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Transport properties of substitutionally disordered alloys
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A unified theoretical treatment of single-particle, e.g. , density of states, and two-particle, e.g. , transport

properties of substitutionally disordered alloys, is presented using the embedded-cluster method (ECM)
within the coherent-potential approximation. Comparison with results of exact numerical simulations of the

ac conductivity sho~s that the ECM allows for the proper inclusion of vertex corrections and provides a re-

liable and accurate technique for determining the transport properties of alloys.

Recent theoretical studies of disordered materials have
concentrated mostly on the calculation of the single-particle
properties, e.g. , the density of states (DOS), of substitution-
ally disordered alloys. Comparatively less attention has
been given to the two-particle-related properties, e.g. , trans-
port phenomena such as electric conductivity, thermopower,
etc. , due to the greater difficulty in calculating two-particle
Green's functions and the associated vertex corrections.
Vertex corrections arise from the simultaneous interaction
of two particles with the same configuration of the system.
It is the purpose of this paper to demonstrate that transport
properties, in particular the ac conductivity of concentrated,
substitutionally disordered alloys, including vertex correc-
tions, can be calculated as efficiently and accurately as
single-particle properties within a well understood and es-
tablished analytic cluster method. This approach has a
number of virtues including becoming exact in the large-
cluster-size limit, allowing the investigation of the effects of
short-range order, and being applicable to tight-binding and
muffin-tin Hamiltonians.

Of all proposed single-site theories, the coherent-potential
approximation' (CPA) provides unquestionably the best
method for the calculation of one-particle Green's functions
and related quantities in substitutionally disordered alloys.
In addition, the CPA provides' ' a first approximation to
the calculation of two-particle Green's functions in these
systems. However, in spite of its many desirable properties,
the CPA, as a single-site theory, cannot account for the ef-
fects of statistical fluctuations in the environment of a site.
Consequently, its accuracy decreases with increasing disor-
der, scattering strength, or increasing short-range order
(SRO), i.e., nonrandomness in a material.

In order to account for the effects of local statistical fluc-
tuations it is necessary to extend the CPA to a multisite or
cluster theory. Several such theories have been proposed
which include both self-consistent' " and non-self-
consistent' ' approaches. The molecular CPA (Ref. 10)
(MCPA) forms the natural cluster generalization of the
single-site CPA, possesses many desirable properties, such
as complete self-consistency and analyticity, and has been
generalized' to the calculation of transport properties. As
is well known, ho~ever, the MCPA suffers from two major
drawbacks. First, with increasing cluster size the method
becomes computationally extremely difficult. Second, it re-
quires the introduction of a superlattice which violates the
translational invariance of the underlying lattice and may
lead to spurious gaps in the spectral functions near the
edges of the associated Brillouin zone.

The second self-consistent cluster theory" referred to
here, the traveling cluster approximation (TCA), preserves
the translational symmetry of the underlying lattice and
yields analytic results for the alloy self-energy and Green's
function. It has also been shown" to yield accurate DOS's
for some alloys. However, the numerical implementation of
the TCA becomes prohibitively difficult even for moderate
size clusters in simple, one-band disordered systems. In ad-
dition, the TCA is apparently inapplicable to nonrandom al-

loys. Finally, an application of the TCA to the calculation
of transport phenomena has not been reported. Although
the TCA remains a promising theory, a great deal more
work is required to establish its validity and the limits of its
reliability.

Since self-consistent cluster theories have not yet been
very successful in the calculation of one-particle Green's
functions or of transport properties, the search has been
directed toward the construction of non-self-consistent
methods. Of these, the embedded-cluster method" "
(ECM) has proved the most successful in calculating one-
particle properties of substitutionally disordered alloys. The
ECM addresses and solves exactly the problem of treating a
compact cluster of atoms embedded in a given medium.
The ECM is characterized by several desirable properties:
First, for a given analytic medium the ECM yields analytic
results, i.e., preserves the Herglotz property of the medium
Green's function. Second, it is applicable to nonrandom al-

loys and can also be applied to alloy surfaces" as well as to
three-dimensional ordered or disordered systems. Finally,
the method is computationally practicable, allowing calcula-
tions in either model tight-binding (TB), single-band sys-
tems, or in realistic materials describable by muffin-tin
(MT) potentials. '6 As we show in this paper, the ECM can
also be used to calculate accurate ac conductivity spectra by
treating exactly compact clusters of atoms in a disordered al-
loy. Thus the ECM provides a unified technique for calcu-
lating both one- and two-particle properties of substitution-
ally disordered systems.

Traditionally, it has been the comparison of analytically
obtained DOS's of one-dimensional disordered chains with
their exact numerically simulated counterparts which has
pointed out the advantages as well as inadequacies of vari-
ous approximations and sorted out their validity and reliabil-
ity. Thus far no corresponding comprehensive comparisons
have been reported for transport quantities.

Although the method to be presented is more generally
applicable, we confine our discussion to a material describ-
able by a single-band TB Hamiltonian of the well-known
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form,

H=ge;c c, +X w;, c; c,

Here, i refers to a site in the lattice, e; is a site energy, and

W& is an intersite overlap (hopping) integral. In a binary al-

loy, 3~8~ t-, with diagonal disorder, ~; can assume the
"values" ~~ or e~ with corresponding probability C or
1 —C. For simplicity we assume that 8'& is independent of
the chemical occupation of sites i and j. Because numerical
results are easiest to obtain in the case of one-dimensional
systems we confine our discussion to binary, disordered
linear chains. The generalization to higher-dimensional sys-
tems is straightforward. Within the framework of linear
response theory, the real part of the ac conductivity of a

one-dimensiona1 system of length L can be expressed" in
the forms,

(r(~) = ~ X (f, —fs) I&ylxIP) I'g(&~+E„—Es),

(G)J(G) J, and instead calculate averages of products
directly.

This program can be accomplished to any desired level of
approximation within the framework of the ECM. The
essence of the method is to calculate exactly the average
(GcJGcJ)c, where Gc is the Green's function associated
with a cluster of atoms embedded in a CPA medium, and

( . ) c denotes an average over all cluster configurations.
Here, the cluster Green's function is given by the expres-
sion,

Gc= (z —Hc —hc)

~here Hc is the intracluster Hamiltonian for a particular
configuration, and Ac denotes the (configuration-
independent) interaction of the cluster with the surrounding
medium. In terms of these cluster Green's functions the
real part of the ac conductivity can be written in the form
(with 2e'= I),

or
(2a) ~(~) = 1

7r ey
dE ([ImG (E)JImG (E+t(G)J]00)c

~(~) = $ (f.—ffd)l( IEElip) I'g(&~+E. —Ea) .

(2b)

1 dE g ImGf (E)J~ ImGf~(E+r )l„,)~ .
ijkf C

Here IEE) and E are the eigenvectors of H and the corre-
sponding eigenvalues, f is a Fermi function for a particular
choice of the chemical potential, x is the position operator,
and v = x is the velocity operator.

Equations (2a) and (2b) are very convenient for the per-
formance of exact numerical simulations. Following the
method of Alberts and Gubernatis, '8 we computed the
eigenvalues and eigenvectors of finite segments of disor-
dered chains with fixed boundary conditions and averaged
the resulting conductivity spectra. Each linear segment con-
sisted of 500 sites and for random diagonally disordered al-

loys stable average spectra were obtained with 20 segments.
The analytic calculation of the ac conductivity requires the

evaluation of averages of tw'o-particle quantities of the form
(GJGJ). Here G is the single-particle Green's function
which depends on the configuration of the alloy, J is the
current operator, and the symbol ( ) denotes an aver-
age over all configurations. The current operator, J can also
be configuration dependent, e.g. , for MT systems, '~ but is
independent of configuration in the simple TB model con-
sidered here.

The standard approximation in the calculation of two
Green's-function averages is to replace averages of products
by products of averages and attempt an independent calcula-
tion of the vertex corrections, (GJGJ) —(G)J(G)J. In
the CPA or the MCPA, the averages, (G), are in turn to
be replaced by the corresponding effective-medium Green's
functions. It can easily be shown~ that the vertex correc-
tions vanish within the CPA for the case of single-band TB
materials. For multiband alloys, the current operator con-
tains site-diagonal elements and a contribution to vertex
corrections can be obtained' within the CPA. Vertex
corrections can also be calculated' within a cluster theory
such as the MCPA. However, the resulting conductivity
spectra do not nearly display the rich structure observed in
their exact computer-simulated counterparts for one-
dimensional systems. Thus, we are led to consider methods
which avoid the approximate replacement of (GJGJ) by

The indices i,j,k in this equation are confined to the cluster
C and 0 denotes the center of the cluster.

The following figures depict the results of numerical cal-
culations. In Fig. I we compare exact DOS's (histogram)
for a one-dimensional substitutionally disordered alloy, with
DOS's obtained in the CPA (dotted curve) and in a seven-
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FIG. 1. Exact numerically simulated densities of states (shaded
histogram) for a one-dimensional binary alloy with only diagonal
disorder compared with the DOS's obtained in the CPA (dotted
curve) and in a seven-site application of the ECM (solid curve).
The spectra are symmetric about E = 0.0.
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site cluster application of the ECM (solid curve). It is seen
that the ECM yields quite accurate DOS's away from the
band edges even for moderate size clusters. The rather
poor performance of the ECM near the edges of the band is

due to the choice of a single-site CPA medium which, as is

clearly seen in Fig. 1, yields a band narrower than the exact
one. Much more accurate DOS's are obtained, even in the
case of alloys exhibiting SRO, if the medium is constructed
to contain self-consistently local environment fluctuations in

the vicinity of a site. The effect on the conductivity of
more proper choices of an embedding medium will be ex-
amined critically in a forthcoming publication. s

Figure 2 depicts the exact ac conductivity spectrum (histo-
gram) for the alloy of Fig. I with the chemical potential
chosen in the middle of the band p, -0.5 (E = 0.0), and the
corresponding results obtained in the CPA (dotted curve) as
well as in the ECM (solid curve). Not unexpectedly the
CPA yields a smooth conductivity curve in sharp contrast to
the highly structured exact spectrum. On the other hand,
the results obtained in a seven-site ECM calculation on the
basis of Eq. (4) contain a great deal of structure which
resolves practically all peaks in the exact curve. Somewhat
surprisingly, a seven-site ECM calculation of the conductivi-
ty appears to yield comparatively more accurate results than
it does for the DOS. In particular„ there appears to exist no
deleterious effects due to the poor performance of the ECM
near the edges of the band. This result, however, is not
hard to understand. The ac conductivity involves the con-
volution of two DOS curves and consequently contains less
structure than either of them. On the other hand, a seven-
site ECM calculation retains the dominant peaks in the
DOS, i.e., those which can be expected to survive the con-
volution process.

It is to be noted that a calculation based on relatively
small clusters yields accurate results for quantities which, in
principle, can be expected to be influenced by distant fluc-
tuations. This is due to the fact that increasing disorder lo-
calizes the wave functions in the material and diminishes
the importance of fluctuations beyond a moderate distance.
By contrast, no finite cluster calculation can be expected to
yield accurate results for the DOS or the transport quantities
of ordered materials. Furthermore, in alloys exhibiting
strong SRO effects a much more judicious choice of an
embedding medium may be necessary, 9 coupled with pos-
sibly larger cluster sizes, before accurate results can be ob-
tained.

The method presented here has several desirable features.
First, it allows the incorporation from the start of local fluc-
tuations into the conductivity formula and avoids the calcu-
lation of vertex corrections at a later stage. Second, it be-
comes exact in the limit of large cluster sizes (and appropri-
ately chosen embedding media). Third, it allows the inves-
tigation of the effects of short-range order (nonrandom-
ness) since, as was the case with DOS calculations, it en-
ables one to indentify peaks in the conductivity spectra with
specific local atomic configurations. Fourth, the method is
computationally simple and can be applied to disordered ma-
terials in any dimension and to alloys describable by TB as
well as MT Hamiitonians. In fact, since realistic systems
can, in general, be expected to possess less structured spec-
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FIG. 2. Exact numerically simulated ac conductivity (shaded his-

togram) for a one-dimensional binary alloy compared with the con-
ductivity obtained in the CPA (dotted curve) and in a seven-site ap-

plication of the ECM (solid curve). Frequency in units of the band-
with.
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tra than those of model 1D alloys, the ECM can be used to
advantage in such systems with rather sma11 clusters, such
as tetrahedra in an fcc lattice. Larger clusters may, howev-
er, be necessary in order to account for SRO effects in real
materials. Finally, this approach brings the calculation of
transport properties of disordered materials on a pat with
those of the DOS within the same, unified formalism.

Having exhibited the desirable properties of the ECM in
connection with the calculation of conductivity spectra, we
must caution that the method should not be construed as
the final word on the subject. As already mentioned, any
ECM calculation with moderate size clusters is strongly
dependent on the choice of the embedding medium. For
random alloys, the CPA has been shown to provide an ac-
ceptable medium for embedding the cluster, but more so-
phisticated choices may be necessary in order to account for
strong SRO effects. Thus, the need still exists for a fully
self-consistent cluster theory, such as perhaps the TCA, '

which would prescribe the choice of the medium and allow
the treatment of SRO within the same formalism. The
ECM, on the other hand, although not cluster self-
consistent, provides a straightforward, conceptually clear,
and computationally efficient method for the calculation of
densities of states as well as transport quantities in substitu-
tionally disordered alloys and may form the starting point in
the construction of a fully satisfactory alloy theory.
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