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Transverse attenuation coefficients for superconductors containing transition-metal impurities
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The attenuation of transverse sound waves in a superconductor containing transition-metal im-

purities whose behavior lies close to the magnetic-to-nonmagnetic transition is studied. Comparison
is made between the attenuation coefficient obtained on the basis of the local spin-fluctuation (LSF)
description of the system and the coefficient obtained on the basis of a high-T~ Kondo impurity
description of the system. It is seen that the LSF-based transverse attenuation coefficient can give a
reasonable fit to the observed attenuation in superconducting ZnMn alloys {which are alloys lying

very close to the magnetic-to-nonmagnetic transition), while the high-Tq Kondo-description-based
coefficient cannot.

I. INTRODUCTION

Measurement of the transport properties such as the ul-
trasonic attenuation coefficient in a superconductor con-
taining transition-metal (TM) impurities provide for a
direct means for investigating the possible formation of
local magnetic states by the impurities. In an early paper,
Kadanoff and Falko' studied the influence of paramag-
netic impurities on the ultrasonic attenuation in supercon-
ductors. Since their work was based on the Abrikosov-
Gorkov (AG) treatment of the magnetic impurity, they
were not able to see how the attenuation was modified by
the formation of localized excited states within the energy
gap. These localized states appeared when the interaction
between the magnetic moments and the electrons of the
host metal are treated beyond the Born approximation.
Using the Shiba theory, which used the T-matrix ap-
proach to treat the interaction, Machida and Leon and
Nagi have recalculated the longitudinal attenuation (LA)
coefficient for superconductors having localized states
within the gap. Matsui and Masuda have numerically
calculated the LA coefficient for a Kondo superconductor
based on the Miiller-Hartmann and Zittartz (MHZ) treat-
ment of the Kondo effect. In the MHZ theory, the posi-
tion of the localized state within the energy gap is a func-
tion of the temperature. This temperature dependence
leads to a temperature-dependent pair-breaking parameter
which in turn leads to the reentrant behavior seen in the
low- T~ Kendo impurities.

This paper is concerned with the transverse attenuation
(TA) coefficient for the doped superconductor when the
behavior of the TM impurities lies in the transition region
between the magnetic and nonmagnetic behavior regions.
For superconductors lying in this region, it is not clear
whether the Kondo description or the local spin-
fluctuation (LSF) description of the TM is most appropri-
ate. For example, the dilute alloy system ZnMn has both
Kondo-like and LSF-like properties. Above 0.5 K, the
normal phase resistivity exhibits the logarithmic behavior
characteristic of a Kondo alloy having a T& ——1 K, awhile

below 0.5 K, the resistivity exhibits the T -dependence

characteristic of LSF alloys having eLs„—2.5 K. Furth-
ermore, the transition temperatures of some of the ZnMn
superconductors lie close to or below Tz, making use of
the MHZ theory inappropriate for describing the Kondo
effect in these superconductors.

The ultrasonic attenuation of transverse waves in the
normal phase is due to two mechanisms, the electromag-
netic absorption mechanism and the collision drag mecha-
nism. In the superconducting phase, the electromagnetic
absorption term is rapidly screened out except near the
transition temperature. In their study, Kadanoff and Fal-
ko discarded the electromagnetic contribution in their cal-
culation of the TA coefficient. Since we will be interested
in the region close to T„where we will be able to obtain
TA coefficients in an analytical form, we have not
dropped the term. Our work will follow closely that of
Maki.

To treat the situation when the TM impurities give rise
to LSF, we will be using the renormalization approach of
Schlottmann. 9 His approach gives results which are exact
for g =Ulml ~ (U being the Coulomb repulsion energy
and I ~ being the half width of the impurity state), less
than 1. To treat the case when the impurity becomes a
Kondo impurity, we will be using the Matsuura, Ichinose,
and Nagaoka' (MIN) theory for the Kondo effect in su-
perconductors. The MIN theory introduces an interpola-
tion scheme for the pair-breaking parameter which allows
one to pass from the magnetic side of the transition to the
nonmagnetic side.

In Sec. II, we present Maki's formulation of the trans-
verse attenuation coefficient in terms of various correla-
tion functions. Like him, we then expand the propagators
appearing in the correlation functions in terms of the
propagators of the normal phase and the energy gap.
Evaluations of the leading terms in the expansion are car-
ried out in Secs. III and IV for the case of LSF and Kon-
do impurities, respectively. Discussion of the significance
of the resulting expressions for the TA coefficient to the
transverse attenuation data for the ZnMn superconduc-
tors" is given in Sec. V.
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II. FORMULATION

Usmg Kubo's lmear response theory approach, Mak~

showed that the attenuation coefficient for transverse ul-

trasonic waves is given by

a transformation to a fictitious system in which the long-
range interactions have been removed must be made (the
Gor'kov propagators were formulated in such a system}.
Making this transformation, Maki found that the TA
coefficient becomes

cz =Re . ([hT,hz])q~
l COPIQnVg

(la)

where co is the frequency of the sound wave; U„ the speed
of sound, and where

a =Re q
l QPPI~~Vg

(([,J„]) )([~,~ ]),„—
x)jx Q, o)

h T(r, t) = (q/co)7~(r, t) —mj„(r,t), ( lb)

with 7. being a stress tensor operator and j„being the
mass current operator. The correlation function

([hr, hT ])~„written above is being evaluated in a system
in which the long-range current-current interactions are
present. In order to be able to use the usual Gor'kov
propagators in the evaluation of the correlation function,

I

where the correlation functions are now evaluated in the
fictitious system.

Close to T„ the Gor'kov propagators, G(p, ico„) and
F'(p, ico„) can be expanded in terms of the normal metal
propagators and the energy gap. Following Maki, we find
that the correlation functions in the complex coo plane are
given by
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where g(x) is the Pippard function; co„'=co„—coo,'co„, the
renormalized frequencies and y(co„) is the renormaliza-

tion constant connecting the energy gap to the order pa-
rameter. A further renormalization due to the averaging

of the possible distribution of impurities in the metal is re-

quired. For dirty superconductors, Maki' has shown that
this averaging could be done by the inclusion of the fol-
lowing correction at all of the proper vertices:

n, , „ll—( &y I
~.

I
}(1——,'«t~'q'}] ',

I mph I
. To determine the properties of a pure supercon-

ductor in the presence of a magnetic field, another
method would have to be used. Since we will be interested
in dirty superconductors, we will not be concerned with
this other method. In our calculations, we have neglected
the corrections to the vertices associated with the mass
current and the stress tensor. Neglect of these corrections
results in errors of order l/go which tend to zero for very
short electron path lengths. These corrections must be
considered for the ease of pure superconductors.

where q is the external momentum associated with the or-
der parameter, r is the coBision lifetime due to the normal
scattering by the impurity, and ~„ is the transport life-
time. For pure superconductors, the above expansion in
powers of

I
b,ph I

is not permissable as was shown by
Cyrot and Maki' They showed that the perturbative ex-
pansion method for calculating the ultrasonic attenuation
coefficient for a pure superconductor in presence of an
external magnetic field gave rise to unreasonable results,
the coefficient of the

I mph I
term vanished identically as

co~0 and that the leading term would be of order

III. LOCAL SPIN-FLUCTUATION DESCRIPTION

Like most of the magnetic properties of TM impurities,
the local spin fluctuations arise from the interplay of the
Coulomb repulsion between the d electrons of opposite
spins which are localized about the impurity sites and the
hybridization of the d electrons with the conduction elec-
trons of the host metal. Early treatments of the LSF were
based on either the random-phase approximation or renor-
malized random-phase approximation treatment of the
Coulomb repulsion term appearing in the Anderson model
description of a TM impurity dissolved in a simple host
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metal. Going beyond these approximation, Iche' was

able to develop a theory for LSF which was exact for

g = U/nI'q less than 1. Schlottmann extended Iche's

theory to local spin fluctuations in superconductors by di-

viding the diagrams for the self-energy corrections to the
anomalous propagator into two subsets and then demand-

ing that each subset obeyed multiplicative renormaliza-
tion. We refer the reader to Schlottmann's paper for the
details of his theory.

In a recent paper, '5 the present author showed that the
vertex correction y(fo„) in the Schlottmann theory is

given by

1 —n;[Ng(0)/N(0)][1/N(0)
I

A,
I ]U,ffX(0)

) (~„)=
1+n;Ng(0)/N (0) Pig, 07~

(7)
where Nz(0) and N(0) are the densities of states of the d
electrons and the conduction electrons of the host metal;
n;, 21+1 times the concentration of impurities; U,ff the
effective Coulomb energy [=U/(1+ U/nl ~)]; X(0), the
static susceptibility due to rapid spin fluctuations and
where g& „ is the renormalization parameter given by Eq.
(6)

Substituting the above into the correlation function
&[. .. ]),,„,weob~n

4
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where n„ is the critical concentration at which the LSF can suppress the superconductivity and where

a=r,p2q /6. (9)

The appearance of & I 5~I, I
) in the above expression signifies that the averaging over the impurity distribution has been

carried out. The summation in Eq. (8) has been performed by Maki and his results yield
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where p= a/2n T. Similar evaluations of the other two correlation functions yield

leap
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The dependence of the order parameter on the temperature and the impurity concentration has been derived in Ref. 15
and 1s
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(
~

&ph(&) )

2(2ir T, ) (1—T/T, )

n;Nd(0)/N(0) I g—p"( —,
' )+ 1+n;Ng(0)/N (0) 6m'T

1+n;Nd(0)/N(0)
1 —n; /n„

where g'(x) and P"(x) are the polygamma functions.
For low frequencies (~ &m.T ), the polygamma function appearing in the correlation functions can be expanded in

powers of coo/2m T. After this is done, the analytic continuations of the correlation functions back to the real axis can be
performed. Substituting these analytically continued functions into Eq. (2), we obtain the rather simple expression for
the normalized transverse attenuation coefficient near T,
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The above expression shows the explicit dependence of the
TA coefficient on the impurity concentration and the half
width of the impurity state. The dependence on the sus-

ceptibility due to the rapid spin fluctuations enters
through the dependence of T, on the susceptibility. For
the low-frequency transverse waves used in Ref. 11,
g(ql)-1 and so the TA coefficient is given by the first
term on the right-hand side of Eq. (14). This would also
be the expression for longitudinal attenuation coefficient
near T, of a superconductor containing LSF.

IV. HIGH- Tg KONDO IMPURITY DESCRIPTION

Studies' ' of the low-lying excitations in a Fermi sea
containing transition-metal impurities have shown that
the TM impurity becomes a nonmagnetic singlet bound
state at T =0 K and that the behavior of the impurity at
very low temperatures is that of a nonmagnetic impurity.

I

The significance of this transition into a nonmagnetic
state to the problein of superconductivity was pointed out
by Sakurai' and Matsuura et a/. ' MIN developed a
theory for the Kondo effect in superconductors which
took into account the transition of the Kondo impurity
into a nonmagnetic state at very low temperatures. The
main effect of the impurities at low temperatures was to
cause a weakening of the BCS electron-phonon coupling
constant A, due to the appearance of a repulsive interaction
(due to the virtual polarization of the singlet impurity) be-
tween the Cooper pair electrons. The pair weakening
mechanism leads to a new effective coupling constant

g= ~~t ., /4T. N (0). — (15)

To allow a crossover of their theory from one side of the
magnetic-to-nonmagnetic transition region to the other,
MIN proposed the following interpolation scheme for the
pair-breaking parameter
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The temperature dependence of the order parameter close to T, can be obtained from the standard formula'9

( [ ~ph(r) )'}= — 1+T,N(0} ~&o( T}

C C

T
Tc

where 80(T}and 8(T}are the two and four particle Grmn's functions. In the MIN theory,
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with X(co) being the susceptibility function defined in Ref. 19. For high T» Kondo superconductors, where
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where p, =[(rp q /6)/2n T,J/[1+n; /4T»N(0)]. Substituting Eqs. (21) and (22) into Eq. (17), we obtain
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The MIN theory also predicted that the critical concentration at which the high T» Kondo impurities can suppress the
superconductivity is

n„-T»N (0} . (24)

The effects of the averaging the products of two one-particle propagators over the distribution of impurities were incor-
porated into Eqs. (18) and (19).

As we pointed out in Sec. II the effects of this averaging on the correlation functions can be incorporated by a further
renorinalization of the vertex functions by Eq. (6). Performing this additional renormalization, we find that the proper
vertex correction for a high- T» Kondo superconductor is given by

1 egg
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(
~
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Substituting Eq. (25) into Eqs. (3)—(5) leads to rather complicated expressions for the three correlation functions. If we
restrict our attention to the low-frequency limit, then only the stress tensor correlation function ([r,r ])s„needs to
be calculated. After much work, we find that the imaginary part of the analytically continued stress tensor correlation
function is given by
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where a =4'�/m, b = (r„u q /6)/[1+n; /4T+N(0)], px a /2n T——, and p= b/2n. T. A simplication of Eq. (29) occurs if
a &b When .the simplified form of Eq. (26) is substituted into the definition of the transverse attenuation coefficient,
Eq. (2), we get
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where (
~

b,~i,(r) ~
) is given by Eq. (23). For very large Trr, where b/a~0, Eq. (27) reduces to the attenuation coeffi-

cient for dirty superconductors in the gapless state near T, obtained by Maki.

V. DISCUSSION

Both Eqs. (14) and (27) predict that the decrease in the
attenuation of transverse sound wave as the alloy becomes
superconducting should become less as more transition-
metal impurities are added to the alloy. This tendency is
seen in the experimental data of I.ou and Bommel" for
the attenuation of 20-MHz transverse waves in supercon-
ducting ZnMn alloys. In Fig. 5 of their paper, we see
that the normalized transverse attenuation coefficient for
the 1.25 ppm doped ZnMn superconductor lies below the
attenuation for the 8.5 and 16 ppm doped superconduc-
tors. The frequency of the sound wave is such that the
low-frequency limit is satisfied, i.e., q/ &~ 1 and so

g (q/)-1.
I.ou and Bommel found that the simple Abrikosov-

Gor'kov theory for paramagnetic impurities in supercon-
ductors could reasonably account for their results. How-
ever, to achieve fits to their data to the attenuation coeffi-

cient obtained within the framework of the AG theory,
they had to subtract a constant residual attenuation intro-
duced ad hoc into their analysis and to change the value
of the ratio b,(0)/kaT, (from 1.50 to 1.70 as n; was in-
creased from 1.5 to 8.5 for example). Without having to
make these additional adjustments, Machida showed that
the attenuation coefficients obtained on the basis of the
Shiba description of the inagnetic impurities in supercon-
ductors gave better fits to the data than did the AG based
coefficient. In his study, Machida assumed that the posi-
tion of the impurity state within the energy gap was at
0.25 b,s. The fits, however, became progressively worse as
the impurity concentration ~as increased.

Matsui and Masuda have also analyzed the data of
Lou and Bommel. They based their analysis on the
Miiller-Hartmann and Zittartz theory for the Kondo ef-
fect in the superconductors. They found that the MHZ
based coefficients gave better fits to the data than the AG
based coefficients and was as good as the fits obtained by
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Machida. A careful inspection of their fit indicated cer-

tain discrepancies. First of all, the MHZ based coeffl-
cjents could not be made to flt the high- T and low- T data
at the same time (the same being true of the fits of Machi-

da). The value of T» (0.24 K) used to achieve a fit to the
data for the 16 ppm doped superconductor leads to a
predicted attenuation for the 8.4-ppm superconductor
lower than the ones observed. The fits achieved by
Matsui and Masuda would not have been obtained if T»
was taken to be 0.9 K, the value obtained by Ka'stner and
Wassermann ' based on their analysis of the transition

temperature of ZnMn superconductors using the im-

proved Miiller-Hartmann, Schuh, and Zittartz theory.
The value 0.9 K is close to the value obtained from the
normal phase properties of ZnMn, i.e., 1.0 K. These
values of T» would bring into question, the use of the
MHZ theory to describe the Kondo effect in the ZnMn
superconductors since the MHZ theory is based on the
Suhl-Nagaoka approximation which is valid for T» T».
Further complicating the situation is the fact that the
behavior of the normal state properties of the higher

doped ZnMn alloys are such to indicate that ZnMn is

very near to the magnetic-to-nonmagnetic transition and

it is uncertain as to which side the ZnMn alloys belong.
If the ZnMn alloys are on the nonmagnetic side of the

transition and the behavior of the alloys is determined by
the local spin fluctuations, then the expressions developed
in Sec. III should be used to interpret the data. Using the
transition temperatures reported by Sanchez, we find
that a least-square best fit of the data by Schlottmann's
expression for the decrease in T, due to the rapid spin
fluctuations is achieved with a critical concentration of 39
ppm, which is in reasonable agreement with the observed
value of 25 ppm. To obtain the best fit, we used the fol-
lowing values for the other parameters appearing in his
expression, Nq(0) =0.455 states/eV atom, iV(0) =0.139
states/eV atom and I ~ =0.7 eV. The value of
a =r,p q /6 was obtained by fitting Eq. (14) to the exper-
imental value of as/an for the 1.25 ppm doped ZnMn
alloy at T =0.79 K. Once this value was determined, Eq.
(14) was used to calculate the expected values of the nor-
malized transverse attenuation coefficients for the 16 and
8.5 ppm doped ZnMn superconductor near T, . The re-

sults of our calculations are shown in Fig. 1 along with a
few of the data points taken from Fig. 5 of Ref. 11. As
we see, the calculated values are in good agreement with
the observed values.

If we assume that ZnMn is a Kondo alloy with T» ——1

K (and not 0.24 K), then the formulas developed in Sec.
IV should be applicable. However, the low value of T»
(which is nevertheless greater than T„of the pure zinc

S.Spprn

FIG. 1. Temperature dependence of the transverse ultrasonic
attenuation coefficient for ZnMn superconductors. The curves
show the temperature behavior of the attenuation coefficient as
predicted by Eq. (14) which is based on the local spin-
fluctuation description of the ZnMn superconductors. The
curves for the 16 and 8.5 ppm doped ZnMn superconductors
were obtained by substituting the normal state values of several
parameters into Eq. (14). Values of other parameters in the ex-
pression were obtained by fitting Eq. (14) to the attenuation data
for 1.25-ppm superconductor. k and 8 are some experimental
points for the transverse attenuation coefficients of the 16- and
8.5-ppm superconductors, respectively. These points were taken
from Fig. 5 of Ref. 11.

superconductor) leads to a critical concentration much
less than the 25 ppm observed experimentally. The small
value [2 ppm obtained by substituting N(0)A, =0.18 (value
for superconducting zinc) into Eq. (24)] indicate that for
intermediate energies, 4T»/n & cu„—T„ the MIN predicts
a too rapid of a weakening of the BCS electron-phonon
coupling constant. MIN pointed out that there is some
ambiguity in the form of a(co„) in the region co„—T».
The small value of n„just points this out.

As it stands, Eq. (27), with the values of the parameters
being those for ZnMn, cannot account for the observed
decreases in the attenuation of the transverse waves in the
ZnMn alloys as they become superconducting. This is
probably due to the incorrectness of the MIN interpola-
tion scheme at ~„-T~.
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