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Nonlinear wave propagation in periodic systems: The driven sine-Gordon chain
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The response of the sine-Gordon chain to an inhomogeneous dc driving force is examined. The
model is discussed in terms of the nonlinear dynamics of an adsorbed monolayer solid. There are
two dynamical parameters, u,, the external driving momentum and A, the barrier height of the sub-
strate potential. In the adiabatic (u, << 1, A << 1) regime the dynamics is described by a propagating
kink lattice with, in some cases, precursor phonons. At long times, the atoms execute periodic
motion with frequencies given by harmonics of u,. In the regime u}>>2A the system is kinetic en-
ergy dominated: There are no well-defined kinks, the wave front moves at the speed of the long-
wavelength phonons, and the system is well described by the driven harmonic oscillator chain. If
one increases A at fixed u, the motion begins to become complex and eventually one makes a transi-
tion from ordered periodic motion to disordered chaotic motion. This transition is analyzed by ex-
amination of the spectral densities of the velocity-velocity autocorrelation function, return maps,
and an estimate of the maximal Lyapunov characteristic exponent. An explanation for the transi-
tion to asymptotic chaotic motion is proposed which focuses on the role of the Peierls barrier in pin-
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ning the kink lattice to the substrate.
charge-density-wave materials is pointed out.

I. INTRODUCTION

The sine-Gordon (sG) equation has a long history of
modeling dynamic phenomena in condensed matter sys-
tems. It appears naturally in systems which are character-
ized by competing length scales. Some of the better
known applications of the sG equation mclude the
Frenkel-Kontorova model of dislocation dynam1cs, the
Lee-Fukuyama model of sliding charge—densnty waves,’
and the dynamics of Bloch and Néel walls.® In a different
context, the sG equation governs the dynamics of Joseph-
son junctions.* This range of applications emphasizes the
need to understand the dynamics of the sG system in
many different configurations.

In this paper we shall study the response of the sG
chain to an inhomogeneous dc driving force. The model
system which will serve as the physical analog is an im-
pulse driven adsorbed monolayer. A semi-infinite mono-
layer sits in a periodic substrate potential and is subjected
to a driving force on one end. The force is communicated
to the lattice through the first particle (the “surface” of a
semi-infinite one-dimensional structure) which acts as a
“piston” driving the monolayer at constant speed. This
boundary condition has been used extensively to probe
nonlinear behavior (shock waves) in model lattices.>®

In these model lattices, the dynamic boundary condi-
tion generates a propagating wave front with a soliton or
kinklike character. At long times after the wave front has
past, the system either decays to rest in the piston particle
rest frame (the harmonic oscillator limit) or the particles
continue to oscillate periodically (the hard rod limit). One
passes from harmonic oscillator asymptotic behavior to
hard rod asymptotic behavior by increasing the speed of
the piston particle (or equivalently, increasing the role of
the anharmonic part of the nearest-neighbor interaction).
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A possible application to the voltage noise spectrum in

In the Toda system, the transition has been studied care-
fully® and it is found to occur at a “critical” value of the
(reduced) piston particle speed.

The presence of an external field (the substrate poten-
tial) in the system studied below radically changes the na-
ture of the long-time asymptotic behavior. In Sec. II we
give the equations of motion and discuss the harmonic os-
cillator limit. In Sec. III we examine the propagating
kink lattice and the long-time asymptotic oscillations in
the adiabatic (weak-disturbance) limit. In Sec. IV, we ex-
amine the precursor phonons and obtain the lowest-order
nonlinear contribution to the dispersion relation. In Sec.
V, we discuss the transition to disordered (chaotic) motion
treating the (magnitude of the) external field and the pis-
ton particle speed as control parameters. Section VI is the
conclusion.’

II. EQUATIONS OF MOTION
AND THE LINEAR LIMIT

As a simple model for an adsorbed monolayer, we con-
sider N particles interacting by nearest-neighbor harmonic
springs and placed in an external periodic (substrate) po-
tential. The Lagrangian can be written

o0
n =0
-3
We introduce reduced quantities with s,, a dimension-
less displacement variable. The parameter g measures the

mismatch between the monolayer and substrate. The
phase §, is defined by

n=nq . 2

{352 —A[1—cos(gs, +8,)]}
L
2

——S,,_l)2 . (1)
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In these units, the long-wavelength speed of sound is uni-
ty. The equation of motion for the nth particle is

§p — A%, = —Agsin(gs, +8,) , 3)

where A%, =s,,|—2S,+5,_; is the central second
difference operator. The initial conditions, unless stated
otherwise, have all particles at rest and in an equilibrium
configuration

§,(0)=5,(0)=0. (4a)

The exception is particle 0, the piston particle, which
moves at constant speed u,, at all times:

So(0)=0, 5:0(0)=up . (4b)

Thus the dynamical problem is specified by assigning
values to the three parameters (u,,A,q).

We now examine the solution to Eq. (3) in the A=0
(harmonic oscillator) limit. As first pointed out by Man-
vi, Duvall, and Lowell,’ the exact solution for the semi-
infinite linear chain with the initial and boundary condi-
tions of Egs. (4) can be written as

Sp=up(2n /1) ,,(21)O(1) , (3)

where J,, is a Bessel function and ©(¢) is the Heaviside
unit step function. In Fig. 1 we show s, as a function of
n for selected times between 0 and 2000. The propagation
of a wave front with unit constant speed is evident [a re-
flection of the fact that the Bessel function in Eq. (5) is
negligible until the argument is comparable to the order].
The phonon group velocity is

LS

Vg =cos )

, (6)

and thus the wave front moves at the speed of the long-

Harmonic Osciliator Chain
Up=0.01

R s S P T
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ATOM
FIG. 1. Phase vs atom number for the harmonic chain with

u,=0.01. The particle displacements are shown at ¢ =250,
500, 750, and 1000.
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wavelength phonons.

In Fig. 2, we show the velocity profile of the lattice (at
t=1000 and u,=0.01). In this view, the wave front
shows a small overshoot, ~ 1.2u,, trailed by a fairly rap-
idly decaying envelope. This most important aspect of
the harmonic oscillator dynamics, the relaxation of the
system back to rest in the rest frame of the piston particle,
is a manifestation of the dispersive nature of the excita-
tion spectrum. An asymptotic expansion of Eq. (5) to
long times yields

Sp~up(t —n)— , (7

2 '* cos(2t —+m)
Bl e

and thus for ¢/n>>1, the particle moves at constant
speed u, in the lab frame. We note that the asymptotic
behavior of this dynamical system differs from continu-
um, linear dispersive systems which decay like z~!/2.2
Equation (7) will play an important role in our discussion
of the asymptotic behavior of the sG chain.

The piston particle does work on the rest of the chain.
The power input at time ¢ is easily shown to be

dE
dt

At time ¢, the piston particle has moved a distance u,t
and there are ¢ particles behind the wave front. The mean
displacement per particle behind the wave front is u, (the
lattice contraction). Therefore we obtain (the asymptotic
result)

dE _
da 7’

In Fig. 3 we show E versus ¢ for an oscillator system with

=—up[s,()—s0(2)] . (8)

9)

Harmonic Oscillator Chain
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FIG. 2. Velocity profile of the harmonic oscillator chain at
t =1000.
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FIG. 3. Energy as a function of time for the harmonic oscil-
lator chain (A=0.0) and sG chain (A=0.01) both for u,=0.01.
The slope of the harmonic oscillator chain (the power)= u}, the
(averaged) power for the sG chain is given by a simple soliton
argument, Eq. (13).

,=0.01 and from the slope, dE /dt =10~*, in agreement
with Eq. (9).

The results of the computations reported in this section
and below were obtained by stepping through the equa-
tions of motion using Verlet’s procedure.’ Thus for parti-
cle n the displacement at time step (m +1) is given by

sp(m +1)=2s,(m)—s,(m —1)+5,7+0(r%), (10)

where 7 is the fundamental time step. (Unless otherwise
indicated, all results were obtained with 7=0.01.) In
Table I we show a comparison between the exact, Eq. (5),
and computed s, for n =4, 8, 12, 16, 20, 24, after 10000
time steps. The good agreement gives us confidence in
our algorithm for at least the adiabatic (small A, small u,)
regime.

TABLE 1. Comparison of exact and calculated particle ac-
celerations for the harmonic oscillator chain after 10000 time
steps (¢ =1000, 7=0.01, u,=0.5).

Difference

Atom S (exact) Sy (calc.) (%)
0 0 0

4 —0.256x 1073 —0.263x 1073 2.7

8 0.162 102 0.161x 1072 0.6

12 0.625x 102 0.624 102 0.2

16 0.683% 102 0.685x 1072 0.3

20 —0.642%x 1072 —0.639% 102 0.5

24 —0.956 1072 —0.959x 1072 0.3
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III. PROPAGATING KINK LATTICE
AND ASYMPTOTIC OSCILLATIONS
IN THE ADIABATIC LIMIT

In this section we switch on A and examine the conse-
quences on the equations of motion. The ground-state
equilibrium configuration of the system is a complicated
function of the parameters ¢ and A (the devil’s staircase).
In this paper we shall confine ourselves to first-order
commensurate systems where ¢/27m=1 (i.e.,, the 1:1 sys-
tem where the substrate and adatom periodicities are
equal). For a discussion of the dynamics of the 1:2 and
2:1 systems, see Ref. 7.

In Fig. 4, we examine s, versus atom number for the
system A=0.001 (u,=0.01). The effect of the periodic
external field is evident (cf. Fig. 1). The steplike propaga-
ting structure is a kink lattice. A vivid description of this
process can be made by appealing to the torsion pendulum
mechanical analog of the sG chain.!® In this picture, we
interpret the piston particle as winding phase on the chain
at constant angular speed u,, and the sine-Gordon soliton
as the optimal way for the phase of the chain to advance
27 (i.e., from one well to the next).

There are no analytic solutions of the discrete sG equa-
tions of motion; thus, the kinklike nature of the wave
front in Fig. 4 must be demonstrated. In the following,
we shall identify the wave front with a kink by noting
that for the parameters chosen, this system should be well
approximated by the continuum sG chain (for which ana-
lytic solutions to the equations of motion are known) and
that this analytic solution does describe the dynamics of
the wave front shown in Fig. 4.

sG Chain
Up=0.01

A=0.001

Sn

-~
n

0 100 200 300 400 500 600 700 800 900 1000
ATOM
FIG. 4. Phase vs atom number for the sG chain with
4, =0.01 and A=0.001. The phase profile, a propagating kink
lattice, is shown at ¢ =250, 500, 750, and 1000.
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TABLE II. The continuum sG soliton in the reduced units of
Sec. II.

Quantity Expression

Soliton wave form s,(n,t)=%tan"[exp(gn/lo)]

Lorentz factor ys=1/(1—ul})1”?

Conventional soliton size lo=1/wg=1/(gA'"?)
En=7s(n —u,t)

Particle speed on .
coliton w:je o $s(n, 1) =(2yu,A1?)sech(£ /1)

Soliton energy E,=8y,(A'%/q)

In Table II, we have gathered together those results of
continuum sG theory which we shall need below. (A brief
discussion of these results can be found in the Appendix.)
We stress that the sG wave form of Table II is not a solu-
tion of the discrete sG equation of motion, Eq. (3),
nevertheless in the limit /; >>1 it should be an excellent
approximation. (For the parameters used in Fig. 4,
I 0= 5)

The dynamics is more dramatic when viewing the velo-
city rather than the phase and in Fig. 5 we show the parti-

sG Chain

I 1
- | Up=0.01 A=0.001
0.03 ‘ [P 0

00241

-0 01

o]
T

T T T LAAM M T T T T
0 100 20 30 40 500 600 700 B0 900 1000
ATOM
FIG. 5. Velocity profile of a sG chain with u,=0.01 and
A=0.001 at + =1000. The periodic spikes are the particle velo-
city distributions on the kinks. The leading structure is the pre-
cursor phonons.
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cle velocity profile at £ =1000 for this same system. By
comparing Fig. 5 with Fig. 4, we can identify the periodic
array of large velocity oscillations as being the velocity
pattern on the propagating kink lattice. The particle
motions preceding the wave front are the precursor pho-
nons (since from Fig. 4 it is clear that these oscillations
occur in the first potential well). The precursor phonons
will be discussed in detail in the next section.

We note that the kink velocity is subsonic. Indeed, we
have never found a set of parameters (including, for exam-
ple, u,>1) for which the wave front was supersonic.
Thus some aspects of the velocity restrictions of the con-
tinuum Lorentz-invariant system persist in the discrete
lattice. In this respect then there are no shock waves on
the sG chain.

We compare the kinks in Fig. 5 with the continuum sG
solitons. From Table II we see that the relation between
the maximum particle velocity s, and the soliton veloci-
ty is given by

-172
4A
;2

s max

1+ (11

Ug=

From Fig. 5, $pax =0.039, thus, u;=0.525. Therefore at
t = 1000 we expect the wave front to be located approxi-
mately at atom 525. Inspection of Figs. 4 and 5 shows ex-
cellent agreement with this sG soliton-as-leading-edge pic-
ture.

We may also examine the role of solitons from the
point of view of the work done on the chain by the piston
particle. For a system in the adiabatic regime, most of the
work done by the piston particle goes into winding kinks
onto the chain. Thus if 7, is the rate of kink production,
then

dE

I =n,E, , (12)

s

where E; is the energy per kink. For the g =27 system of
interest, n =u,, since in time 1/u, one additional kink is
formed. thus with the use of Table II we find

4 u, )»1/2

=— (13)

dE | _4
o (1—u?

dt

s

In Table III we compare (dE /dt); with the calculated
power for selected systems. The agreement is excellent.
We also note that the exact Eq. (8) can also be used to ob-
tain an expression such as Eq. (13). From Eq. (8) we write

——=u,(As), (14)

where (As) is a time averaged displacement difference
along a kink. In the lab frame, a soliton consists of
~4ly /vy atoms (41, is the 90-10 length of a sG soliton in
its rest frame). Thus, using /o=1/gA!?,

dE - up)\’l/Z
dt — 2 l—us2 ’

(15)

which agrees with Eq. (13) up to a coefficient of O(1).
It is evident therefore that the wave front acts as a con-
tinuum sG soliton and that the kink dynamics is described
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TABLE III. Comparison of (dE /dt), the power input to the
chain in the soliton lattice picture with (dE /dt) the calculat-
ed power input for systems with u,=0.01 and varying values of
A.

A U, (dE /dt), (dE /dt)caic
0.001 0.53 47x10~* 4.7x10™*
0.005 0.38 9.7x10~* 9.7x10~*
0.010 0.33 1.4x103 1.3x 1073

excellently by the continuum wave form. Thus, under-
standing the dynamics of a propagating kink lattice is the
key to understanding this regime. The principal function
of interest is u;(A,u,). Qualitatively u, is a monotonical-
ly decreasing function of A and a monotonically increas-
ing function of u,. One can obtain an approximate rela-
tion for u; by equating kinetic energies in the particle pic-
ture and the collective-mode (soliton) picture.
At time T the center of mass Kinetic energy for the
chain is
Kp=%up2u,T , (16)

since there are u, T particles behind the wave front. Simi-
larly, at time T the soliton kinetic energy is

Ky = %k‘/zu,zu,T , (17)
since there are u, T solitons on the chain. Thus equating

(16) and (17) we immediately find

-1/2

A
1+
q

(18)

Ug=

3
Up

This result gives kink speeds which tend to be smaller
than those measured. It is accurate in the adiabatic re-
gion, A, u, <<1, and perhaps is exact in this limit. It
gives results which are qualitatively correct for all A and
u,! Thus, with Eq. (18), the energy per soliton E; is
given by

641 172

E,= up2+—;2~ , (19)

which in the limit A=0 reduces to the harmonic energy
per particle. The comparison with the harmonic limit is
simpler by considering €=(u, /u,)E, the energy per parti-
cle on the kink lattice, then,

e=u : + —§—4§A— , (20)

q

and the energy per particle increases linearly with A as one
moves away from the harmonic oscillator limit.

If the only motion on the chain, at long times after the
passage of the wave front, were steady center-of-mass
motion (as in the case of the harmonic oscillator chain)
then Eq. (18) would be very accurate. However, there are
also important motions of the chain in the piston particle
rest frame. In Fig. 6 we show velocity as a function of
time for particles O through 15. The particles are execut-
ing periodic motion with a period =100. In Fig. 7, we

sG Chain
Up=0.01

A=0.001

FIG. 6. Three-dimensional plot of atom velocity as a func-
tion of time for the first 16 atoms on the sG chain. The figure
shows the periodic motion of each atom on the kink lattice. For
this system, with u, =0.01, the period =100.

concentrate on particle 10 and show its velocity as a func-
tion of time (in the piston particle rest frame the
equivalent figure would be a closed loop from which the
period could not be discerned). Asymptotically after the
wave front has passed, the particle executes periodic
motion with period =100. In order to understand these
oscillations we return to the equation of motion, Eq. (3),
and examine its behavior in the adiabatic limit.

If we introduce the variable o, =gs,, then the equation
of motion can be written as

oy —A%, =wksin(o,) , @1
where
wk=Aq%. 22)

In the limit 0% << 1, we presume that o, can be written in
perturbative form

on=23 0o, . (23)
j=0

Note that this does not require o, to be small and, in fact,

from Eq. (7), 0,0~O(t). Then, substituting (23) into (21)

and equating powers of w% we find

Opo —A20,0=0, (24a)

Gp1— D20, = —sin(a,) , (24b)
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FIG. 7. Velocity as a function of time for atom 10 on the sG chain, u,=0.01 and A=0.001. This figure shows clearly the periodic

velocity oscillations with period = 100.

(24c)
(24d)

6,,1-—A20,,2= —0’,,1003(0',.0) ’
o 12 .
On3—A%003=—[0n2c08(0,0) — 7051 5i0(00)] ,

etc. In zeroth order, Eq. (24a), we have the harmonic os-
cillator chain whose asymptotic (¢ >>n) behavior is deter-
mined by Eq. (7), viz.,

Ono~qupt . (25)

Thus, Eq. (24b) the leading correction for finite A behaves
asymptotically like

(26)

Therefore, the asymptotic dynamics of the driven sG
chain (in the adiabatic regime) is determined by the ac-
driven harmonic oscillator chain! The frequency of the
driving force is the reduced piston particle velocity. Thus,
the period is 1/u, and since u,=0.01, for the system of
Figs. 6 and 7, the period =100 is now understood.

In order to more carefully assess the asymptotic period-
ic motion, we compute the spectral densities of the
velocity-velocity or position-position autocorrelation func-
tions. The velocity-velocity correlation function for parti-
cles i and j can be written as

Oni1— A%, ~ —sin(qu,t) .

. 1 T
K= lim —fo Vit +10);(20)dt | . @7)

T—w T
Since the velocities do not correspond to a strictly station-
ary process, k;;(t)s%k;;(—t), and in particular x depends
on the choice of lower limit in Eq. (27). Nevertheless at
long times after the passage of the wave front, the correla-

tion functions appear stationary (i.e., we assume we have a
quasistationary process). We then introduce the spectral
density from the Wiener-Khinchin theorem,'!

Sylw)= '217 .7 k0 cos(wnt . 28)

In Figs. 8 and 9 we show the velocity-velocity correla-
tion functions for particles 10 and 11 (u,=0.01,
A=0.001). The autocorrelation function, Fig. 8, shows
the expected period equal to 100 oscillations. The off-
diagonal correlation functions, Fig. 9, show a constant
phase shift between otherwise identical functions.

The important spectral density (of the autocorrelation
functions) is shown in Fig. 10. The abscissa is w /27 and
the large peak at u, is evident. The interesting aspect of
this figure is the presence of a second peak at 2u,. The
origin of this second peak can be understood from the
perturbation series, Egs. (24). In second order, Eq. (24¢c),
the right-hand-side (ths) is —o,, cos(o,o). But asymptot-
ically, 0,1 ~sin(quyt), 0,0~qupt—0,1c08(0,0) and thus
the rhs of (24c) is ~sin(q2u,t). Indeed in the nth term of
the perturbation series there appears a term like
sin(gnu,t) on the rhs. This is easily shown to be true by
noting that, since Eq. (23) is a power series in A, increas-
ing A at fixed u, should generate additional peaks at
higher harmonics. However, fixing A and increasing u,
should not introduce higher harmonics. In Fig. 11, we
show S(w) for A=0.015, u,=0.01, and eight higher har-
monics are clearly observable. In Fig. 12 we show S(w)
for the system A=0.001 and u,=0.05 and we see a two-
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FIG. 8. Velocity-velocity autocorrelation function for the

velocity history shown in Fig. 7 (atom 10, u,=0.01, A=0.001).
The periodic structure with period =100 is evident.

peak structure similar to that of Fig. 10. The physical
basis for the appearance of higher harmonics can be un-
derstood from Fig. 13, the velocity autocorrelation func-
tion. This structure simply reflects the increasing tenden-
cy for particles to be found (oscillating) near the potential
well minimum as A is increased. Thus, in summary, the

0.go0o 8G Chain Atoms 10,11

s

0.0000H

0.00002

0.000014
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~0.000014

-0.000024

ull

~0.00004
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FIG. 9. The (off-diagonal) velocity-velocity correlation func-
tions for atoms 10 and 11. Both correlation functions exhibit
period = 100 oscillations.
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FIG. 10. Spectral density of the velocity-velocity autocorrela-
tion function (power spectrum) of Fig. 8. This figure shows a
major frequency component at @ /27 =0.01, which is evident in
Figs. 7 and 8, and also two harmonics at 0.02 and 0.03. The
®=0 term has been omitted and the peaks are basically & func-
tions whose widths are determined by the grid spacing
(Aw=0.001).
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FIG. 11. Spectral density for the system u,=0.01 and
A=0.015. The fundamental frequency w/2m=u, plus an addi-
tional eight harmonics are shown. There is no evidence of any
other frequency components.
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FIG. 12. Spectral density for atom 10 and the system -0 0002 o
u,=0.05 and A=0.001. This figure should be compared with L m m wm @ m m m a % 0
Figs. 10 and 11. It demonstrates that the increased complexity
in the velocity patterns come from increasing A and not . TIME

harmonic structure seen in the velocity auto-correlation
function is a function of A the reduced barrier height.

IV. PRECURSOR PHONONS

In the preceding section, we noted, in passing, the very
leading edge of the wave front as shown in Fig. 5. Refer-
ence to Fig. 4, the phase-atom plane, shows that these os-
cillations are localized within the first potential well and
thus they can be described as phononlike excitations.
Their most interesting aspect is the fact that they are
moving so slowly (from Fig. 5 it is clear that the fastest
phonons are moving with speed vy, =~0.9).

For the atoms involved with this motion we have
s, < 1, thus, expanding Eq. (1), the Lagrangian, in powers
of s,, this intrawell motion can be described by

. 1
L=3 352—(sy—5p_1)—50ksi+ Iméqzs,f , (29)
- !

where we have included the lowest-order nonlinear contri-
bution and w% =Aq? plays the role of an Einstein frequen-
cy in the externally applied field. The nonlinear disper-
sion relation generated by the Lagrangian of Eq. (29) can
be obtained by means of Whitham’s variational ap-
proach.!>!> This technique was first applied to lattice
systems by Lowell.!*

We search for a solution to (29) in the form of a uni-
form periodic wave:

sn=3 ¢, cos(ph-+s,) . (30)
p=1

After some algebra we obtain for the average Lagrangian
per particle

FIG. 13. Velocity-velocity autocorrelation function for atom
10 with u, =0.01 and A =0.015 whose spectral density is shown
in Fig. 11.

.

<Ln>=%2kpcp2+3 % 2 CpCICmCp +1—m
p=1

=1
m<p+l
+% 2 CpCICmCp +14m | »
plm=1
(31
where
A, =5 (0*p?—w})—2sin’(pk) , (32)
=Lz (33)
4 ’
and the average is defined by
1 2n
(«( ))_217 , (777)de. (34)

The averaging effectively integrates out the fast degrees of
freedom (since 6=kn —wt).

We now reorder the series in powers of B keeping only
the lowest-order nonlinear contribution,

(L) =3Ac2+3Bc*+0(B% (35)

(where c=c,;). The dispersion relation is given by
9(L,)/3c=0 and so

0*=w}k +4sin¥(+k)—38c? . (36)

The amplitude function is determined by the continuity
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equation 3k /3t + 0w /ds =0,

3c? | 3[c’cos(k/2)]
o T 3% =0, 37

with appropriate initial and boundary conditions. [Equa-
tion (37) is identical to that obtained in linear theory.!?]
Independent of the functional form of c, it is clear from
Eq. (36) that the presence of the nonlinear term tends to
decrease the phase and (almost certainly) the group veloci-
ties from their linear values. The basic cause of the slow
phonons, however, is the first term in Eq. (36) (the gap in
the spectrum) and not the nonlinear term. It is easy to
show from Eq. (36) (with 8=0) that for a given wg the
maximum group velocity is given by
Ve =14 5[0k —0p(44+0})?], (38)

which corresponds to a wave vector k., such that

vlznax =COS(kmu) . (39)

In Table IV we show v,, and k_,, as a function of A
and we note that for A=10"3, v, =0.91, which is in ex-
cellent agreement with the results of Fig. 5. In Fig. 14,
we show v, (k) for a series of values for A and the effect of
the external field is evident.

The gap in the spectrum thus has an important dynami-
cal physical consequence for the driven sG chain. We
note, however, that for a given wg(A) one can always
make u, sufficiently large so that the soliton wave front
travels faster than v.,, and so there are no precursor pho-
nons. (An example can be seen below in Fig. 22 with
A=10"3 and u,=0.10.)

These results are specific to commensurate systems.
For incommensurate systems an acoustic mode will be
present which signifies that rigid translations of the
monolayer relative to the substrate cost no energy.

V. CHAOTIC REGIME

In Sec. III, we noted that as we increase A at fixed u,
there appear an increasing number of higher harmonics in
the velocity autocorrelation function. They appear as a
reflection of the increased probability of finding a particle
near the bottoms of the potential wells. The motion of
the particles in this regime is highly ordered despite the
fact that it consists of many harmonics. However, if A is

TABLE IV. The maximum phonon group velocity vpn,, as a
function of the reduced barrier height [note, o} =(2m7)*A].

A Kmax /T Umax
0 0 1.0
10—* 0.112 0.969
10-3 0.194 0.906
102 0.319 0.734
10-! 0.445 0.416
10° 0.492 0.155
10! 0.499 0.050

© 0.5 0.0

FIG. 14. Phonon group velocities as a function of k /7 for
commensurate monolayer systems with A=10"3, 102, 10~!,
and 1. The harmonic oscillator limit is shown for comparison.
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FIG. 15. Spectral densities for atom 10 and the systems
u,=0.01 and A=0.020, 0.025, and 0.030. The transition from
ordered to disordered behavior is evident. The peak truncation
shown in the bottom figure is an artifact of the large grid size.
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overly increased, the motion of the particles becomes
highly disordered. In this section we discuss the transi-
tion from the ordered regime to the disordered regime.

In Fig. 15 we show S(w) for A=0.020, 0.025, and
0.030 (u,=0.01). At A=0.020, the spectral density be-
gins to show structure at frequencies other than harmon-
ics of u,. The grid spacing Aw=0.001 is very wide and
so details of the additional structure are difficult to dis-
cern, nevertheless, it does appear to have a periodic spac-
ing of u,. Increasing A to 0.025 serves to increase the in-
termediate structure between the u, harmonics. The reg-
ularity in the spacing of the intermediate structure is no
longer present. By A=0.030 it is difficult to pick out the
u, harmonics. There is apparent structure at all frequen-
cies: the power spectrum resembles white noise. The
spectra shown are for atom 10; however, they are typical
of any atom on the chain.

The study of chaotic motions in dynamical systems has
seen much progress in the last few years.!* Other tools in
addition to power spectra have emerged to analyze the
transition from ordered to disordered behavior. We shall
consider two of these: return maps and the Lyapunov
characteristic numbers.

Return maps are familiar from studies of iterated maps
of an interval. Circle maps'®!” are of particular impor-
tance since they are closely related to the discretized sG
equations of motion, Egs. (3) and (10). These maps model
the effects of competing frequencies and exhibit a transi-
tion to chaotic behavior. The sG equations of motions
with a discretized time constitute a two-dimensional,
second-order, nonlinear difference equation which can be
written as

sp(m +1)=2(1—7)s,(m)+n,(m)+fo(m) , (40)
where

falm)=—Ag7*sin[gs,(m)]
and

nn(m)=72[sn +1(m)+sn—l(m)]

are external “forces” acting on atom n. The coupling to
the rest of the lattice, 17,,(m), appears as a noise source if
the lattice is undergoing disordered motion. We shall as-
sume that there exists a return map g(d,) such that
d,(m +1)=g(d,(m)) and plot d,(m +1)=s,(m +1)
—$,(m) as a function of d,(m)=s,(m)—s,(m —1). This
procedure is substantiated only by the observation that the
results are in complete accord with those of the power
spectra. The information is complimentary to that of the
power spectra in the sense that this analysis concentrates
on the particle positions rather than velocities. Of course
position-position correlation functions and spectral densi-
ties can be computed;18 however, they tend to be much
more featureless than the velocity correlation functions
since positions are simply integrated (and thus smoothed)
velocities.

In Fig. 16 we show the return map for the system
u,=0.01 and A=0.001. This system, deep in the adiabat-
ic regime, exhibits obvious periodic behavior. The time
interval between points is arbitrary and for this figure was

003
Atom 10 Up=0.01 X=0.001
1000 < t < 1200
. .
Return Map ¢ .
. .
0021
L]
.
L]
L]
.
0 0t R ¢
. L]
L]
dn.t ¢
.
0 004 N '
1] 1]
L]
1]
1]
L] 1]
e
- . . (]
0 0t ... N
#
-0 02
T T T T L
-0.0150 00075 0 0000 00075 0 0150 0.0225
dn

FIG. 16. Return map for atom 10 and the system u,=0.01
and A=0.001. The interval between points was chosen arbi-
trarily to be 2. There are 50 points representing a full cycle.
This figure covers two periods and so each point was covered
twice. This system is in the ordered (adiabatic) regime.

chosen to be Ar=2. Thus, the figure consists of 50 dis-
tinct points. As At is decreased, the points seem to be-
come dense on the figure. The scatter about each point is
roughly a part in a thousand which is too small to be dis-
cerned on the scale of this figure.

Figures 17 and 18 are for u,=0.01 and A=0.015,

,Y ’
0.25+4 .
Return Map
0-20
|
0-154 ‘o "o
0-104
dn+1
0-05 .
' H
.
0.004 P .
I L]
0” ¢’
-0-05
-0.104 Atom 10 Up=0.01 Ar=0.015
1000 <t < 1200

T T T T T T T T
-0 08 -0 04 000 004 008 012 016 020 024
dn
FIG. 17. Return map for atom 10 and the system u,=0.01
and A=0.015 over two periods, 1000<¢<1200. The basic
period behavior is still evident although the results for the two
adjacent periods do not lie precisely on top of one another as in
Fig. 16.
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3.0

2.0

0.0 4§ L

>
-0.1
Up=0.01 A=0.020
-0.2 3 )
> <
0.3 4
0.2 |
0.1
dn.1
0.0 4 S
mas
K
-0.1 14
UD=O.01 A=0.025

0.0 1 -~

we N

-0.1

-0.2

-0.3

Up=0.01 x=0.030
-0.4 -
-0.3 -0.2 -0.1 0.0 0.1 0.2 0.3

dn

FIG. 18. Return maps for atom 10 and the systems u, =0.01
and A=0.020, 0.025, and 0.030. This figure shows the onset of
disordered motion as A is increased and should be compared
with Fig. 15. The maps cover the interval 1000 < ¢ < 1200.

0.020, 0.025, and 0.030, respectively. (The systems whose
power spectra are shown in Figs. 11 and 15, respectively.)
The disorder seems to grow from the points located in the
lower left corner (which represent motions in the potential
well minima). Thus, in agreement with the power spectra,
as A is increased from ~0.015 to ~0.030, the motion of
the particles becomes highly disordered. These return
maps are in qualitative agreement with the behavior ob-
served in studies of the circle map'® which is important as
a model for the transition to chaos in the current driven
Josephson junction.*17:19

Systems exhibiting chaotic motion are often described
as being extremely sensitive to initial conditions.?’ A
quantitative measure of this sensitivity is obtained from
the maximal Lyapunov characteristic number, Ap,,.%!
Consider two initial configurations Ty={po,q0} and
I'o={po,q0} of the N vectors of coordinates g, and mo-
menta p,. We assume I'g and Iy are close in some sense.
The equations of motion will generate a flow in phase
space as a function of time and Ap,, is a measure of
whether the configurations I, and I'; stay close or
diverge. Thus A, is obtained from

Anae= lim El;ln[(p, —pi P+lg—g ]| . @D

In order to approximate A, for the sG chain, we shall
only consider the subset of coordinates and momenta gen-
erated by the first ten particles of the chain. The two ini-
tial configurations will be the usual equilibrium configu-
ration, [y={s,=0, s,=0|Vn}, and a configuration
identical to I'y except that the positions of the first ten
particles are chosen at random over a small interval, As.
In Fig. 19 we show Ap,.(#) for the two systems u,=0.01,
A=0.001, and u,=0.01, A=0.050 (for both cases we
chose As=10"*%). For the former system, we find
Amax <O for all time and thus the dynamics is stable in the
sense that the long-time behavior is unaffected by a small
perturbation. In the case of the A=0.050 system, howev-
er, there are intervals of time for which Ay,,>0 and
indeed the figure is not inconsistent with the conclusion
that at long times A,,, may be positive. This certainly
does not constitute proof that the system is mixing;
nevertheless, its behavior is in striking contrast to the
former adiabatic system. Finally we note that in this re-
gime it is difficult to do accurate, quantitative numerical
work since the time step 7 must be chosen to be small rel-
ative to the smallest scale of motion in the system; howev-
er, in the chaotic regime a velocity reversal will always
eventually occur in a time on the same order or smaller
than 7.

0.014

A=0.050
0.00

-0.01

\)\=0.00 1
-0.02

AMAX

-0.03

-0.04]
Up 0.10

T 1 T T T T T T T 1

0 200 400 600 800 1000 1200 1400 1600 1800 2000

TIME

FIG. 19. The maximal Lyapunov exponents for the systems
u,=0.01, and A=0.001 and 0.050.
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VI. CONCLUSIONS

In this paper we have studied the response of the sG
chain to an inhomogeneous dc driving force. The system
has been used to model nonlinear wave propagation in an
adsorbed monolayer. We have dealt mainly with systems
in which the modulation of the substrate potential is small
relative to the adsorbate-adsorbate interaction (A << 1) and
have confined the calculation to absolute zero tempera-
ture. The latter restriction is not fundamental and simply
limits the results to temperatures much smaller than the
Debye temperature of the solid monolayer. The Debye
temperature also sets the time scale over which the piston
particle impulse is applied. As an example, for a system
with Tp~100 K we have wp~10'* Hz and thus an im-
pulse lasting 10° oscillator cycles corresponds to an inter-
val ~10710 sec.

In Sec. II we posed the sG dynamical problem as a
function of two parameters u, and A (after fixing g, the
static mismatch parameter). In Sec. III, we identified the
region u, << 1, A <<1 as the adiabatic regime. The name
is apt since in the torsion pendulum mechanical analog,
the total phase difference along the chain is the extensive
thermodynamic variable (conjugate to the torque) and
thus for u, <<1 the system can be compared to a box of
atoms with a slowly moving wall or a pendulum whose
length is slowly changing. This regime is characterized by
a uniformly propagating kink lattice. The fundamental
dynamical information is contained in the function
us(up,A). A simple theory for this function yielded a re-
sult shown in Eq. (18). A striking feature of this relation
is that u; does not depend on u, and A separately, but
only in the combination k/u,f. To test this assertion in
the actual system, we have plotted }»/u,,2 as a function of
ug in Fig. 20. Also shown on this figure is Eq. (18). We

Dynamic Parameters vs Soliton Speed
]
]
.
102 .
-
.
-
10! .
A - . ¢
3 .
Uy .
.
10° |- .
.a
.

101 |- .

3

i .
1072 - - . . -

0.0 0.2 0.4 0.6 0.8 1.0

Us

FIG. 20. A/u; vs u,. The M are data for u,=0.01 and
A=0.002, 0.005, 0.010, 0.015, 0.020, and 0.025. The @ are data
for A=0.001 and u,=0.005, 0.010, 0.015, 0.025, 0.050, 0.075,
0.100, and 0.150. The A are data for u,=0.05 and 0.0250 (the
circled data point). The solid line is Eq. (18). The agreement is
best in the kinetic energy dominated regime.
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conclude that the analytic result is accurate only in the
limit of high kink speeds and elsewhere gives results
which tend to be overly small. The k/u: data do not fall
on a universal curve; however, there is very little scatter
and the worst points are in fact not in the adiabatic re-
gime. One may conclude from Fig. 20 that the dominant
dependence of u; on u, and A is in the form A/ upz.

If either u, or A is made overly large, we leave the adia-
batic regime. We first discuss the large u, limit. For
large u,, the system is kinetic energy dominated and the
presence of the external periodic potential becomes unim-
portant. That is, the piston particle simply drags the
chain behind it as fast as it can go, u; ~ 1, and the dynam-
ics is described by the harmonic oscillator limit as dis-
cussed in Sec. II. Thus we expect the crossover to the ki-
netic energy (KE) dominated regime to occur when
su7=2A. This crossover is shown in Fig. 21.

One can obtain this same basic result from another
point of view. In this regime, the kink speed u;~1 and
thus using Eq. (18), we find

16
Ty >>—2\, (42)
q
for KE domination. Further we note that in the limit
u, >> 1, the kink length in the lab frame is given by

32 1
= |7 (43)

q° | Yp

I~

a result independent of A.

In the vicinity of the KE dominated crossover, the velo-
city patterns can acquire quite complicated symmetries.
For example, in Fig. 22, we show the velocity pattern for
the system A=0.001 and u,=0.10 at ¢ =1000. The pat-
tern shown is periodic in time with frequency =u, and
most interestingly it is also periodic as a function of atom
number with a period =~ 100.

Up-X Parameter Space

172U2=2x
c.m. KE -~
REGIME

10 E— - / .

PEIERLS
BARRIER

k- Adiabatic Regime CHAOS
Propagating Soliton Lattice

10-3 10-2

X

FIG. 21. u,-A parameter space. The short dashed vertical
line is Eq. (45).
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sG Chain
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FIG. 22. Velocity profile of a sG chain with u,=0.10 and
A=0.001 at t =1000. The pattern shown behind the wave front
is periodic in time (with period 10) and periodic in atom num-
ber. The wave front is the onset of the kink lattice, there are no
precursor phonons in this system.

In Sec. V, we discussed the transition to chaotic
behavior when A is increased at fixed u,. We now wish to
consider the mechanism responsible for this transition. In
Sec. II, we introduced a perturbation expansion for
the atom coordinates in powers of w%. For w% <<1 we
found that perturbation theory could explain the appear-
ance of the u, harmonics in the particle motion. This ap-
proach should break down for w%~1 and indeed we find
that this is precisely the region where the chaotic behavior
begins. The conventional kink size (see Table II)
lo=1/wg and thus the onset of disordered behavior /5~ 1
occurs when the kink senses the discreteness of the lattice.
It is well known that, unlike in a continuum, kinks with
arbitrary velocity can not propagate freely on a lattice.
Kinks see a periodic potential because of the lattice sym-
metry and slow kinks can become pinned to the lattice. In
dislocation dynamics this mechanism is well known as the
Peierls barrier.?? The Peierls barrier is the difference be-
tween a maximum energy configuration and a minimum
energy configuration for a kink in a lattice. From sym-
metry arguments, there are only two types of extremal
configurations in a uniform one-dimensional lattice. The
maximum energy configuration has a kink centered on a
lattice site since then a particle is on top of the potential
barrier. The minimum energy configuration has the kink
centered between two adjacent lattice sites. Thus, if one
uses the continuum kink wave form (Table II) the Peierls
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barrier Ep is simple to compute numerically. (Use of the
continuum wave form is justified by the discussions in
Sec. III.) Indeed, with the use of the analytic continuum
soliton, one can apply the Poisson summation approach of
Bak and Pokrovsky®® to derive an approximate analytic
form for Ep. One finds

Ep=8exp(—m?ly) . (44)

In Fig. 23 we compare Eq. (44) with the numerical re-
sults and find excellent agreement. It is apparent from
Eq. (44) that the Peierls barrier is important only for
small kinks. If we appeal to the collective-mode approach
then a simple picture of pinning by the lattice can be ob-
tained by setting?*

Tuy=Ep(A) . 45)

This trajectory is shown in Fig. 21 and it clearly lies in the
region where the transition from ordered to disordered
motion occurs. The kink pinning can be seen vividly in
Figs. 24 and 25 which show the phase s, as a function of
n for the systems u,=0.01 and A=0.025, 0.050, respec-
tively. The nonunit%rm propagation of the wave fronts
should be contrasted with Fig. 4.

Thus, the disordered behavior can be understood as the
result of the following sequence of events. At fixed u,, as
A is increased, the kinks slow up [Eq. (18)] and become
smaller [/,=1/(gA!/?)]. At some critical value of A [Eq.
(45)] the kink motion becomes erratic due to the pinning
effect of the Peierls barrier. The propagation of the wave
front can be thought of as the mechanism by which the

Peierls Barrier

-20 -

In (Ep)

-40 1

0.0 0.5 1.0 1.5 2.0 2.5 3.0 35 40
SIZE

FIG. 23. In(E,) vs kink size l,. The dashed line is Eq. (44)
and the solid line is the numerical computation, as described in
the text, and both are in excellent agreement with one another.
In the inset we show E, vs size which shows the importance of
the Peierls barrier for small kinks.
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FIG. 24. Phase vs atom number for the sG chain with
u,=0.01 and A=0.025. The profiles are shown for
250 <t <2500 in steps of 250. The time corresponding to a par-
ticular profile can easily be determined by simply referring to
the position of the piston particle. The kink lattice propagates
more or less uniformly until 7 =~ 1500 at which time lattice pin-
ning of the kinks appears.
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FIG. 25. Phase vs atom number for the sG chain with
u,=0.01 and A=0.05. The profiles shown are for
250 <t <2000 in steps of 250. This system, well into the chaotic
regime, shows strongly the effects of kink pinning due to the
Peierls barrier.
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FIG. 26. The position of atom 10 (in the piston particle rest

frame vs time. The atom executes ordered periodic motion until
t =~ 1500, the onset of kink pinning (cf. Fig. 24).

lattice cools off a local hot spot. When the wave front is
pinned over some time interval, the energy input from the
piston particle is not disseminated but must be shared by
the particles behind the wave front. Thus these particles
are “heated up” resulting in the observed disordered
motion.

This scenario can be supported by the following argu-
ments. First, the phase plots of Fig. 24 show the wave
front propagates more or less uniformly until ¢= 1500,
when the first kink pinning occurs. In Fig. 26 we show
the phase as a function of time for atom 10. The atom
executes periodic motion with frequency =0.025 until
t =~1500, after which the motion becomes disordered.
Second, one can compute the second velocity cumulant
per particle as a function of time. For systems in the adi-
abatic regime it goes asymptotically to some constant
value. For systems in the disordered regime, the second
velocity cumulant is a monotonically increasing function
of time (thus, we describe the system as heating up). We
note in passing that the system is not an equilibrium
(Gaussian) velocity distribution since the higher cumu-
lants do not vanish.

An implicit assumption of the above scenario (and the
existence of a right-hand boundary in Fig. 21) is that there
exists a critical value of A for each u,, below which the
system will always execute ordered motion. We have
shown this to be true numerically; however, rigorously
this may not be so. The Peierls barrier never vanishes
[Eq. (44) becomes exact as l— oo ], which leaves open the
possibility that any system if followed for a sufficiently
long time would begin to exhibit disordered motion and
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that the “Peierls barrier” of Fig. 21 is only the crossover
between systems which show disordered behavior after
times O(1) to systems which show disordered behavior
only after exponentially long times.

The adsorbed monolayer plays a useful role as a physi-
cal model of the processes discussed in this paper but, as
stressed in the Introduction, the sG equation enjoys many
applications in condensed matter physics. Indeed the
above results might have their most immediate applica-
tion to explaining the periodic noise spectrum observed in
some charge-density-wave materials. The noise voltage
spectrum measured by Weger, Griiner, and Clarke® in
NbSe; bears a striking resemblance to Fig. 11 above.
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APPENDIX: CONTINUUM LIMIT
FOR THE SINE-GORDON CHAIN

In this section we very briefly describe the passage to
the continuum limit and the concomitant sG soliton. The
continuum Lagrangian density corresponding to Eq. (1)
can be written, in physical units,

2
9 d |_1 |3y
aax”|T P |
1 (ay |
N A _
2T ™ Vo[1—cos(ky)], (A1)

where p is the mass density, T the tension, and ¥, the
barrier height per unit length.
The equation of motion is

2 2 kV
%%—c%%=———p—o—sin(ky) ) (A2)

where ¢j= T /p is the longitudinal sound speed. A travel-
ing wave solution to (A2) can be written as

p(§)=Ftan~[exp(&/1o)] (A3
where
E=y(x —ust),
(A4)

ys=(1—v2/ct)~1%.

v, is the soliton speed and from the (accidental) Lorentz
invariance of Eq. (A2) it is clear that

Us <Co (A5)

the continuum sG soliton is always subsonic. The conven-
tional soliton size [ is given by

! kZUO
0= 2 (A6)

The soliton energy can be easily obtained from the
Hamiltonian density:

F=peiyily' (6, (A7)
and we find
1
2
E;=8pciys ;—2—10— . (A8)

One can easily relate the particle speed to the soliton
speed by use of Eq. (A3):

2y v,
kI,

i

W sech(§/1) .

(A9)

The entries in Table II were obtained by rewriting Egs.
(A3), (A4), and (A6)—(A8) in terms of the dimensionless
units of Sec. II.
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