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Variational approach to finite-temperature magnetism. II. Antiferromagnetism
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The overall features of a variational theory for finite-temperature magnetism, which has recently

been proposed, are investigated numerically for a half-filled Hubbard model. The phase diagram,

sublattice magnetization, staggered susceptibility, amplitude of local moments, charge fluctuations,

and electronic contributions to the internal energy, entropy, and the thermal expansion are calculat-

ed as functions of temperature T and the Coulomb interaction U. It is found that the local electron

correlations, which cannot be described by the static approximation to the functional integral, act so

as to reduce the effective Coulomb interaction for the magnetization, the Neel temperature, the

internal energy, the specific heat, and the entropy, while they enhance the atomic character for the

amplitude of local moments, the charge fluctuation, and the reduced-magnetization—

versus —temperature curves. Electron correlations reduce the thermal expansion, in contrast to the

case of ferromagnets.

I. INTRODUCTION

It is well known that electron correlations are important
in transition metals and compounds. The correlations
reduce the stability of magnetic long-range order as com-
pared with the Hartree-Fock approximation for the
ground state, ' give rise to a metal-insulator transi-
tion, ' ' ' strongly reduce the cohesive energy and bulk
modulus, and enhance the amplitude of the local mag-
netic moment. ' These effects of electron correlations
which are seen in the ground state also play important
roles even at finite temperatures since the energy gain due
to the correlated motion of electrons is usually much
larger than the Curie (Neel) temperature Tc (Ttt).

A useful technique for investigating finite-temperature
magnetism in transition metals and alloys is the
functional-integral method, in which an interacting elec-
tron system is transformed into a one-electron system in a
time-dependent field I g;(r) I."' This method allows for
the description of local-moment features as well as band
features. ' ' Numerical calculations' ' are limited
to the static approximation, where the time-dependent
field variables I g; (~) I are replaced by static ones

jg; =P ' J g;(~)d~I. Here P is the inverse temperature,

I/kttT. This is valid in the high-temperature limit. At
T =0 the approximation reduces to Hartree-Fock theory.
Thus, the electron-correlation effects mentioned above are
not sufficiently taken into account. We have, therefore,
recently developed a theory to treat the correlations on the
basis of a variational principle. In this theory the free
energy reduces to a Gutzwiller-type variational ener-

gy
' ' at T =0, and it agrees with the free energy in the

static approximation at high temperatures, as it should.
Some numerical calculations for Fe and Ni have been

described in the previous paper (which is referred to as I
in the following). A large reduction of Tc was found for
Fe in the model calculation. It was also found that the
amplitude of local moments is almost temperature in-
dependent below and above Tc.

The purpose of this paper is to present numerical re-

sults for a half-filled band in order to show the overall

features of the variational theory. Antiferromagnetism is
favored in a half-filled band. The effect of local electron
correlations on the two-sublattice anti ferromagnetic
ground state has been investigated by Ogawa and Kanda
for the single-band case and Oles for the degenerate-
band case by means of a Gutzwiller-type variational ap-
proach. In this case it is found that the electron-
correlation effects are not very significant, since the
Hartree-Pock exchange splitting itself rmiuces the proba-
bility of double occupancy of electrons on a site and par-
tially includes the Hund's-rule coupling. Takano and Oki-

ji s have reported some interesting results for the metal-
insulator transition, taking the degeneracy into account.

Antiferromagnetism has been investigated at finite tem-
peratures by several authors within the static approxima-
tion. ' ' ' ' We discuss in this paper the effect of local
electron correlations on various quantities as a function of
temperature and Coulomb interaction.

First, we briefiy review in the following section the
variational theory within the single-site approximation
(SSA). The numerical results are presented in Sec. III.
The sublattice magnetization, staggered susceptibility,
phase diagram, amplitude of local moments, charge fluc-
tuations, internal energy, entropy, and the electronic con-
tribution to the thermal expansion are calculated as func-
tions of temperature T and the Coulomb interaction U.
The effects of local electron correlation on these quanti-
ties are found in the small- and intermediate-coupling re-

gime 0& U/8'& 1, where W is the d-band width. Physi-
cal reasons for these effects are also given. Finally, a
summary is presented in the last section.

II. REVIEW OF THE VARIATIONAL THEORY

Our treatment of electron correlation at finite tempera-
tures is based on the physical assumption that the energy
gain due to correlated inotion of electrons is much larger
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than the Curie temperature (Tc) or the Neel temperature

(TN). This condition is satisfied in the transition metals.

Then we may include adiabatically that part of the elec-
tron correlations which is not described within the static
approximation to the functional integral.

We adopt the single-band Hubbard model for brevity:

H=gepn; + g r,ja;~~ ++Un;, n;, . (2.1)

l, 0' ij,a i

Here e is the atomic level. The transfer integral between
sites i and j is denoted by t,J. U is the Coulomb integral.
a; (a; ) is the creation (annihilation) operator on site i
withspino, and n; =a;~g; .

The formulation is based on Feynman's variational
principle for the exact free energy F expressed in the
functional-integral formalism,

[L (~,g)] '=co —[s —iu+ —, Ug(g) ——, Uga'] . (2.8)

F (co) in Eq. (2.6) is the coherent Green function on the
(+ ) sublattice. It is given by

[W (co)]

[W (co)]
F (co)=

—2q&OH &,+q'&OHO&,
E,{g,g(g), rl(g)) =

1+ii 0 o

Here the site index has been omitted. f(co) is the Fermi
distribution function and [W~(co)] is the effective
medium for spin rr on the (+ ) sublattice, to be deter-
mined self-consistently later [see Eq. (2.19)]. The locator
L (co,g) is defined by

'
e

—PE(g', T)

&( ~ ~ ~ )& =
f

/fdic;

e '( )

f rr«

F &F, +(E(g, T) E,(g, T—)), ,
' X/2

pF PU
4m

(2.2)

(2.3)

(2.4)

if si,———si,+~ for all k in the Brillouin zone, Q being
2m'(1, 0,0)/a in the case of a cubic lattice, where a is the
lattice parameter of a unit cell with cubic symmetry.
pp(e) in Eq. (2.9) is the density of states (DOS) of the
noninteracting system.

The operator 0 in Eq. (2.7) is

where g stands for the exchange field gi,g2, . . . , gN, and
N is the number of sites. E(g, T) denotes an exact energy
functional. The charge-field variables and the finite-
frequency components of the exchange field have been
formally integrated out [see Eq. (2.3) in paper I]. F, is de-
fined by Eq. (2.3) with E(g, T) replaced by a trial energy
functional E,(g, T). The latter is assumed to be

(n, —(ni )o)(n, —(n, )o)

and H=H (H)p. '—The average ( )p is taken
with respect to the one-electron Hamiltonian H (g) in the

static approximation. This is given by

H (g) =g [s —iM+ —,
'

Ug;(g) ——,
' U(;o]n;

Eg(g, g(g))+E, (g,g(g), g(g)) . ~
f+ Q lJall7 JIT (2.10)

EG(g, g, g) =E,i(g, g(g))+E, (g, g(g), rl(g)), (2.5)

(see Ref. 22.) Here E„(g,g(f)) is the energy functional in
the static approximation, ' ' and E,(g,g(g),q(g)) is the
correlation energy of the ground state in the exchange
field (g;) as determined in the Gutzwiller scheme. [g;(g) )

and I i);(g) j are variational parameters describing a
charge potential and correlated motion of electrons,
respectively. They are determined by the variational prin-
ciple [Eq. (2.2)].

We assume a two-sublattice antiferromagnetic state
with one "up" and one "down" site per unit cell. Then all
sites are equivalent and the energy functional in the SSA
is given by

The expressions for (0 )p, (OH)p, and (OHO)p are
given in Appendix B in paper I. The variational parame-
ter il(g) is obtained analytically in the present case as fol-
lows:

—( OHO ) + ( (OHO )ii+ 4 (OH )o(0 )p )
'"

2(OH &,(o'&,

(2.11)

The charge potential g(g) has to be obtained numerically
from the variational equation MG(g, g, g)/B(=0. In the
following calculations, however, we have approximated it
by that of the static approximation,

E.i(g, g(g))= f dpi f(co)—Im g(g) =n'(g), (2.12)

Xglnf [L (a),g')] ' —[~ (~)]—' where n (g) is the local charge on a site resulting from
the one-electron Hamiltonian Hp(g).

The free energy per atom is expressed as

+[F (ai)] F,=(H& TS . — (2.13)

——4U([PC)]' —0'), (2 6) The energy (H ) and entropy S are given by
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—p(EG —(EG })
e

(H) =)M +f d f( ) (p( g)) ——,
'

UI ([g(g)]') —((')+2/OUI+(& (g, rl($))),

S= —f de(p(aug)) [[1—f(co)]in[1 f(—co)]+f(co)lnf(co)I+ln f dg
PU
4m

(2.14)

(2.15)

The first three terms of the rhs in Eq. (2.14) correspond
to the energy in the static approximation with a renormal-
ized thermal average (2.16). The last term denotes the
correlation energy. The first term in the entropy (2.15) is
the entropy of independent fermions with a temperature-
dependent DOS (p(cog)). The second term describes the
magnetic entropy. The last term in Eq. (2.15) is related to
the Gaussian prefactor v'PU/4n. in the static approxima-
tion. The sublattice magnetization (m), the thermal
averages of the square of the local charge, and the local
moment are calculated from

2q'(0'4m'Ii)
)

m
1+q'(O'),

(2.17)

&m')

(n')
4q(O'),=1+-,' I-&g')+ + .

(2.18)

Here we have assumed a symmetric half-filled band
p(aug), so that n (g) = 1. m (g) is the local magnetization
resulting from the one-electron Hamiltonian (2.10).

The effective medium W which describes the long-
range order is determined by a simplified coherent-
potential-approximation (CPA) equation, '

1+v»,2 [IL~(~k)]
g2 )

1 /2

'+F 'I '=F

(2.19)

Here p(cog) is the local DOS on a site for the one-electron
Hamiltonian (2.10). The average ( . ) on the right-
hand side (rhs) in Eqs. (2.14) and (2.15) is defined by

( )= px
fe ( . )dg

(2.16)I)—

principle, so that the stationary condition is satisfied,
which would greatly complicate the self-consistent equa-
tions.

III. NUMERICAL RESULTS

The numerical calculations are performed on a semiel-
liptical model DOS,

(8/m'~)( ~ /4 —e )',
~

e
~

& 8'/2
Po 0

~ ~

W/2 (3'1)

where W is the bandwidth. The Fermi distribution func-
tion is neglected as in the previous calculations.

The ground-state properties in the present theory are
summarized in Fig. 1. The ground state is antiferromag-
netic for an arbitrarily small Coulomb interaction, since
perfect nesting at the Fermi level causes a large kinetic-
energy gain. The local electron correlations reduce the
Hartree-Fock magnetization by 5—20% in the intermedi-
ate regime 0& U/W(1. For large values of U a large
Hartree-Fock exchange splitting strongly decreases the
probability of double occupancy of electrons on a site, so
that the correlation-energy gain —(E, ) becomes smaller.

The contribution of quantum fiuctuations to the ampli-
tude of local moments is taken into account in the present
calculation. Thus the amplitude of local moments,
(m )'~, takes the correct value I/v 2 at U=O, while it
vanishes for U =0 in the previous calculation. ' The am-
plitude gradually increases with increasing U, approach-
ing the correct atomic limit (Ipii). On the other hand,
the charge fluctuations decrease with increasing U, and
vanish at U/W'= ao as they should. The local electron
correlations enhance the amplitude of local moments and
suppress the charge fiuctuation ([((5n) )]'~ } by several

=f 4 2 '(&« f dge
I

(2.20)

0.5—
The parameters I [M (co)] ', (g), (g ) ] must be obtained
by solving Eqs. (2.19) and (2.20) self-consistently.

It should be noted that the parameters
IW,g, g, (g), (g ) I obtained by the present Eqs. (2.11),
(2.12), (2.19), and (2.20) do not, in general, guarantee sta-
tionarity for the free energy in the single-site approxima-
tion [Eq. (2.13)]. This does not give rise to serious diffi-
culties in the half-filled case. However, a clear violation
of thermodynamic relations and an inconsistent phase sta-
bility are seen to occur when the electron number deviates
far from 1. In this case we have to determine the parame-
ters [W ',g, il, (g), (g ) ) directly from the variational

0
0 20/W

FIG. 1. Ground-state sublattice magnetization (m ), the
root-mean-square value of local moments ((m'))'~', and the
charge fluctuation [((5n) ))'~' as a function of the Coulomb
interaction U divided by the half-bandwidth 8'/2. Dotted-
dashed curves ((m )HF) show the ground-state sublattice mag-
netization in the Hartree-Fock approximation.
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EG(g)
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0.05—

0
0 3 4 2U/W

FIGr 2. Magnetic phase diagram for the half-filled band,

showing the paramagnetic metal (PM), the paramagnetic insula-

tor {PI), and the antiferromagnetic state {AF). Solid (dotted)
lines show the phase boundary in the variational approach (the
static approximation).

percent in the intermediate regime.
The interpolation character of the present theory can be

seen in the phase diagram in Fig. 2. The Neel tempera-
ture increases with increasing U, and has a maximum at
2U/W=1. 6. In the intermediate regime 0&2U/W(2
the Neel temperature is reduced because of the local elec-
tron correlations. There is no reduction of T~ in the re-

gime 2U/W»1 since the present theory reduces to the
static approximation in the weak and strong Coulomb in-

teraction regimes. The present theory reduces to the
molecular-field approximation for the spin- —, Heisenberg

model in the regime 2 U/W » 1.
The phase boundary between the paramagnetic metal

(PM) and the paramagnetic insulator (PI) is defined by the
line along which a gap appears in the CPA density of
states. The local electron correlations effectively reduce
the Coulomb interaction in the exchange potential

, Ugcr —Thus t.he phase boundary is shifted slightly to-

wards the insulator regime. It should be noted that the
metal-insulator phase boundary defined here is a conven-
tional one to indicate a transition regime from a metal to
an insulator; we do not obtain such a gap at finite tem-
peratures when we use instead of Eq. (2.19) the full CPA
equation, ' ' ' allowing for a continuous exchange-field
distribution. A high-temperature expansion also shows a
gradual transition from a metal to an insulator in the
paramagnetic regime. '

Figures 3(a) and 3(b) show the energy functional for
various values of U in the paramagnetic state. The corre-
lation energy functional E,(g) has a minimum at (=0,
which deepens with increasing U. For large U a local
minimum appears in the total energy functional at (=0.
The depth of the minimum in E,(g) is —U/4 in the
atomic limit. However, the width of the well becomes
zero in this limit, so that there is no electron-correlation
correction to any physical quantities. Thus, correlation
corrections appear only in the intermediate regime. In the
antiferromagnetic state the minimum of E, shifts so as to
reduce the local magnetization.

The magnetization-versus-temperature curves are
shown in Fig. 4 for various values of U. The reduction of
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the Neel temperature is largest near 2U/W= 1, where it
is about 30%. The local electron correlation reduces the
magnetization, but it enhances the atomic character by
suppression of charge fluctuations. This is seen in the re-
duced magnetization curves in Fig. 5. They are closer to
the Brillouin form for S=—,

' than are those in the static
approximation. Evidence for such a correlation effect
seems to be seen in the sublattice magnetization curve of
Cr, which follows the Brillouin form for spin- —, in spite
of the small value (0.6)M&) of the sublattice magnetization
at T=0.32

The amplitude of local moments is strongly enhanced

-0,02
(Ry)

FIG. 3. (a) Energy functional EG(g) in the single-site ap-
proximation for various Coulomb interactions U/8'=1. 0, 1.25,
1.375, and 1.5. (b) Local correlation parameters g(g) and corre-
lation energy functionals for various Coulomb interactions.
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he static approximation (dotted curves) (Ref. 17).

by the mclusion of the quantum fiuctuations as well as the
local electron correlations (see Sec. II in paper I). The
temperature dependence of the amplitude is very small as
compared with that in the static approximation. ' These

iscrepancies are particularly large for small 2U/W at
low temperatures, as shown in Fig. 4.

The correlation correction to the amplitude of 1 1

ments
~ ~

u e Q oca mo-
s changes little m a temperature range of Tz. It van-

ishes above a temperature T' & W /8 U for the following
reason: The correlation contribution due to double occu-

isappears a ove a
ge Sp 1 1Ilg isemperature T where the average exchan e s 1'tt'

comparable to the d-band width, i.e., U((g ))' —W
On the other hand, the characteristic temperature is of the
orm T' — ( /4 when T* is sufficiently high bec

gy unctional is approximately quadratic for large
[see Eq. (2.6)]. Eliminating ((g' ))' from the two

relations, we obtain 2T'/W- W/4U. It is 1.0 for
2U/W=0. 5; this is much larger than 2 T /W.

Thee staggered susceptibility follows the Curie-Weiss
an

law, as shown in Fig. 6. The Curie constants are hardly
modified by the local correlation, because T' is much
larger than T~.

The t
h

emperature dependence of the intern 1a energy is
s own in Fig. 7. The magnetic energy, defined by

0
0 0.05 O.l5 2T/ W

FIG. 6. Inverse staggered susceptibilities for various values
of the Coulomb interaction. The solid (dotted) curves show the
results in the variational approach (the t t'e s a ic approximation).

aE =(H), ,„—(H). ..

increases initially with increasing U and has a maximum.
e corresponding specific heat becomes large and shows

local-moment behavior for large U. I thn e present calcu-
ation the Fermi distribution function is re laced b

'
n, and the CPA equations are also simplified by re-

placing the probability functional

(() PEG(g)
y
—

d~
PEG(()—

by a two 5 functions. If these are fully treated f dea ~ we in a
ge e ectromc contribution from the Fermi distrib

function to the specific heat in the paramagnetic state [see
~ ~

ermi istri ution

the second term on the rhs in Eq. (2.14)]. The latter usu-
ally compensates for the negative specific heat above Tz
found in the present calculation.

In the staticstatic approximation the energies in the
~ ~

paramagnetic state are generally overestimated more than
t ose in the ferromagnetic state. Therefore, local electron
correlations reduce the ma net'a ne ic energy in the
mtermediate-coupling regime. This is the main reason or
t e reduction o Tz.

The magnetic entropy is shown in Fig. 8 as a function

= 1.5 2UIW= 0.5

-0.09—
2UIW = 1.0

-0.10—

I
~ I

I

0 0.05 O. l0
I

0.)5 0.20 2T/W

0 0.5 1.0

FIG. 5. Reduceded sublattice-magnetization curves in the vari-

(dotted curves). Open circles show the S= —, Brillouin curve 0

FIG. 7. Tem erat
vari

p ure dependence of the internal ener
'

thergy in e
'ational approach {solid curves) and thin e static approxima-

tion (dotted curves). Energies in th ti e s atic approximation are
shifted down so that they agree with those in the variational ap-
proach at T =0.
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0
0 0.05 0.10 0,15 0.20 2T/W

FIG. 8. Temperature dependence of entropies for various

Coulomb interactions. The results in the static approximation
(dotted curves) are shifted so that the values at T =0 agree with

those in the variational approach (solid curves).

S(T=0)=—, ln
U

28 EG((')/Bg
(3.2)

This point may have to be dealt with in the future. The
local electron correlations reduce M in the intermediate
regime in comparison with the static approximation, since
the correlated motion of electrons suppresses degrees of
freedom.

The temperature dependence of the bonding energy

is shown in Fig. 9 for various values of U. The bonding is
directly connected with the electron contribution a, (T) to
the thermal-expansion coefficient via the relationi3 i

aE,
3BV dT

(3.3)

26E[,
W
0.10— 2U/'Ar' = 1.5

0.05—

0.10 2T/'IN

FIG. 9. Temperature dependence of bonding energy
EEL ——Eq(T) —Eq(0) in the variational approach (solid curves)
and in the static approximation (dotted curves).

of U. The characteristic magnetic entropy AS, which is
defined by S(Tz) S(T=0—), increases with increasing U.
For U/IV » 1 it reduces to the atomic entropy ln2.

The present theory leads to a residual ground-state en-

tropy in the intermediate regime, as in the static approxi-
mation. It is given by

where 8 is the bulk modulus, V is a volume per atom, and

D is an electronic Gruneisen constant, which can be cal-
culated from Andersen's potential parameters.

[The notation has been changed. D is the same as 2& in
the appendix of Ref. 33 and (D/r) in Refs. 34 and 37.]
The volume change due to the electrons between T =0
and T=Tz is therefore given by

D[Eb(T~) —Es(0)]/38V .

Here Es(T&)—Es(0) takes the values 0.0003, —0.0010,
and 0.0149 Ry for 2 U/W=O. S, 1.0, and 1.5, respectively,
in the present theory, while it is 0.0004, 0.0009, and
0.0166 Ry, respectively, in the static approximation.
Namely, the local electron correlations act so as to cause a
volume contraction with increasing temperature in anti-
ferromagnetic metals. This is seen from the following
physical consideration.

Let us consider the case of nearest-neighbor hopping,
and assume that the exchange splittings are temperature
independent, in order to see the essential features of the
effect of electron correlations. The volume contraction is
proportional to the electron-hopping rate (a;~aj ), as
seen in Eq. (3.3). In the antiferromagnetic ground state
the electron correlations suppress the hopping rate be-

cause electron hopping to a neighboring empty level
creates a doubly occupied state of large energy. There-
fore, the electron correlations tend to expand the volume.
However, in the paramagnetic state the local moments are
aligned at random. Then the number of neighboring emp-

ty levels with the same spin as the central electron de-

creases, and the effect of the volume expansion due to
correlation decreases. Therefore, the local-electron-
correlation effect decreases the volume with increasing
temperature. This is just the opposite of the case of the
ferromagnetic metals, where the electron-correlation ef-
fects increase the volume with increasing temperature.

IV. SUMMARY

We have performed numerical calculations for the
finite-temperature magnetism of a half-filled Hubbard
model in order to demonstrate the interpolation character
of the variational theory proposed in paper I, and to in-
vestigate local-electron-correlation effects on various
quantities in the intermediate-coupling regime.

The theory gives a better description of the overall
features of finite-temperature magnetism from weak
magnetism to strong magnetism. The local correlation ef-
fects neglected by the static approximation are not as
large in the case of the half-filled band as they are in fer-
romagnets, but do appear in the weak and intermediate re-
gime (0& U/IV & 1). In this regime the magnetization as
well as the Neel temperature is reduced by up to 30%%uo, be-
cause the static approximation had overestimated the
magnetic energy. On the other hand, the local electron
correlations suppress charge fiuctuations, so that atomic
features are enhanced. This is seen in the increased am-
plitude of local moments and the reduced magnetization.
The staggered susceptibility follows a Curie-gneiss law.
Calculated effective Bohr-magneton numbers are hardly
affected by including the local electron correlations since
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this is a high-temperature quantity for which the static
approximation works well.

The correlated electron motion lowers the energy in the
paramagnetic state more than in the antiferromagnetic
state. Therefore the energy is less strongly temperature
dependent than that of the static approximation in the in-
termediate regime. This implies that the specific-heat
peaks at Tz are somewhat reduced. The temperature
dependence of the entropy is also reduced at temperatures
T « T' because the correlated motion of electrons at fin-
ite temperatures reduces the effective number of degrees
of freedom in the intermediate regime.

The local-electron-correlation effect on the thermal ex-
pansion in antiferromagnetic metals is very different from
that in ferromagnetic metals. In the latter, the volume in-
creases with increasing temperature, while in the former it
decreases. In particular, the electron correlations can
change the sign of the spontaneous volume magnetostric-
tion in the intermediate regime (2U/8'-1. 0).
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