, with the exact Griineisen con-
stant is not yet completely clear, but we expect that the
discrepancy is due to the finite truncation of the Feenberg
function (1.1).

IV. NUMERICAL PROCEDURES AND RESULTS

In our numerical work we have adopted the superposi-
tion approximation (2.18) for the irreducible three-body

quimtities contributing to the three-body correlations. It
is very economical to evaluate the elementary diagrams in
momentum space: In that case, the five- and six-body
contributions to the energy arising from the elementary
diagrams shown in Fig. 3 can be obtained without any ex-
tra effort from the ingredients of the four-body elementa-
ry diagram. %e have not included in the numerical
evaluation the six-body diagrams: these are only a small
set of all six-body elementary diagrams and are repulsive,
whereas the sum of all sixth-order elementary diagrams is
attractive. ' The question is immaterial for the corre-
sponding triplet-correlation terms: their contribution to
the energy is only of the order of 0.1 K at saturation den-
sity. %e show in Table I the contribution to the ground-
state energy from HNC diagrams EHNC, triplet correla-
tions in the convolution approximation of Campbell, E3 ',
and the four-, five-, and six-body corrections E& '. Also
shown is the contribution to the energy from four- and
five-body elementary diagrams, E,' ' and E,"', respective-
ly. These values agree reasonably well with the calcula-
tions of Smith. ' We expect therefore that the two five-
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E (K)

TABLE I. Contributions to the ground-state energy (column 7) from two-body Jastrow correlations in the HNC-EL approximation

EnNc (column 2), the three-body part 8$)' (column 3) and the four-body and higher-order terms b ( ' {column 4) arising from three-
body correlations, and the contributions hE,' ' from fourth-order (column 5) and LE,' ' from fifth-order (column 6) elementary dia-
grams as a function of density p. Also shown is the velocity of sound c {column 8) as obtained from Eq. {3.8).

p (A ) EnNc {K) PEP (K) ~~A (K) lid~+ (K) ELEe~~~ (K) c (m/sec)

0.016
0.017
0.018
0.019
0.020
0.021
0.022
0.023
0.024

—5.39
—5.42
—5.39
—5.28
—5.08
—4.79
—4.41
—3.92
—3.32

—0.34
—0.41
—0.50
—0.61
—0.73
—0.87
—1.04
—1.23
—1.44

0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.10
0.12

—0.18
—0.21
—0.25
—0.30
—0.35
—0.41
—0.47
—0.55
—0.63

—0.28
—0.34
—0.40
—0.47
—0.55
—0.63
—0.72
—0.81
—0.91

—6.16
—6.35
—6.49
—6.59
—6.64
—6.62
—6.54
—6.40
—6.19

119
151
178
202
223
240
255
266
272

p(L ') aS,"' (K) E (K)EHNc (K)

TABLE II. Same as Table I for the case where the pair distribution function is not reoptimized.

le 3 (K) LE3 (K) ~(s) (K) c (m/sec)

0.016
0.017
0.018
0.019
0.020
0.021
0.022
0.023
0.024

—5.43
—5.48
—5.46
—5.36
—5.20
—4.94
—4.60
—4.15
—3.61

—0.29
—0.35
—0.42
—0.50
—0.60
—0.70
—0.82
—0.96
—1.11

0.03
0.04
0.05
0.05
0.06
0.07
0.08
0.09
0.11

—0.16
—0.19
—0.22
—0.26
—0.30
—0.34
—0.39
—0.45
—0.50

—0.26
—0.31
—0.36
—0.42
—0.49
—0.56
—0.63
—0.71
—0.79

—6.11
—6.29
—6.42
—6.50
—6.52
—647
—6.36
—6.17
—5.90

128
161
189
215
238
258
276
291
302

TABLE III. Same as Table I for the case where enhancement factors are applied to the three-body and elementary-diagram terms
in order to fit the GFMC ground-state energy.

I (A ')

0.017
0.018
0.019
0.020
0.021
0.022
0.023
0.024

&Hwc (K)

—5.32
—5.26
—5.10
—4.86
—4.51
—4.05
—346
—2.75

EE3 ' (K)

—0.53
—0.65
—0.80
—0.97
—1.17
—1.41
—1.69
—2.02

0.05
0.06
0.07
0.08
0.10
0.11
0.13
0.15

duE,' ' (K)

—0.31
—0.37
—0.44
—0.52
—0.61
—0.72
—0.84
—0.99

aS,"' (K)

—0.49
—0.59
—0.69
—0.81
—0.93
—1.07
—1.21
—1.37

E (K)

—6.61
—6.81
—6.96
—7.07
—7.13
—7.13
—7.09
—6.98

c (m/sec)

122
151
174
195
211
225
234
238
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body diagrams shown in Fig. 3 provide a reasonable ap-
proximation to the set of all elementary five-body dia-

gr aIQS.
The binding energy obtained here has a minimum of

—6.64 K at a density of about 0.02 A . The improve-
ment over the Jastrow-HNC approximation is significant,
but the energy still falls short of the GFMC value by
about 0.5 K, we will return to this point further on.

The velocity of sound can be calculated from the equa-
tion of state through the hydrodynamic prediction (3.8)

or, alternatively, from the long-wavelength limit of the
spectrum of collective excitations, cf. Eq. (3.4). We have

already mentioned that the two definitions will not neces-

sarily lead to the same numerical value for the velocity of
sound in any finite-order form of the Feenberg function.
But the numerical values for the velocity of sound ob-

tained by the two expressions agree within about 10%,
whereas the discrepancy is much larger if no elementary
diagrams and three-body correlations are included. The
close agreeinent between the results of two different ex-

pressions for the velocity of sound lends further credibili-

ty to our calculational scheme.
We have pointed out above that our treatment of the

three-body correlations is only equivalent to a direct HNC
summation with triplet correlations if the pair-
distribution is reoptimized. This has been done for the re-
sults shown in Table I. For comparison, we show in
Table D the same energies as calculated with the g (r) ob-
tained from the optimization of the Jastrow-HNC energy
expectation value EHNc. We see that the reoptimization
leads to very little additional binding, but it affects the
velocity of sound notably. The effects are more signifi-
cant in the radial distribution function and the static form
factor, where the reoptimization produces an enhance-
ment of the nearest-neighbor peak.

It has been known for some time' that there are still
significant contributions from the elementary diagram
sums from sixth- and seventh-order diagrams. Since it is
rather tedious and time consuming to compute these dia-
grams, methods have been sought'~' to estimate these
higher-order effects. A possible route' is to apply an
enhancement factor to the elementary diagram sum and
impose some consistency condition, such as the agrexnent
of different forms of the kinetic energy, to determine this
enhancement ("scaling" ) factor. Other possible consisten-
cy requirements would be sequential relations between
g(ri, r2) and gi(ri, rz, r3), or Born-Green-Yvon relations
between the two- and three-body correlation factors and
distribution functions. It is clear that any approximate
theory will lead to various inconsistencies somewhere, and
each consistency requirement will lead to different scaling
factors. It seeins hard to find rationalizations that are ul-
timately justifiable on a microscopic basis. We prefer
therefore to determine the enhancement factor from what
we want it to do. This is to produce agreement of the ap-
proximate calculation with GFMC data such that we can
then apply the theory to problem not yet treated by
GFMC methods, or even out of their reach. To produce
this agreement„we need to enhance the elementary-
diagrain correction (bE, ) by a factor of 1.35 and the
three-body correlation term by a factor of 1.18. The same

1.5

1.0

0 $.

0.0
0.0 2.0 3.0 4.0

r (A)

FIG. 4. Pair distribution function g(r) from our calculation
with enhancement factors {solid line) is compared with the
GFMC data of Ref. 3 (circles) at the experimental saturation
density p=0.021 85 A . The dashed line shows the optimized
HNC approximation at the same density.

7.06.05.0

effect of enhancing the contribution from three-body
correlations can be obtained by either omitting the terms
X3(ri, r2„ri} and Xi ( r~, rz, r3 ), or by replacing the Feyn-
man spectrum in the energy denominator of Eq. (2.21}by
bare kinetic energies. Two independent factors come in
since me can compare independently EH~c+~&, with
variational Monte Carlo calculations using the PPA pair
correlation functions. Applying these factors, and keep-
ing them constant over the whole density regime, gives the
results of Table III, which show also that we obtain with
that procedure a very reasonable estimate for the velocity
of sound.

Figure 4 shows finally a comparison of our pair distri-
bution function with the GEMC data from Ref. 3 for the
calculation using enhancement factors. The comparison
is satisfactory, but we note that the agreement between the
pair distribution functions without the enhancement fac-
tor is even better. Since most of the structure of the
nearest-neighbor peak is due to the three-body correla-
tions, it seinns that no enhancement factor should be ap-
plied there, and that some of the missing energy is in fact
due to four-body effects.

To conclude, we emphasize that the main advantage of
our procedure as compared with parametrized forms of
two- and three-body correlations is that it requires no as-
sumption whatsoever on specific analytic forms of these
correlations. The optimization of the pair correlation
function is hardly more complicated than the solution of
the HNC equations with a given pair correlation function;
it requires three instead of two Fourier transforms per
iteration. The accuracy obtained as determined solely by
the sets of "elementary" diagrams which one decides to
include, and these detex~iine the computational effort.
The optimized approach provides, therefore, the best pos-
sible set of correlations, and does not increase the compu-
tational complexity. An interesting problem for further
investi~ ation is the connection to the parquet-diagram
theory' which produces a somewhat better agreement
with GFIMC results, if the ingredients of that theory cor-
responding to the variational elementary diagrams and
three-body correlations are retained. 's
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