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Absence of a Coulomb gap in a two-dimensional impurity band
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The temperature dependence {30K & T & 400 mK) and magnetic field dependence {H & 50 kG} of hop-

ping conduction have been measured as a function of impurity concentration and surface electric field in a

quasi-two-dimensional impurity band formed in the inversion layer of a sodium-doped Si metal-oxide-

semiconductor field-effect transistor. %e find that our observations can be accommodated by noninteract-

ing, single-particle hopping models based on percolation theory in which the effect of Coulomb interactions

between electrons on different sites is ignored. Our observations are not consistent with the existence of a

Coulomb gap in the single-particle excitation spectrum, although the gap was expected to determine the

conductivity under the conditions examined in these experiments.

Two different models based on classical percolation theory
have been proposed to describe hopping conductivity in a
two-dimensional (2D) impurity band. Hayden and Butcher'
have developed a model in which the electrical conductivity
is determined by noninteracting particles hopping from sing-

ly occupied to vacant sites in a uniform density of localized
states, while the Coulomb repulsion between electrons on
different sites is ignored. According to this model the con-
ductivity is activated for temperatures kT & 8'because of a
finite bandwidth F in the single-particle excitation spec-

—(To /T) ~~3

trum, and follows a o(T)-oo(T)e law at low

temperature (kT (& W'). The parameter TD- Xa /p,
where 0. is the exponential decay rate of the localized state,

p is the density of states, k is the Boltzmann constant, and
A. is a constant. In a second model, Efros and Shklovskii, '
and Pollak' have argued that the intersite Coulomb repul-
sion between electrons cannot be neglected and that the ef-
fect of the repulsion is to reduce the number of low-energy
one-particle hops about the Fermi level so that the conduc-
tivity is determined by excitations across a (Coulomb) gap
in the single-particle density of states. For T & T, e /KAp
the transport is activated corresponding to excitations across
the gap, while at low temperatures T && T, the conductivity

( T (y-) 1/2

is given by a = o.oe, ~here the temperature
To X'e'a/~, ~ is the permittivity, and A,

'
is a constant.

We have measured the temperature dependence (30
K & T & 400 mK) of hopping conduction in a quasi-2D im-

purity band formed in the inversion layer of a sodiurn-
doped Si metal-oxide-superconductor field-effect transistor
(MOSFET) at a series of substrate biases and sodium con-
centrations, and compared the results with the noninteract-
ing model due to Hayden and Butcher, ' and the interacting
model due to Efros and Shklovskii. ' %e find that our ob-
servations can be accommodated by the noninteracting
model in which the effect of Coulomb interactions between
electrons on different sites is ignored, and we are able to
determine the dependences of the parameters of the theory,
a and p, on substrate bias and impurity concentration. Al-
ternatively, if we fit a ( T) with a form which is consistent
with the interacting model, we find that the localization
length e ' derived from the fit is unrealistically large, and
that, under optimum test conditions in which the range of

measurable conductivity and accessible temperature are
maximized, the functional form of the conductivity ex-
ponent predicted by Efros and Shklovskii is not consistent
with the measured temperature dependence. In addition,
we have measured the magnetic field dependence of the
conductivity at fixed temperatures and the temperature
dependence of the conductivity in the variable-range-

hopping regime for fixed magnetic fields such that
(cA/eH)' '» a '. We find that the change in the con-
ductivity in a magnetic field at low temperature is described
by a law which is consistent with the noninteracting model:
in[a (H, T)/cr(O, T) ] = CH'/T, where C is a constant,
while Shklovskii' predicts a dependence of the form
in[a (H, T)/o (0, T) ]- CH2/T3~2 with a model incorporating
a Coulomb gap in the variable-range-hopping regime. Our
observations are compelling evidence in support of the
noninteracting model and are generally not consistent with

the existence of a Coulomb gap in the single-particle excita-
tion spectrum as proposed by Efros and Shklovskii,
although the gap should determine the conductivity for the
conditions examined in the experiment.

%e have made two-point drain-source conductance mea-
surements on three n-channel circular gate MOSFETs as a
function of temperature and magnetic field using a lock-in
technique at a frequency of 20 Hz. The contact resistance,
evaluated by operating the MOSFET above threshold, was

observed to be negligible. The conductivity was Ohmic for
electric fields less than 1V/cm peak to peak. The MOSFET
devices used in these experiments were fabricated on (100)
silicon surfaces, and have a channel length of 10 p, m and a

gate oxide thickness of 100 nm. The gate oxide was pur-
posefully contaminted with NaC1 prior to the gate metaliza-
tion step in the fabrication so that during the experiment
the sodium ion concentration near the interface, N;, could
be changed by drifting sodium through the oxide. The ion
concentration was determined from the threshold in the
transconductance at 77 K.

%hen the thermal energy is less than the binding energy,
electrons in the silicon inversion layer are bound by impuri-
ties which are randomly distributed throughout the oxide.
%hen the number of electrons is less than one per site, and
the thermal energy is 1ess than the binding energy, the con-
ductivity of the inversion layer is determined by hopping.
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The Ohmic hopping conductivity of the inversion layer as a

function of gate voltage is shown in the inset of Fig. 1 for a
substrate bias of V, =0 V at T=4.21 K. The maximum in
the conductance, which occurs for a gate voltage of 0.95 V
corresponding to a carrier density of 4.0x10" cm, has
been interpreted as evidence of a band in the density of lo-
calized states lying (= 20 meV) below the lowest electric
subband in the silicon. To measure the temperature
dependence of the Ohmic conductivity, the gate voltage was

adjusted to correspond to the maximum observed in the
conductivity at 4.2 K (indicated by the arrow in the figure)
which we assume to correspond to a half-filled impurity
band. Temperatures as low as 370 mK were obtained using
a 'He evaporation cryostat. Figure 1 sho~s the temperature
dependence (400 mK & T & 80 K) of the conductivity ob-
served for a half-filled band under conditions in which the
range of sensitivity and temperature accessible in this ex-
periment were maximized. At high temperatures (40
K & T & 80 K) the conductivity is approximately activated
corresponding to thermal excitation to the mobility edge.
At low temperature (400 mK & T & 30 K) the conductivity
is determined by hopping.

The observed temperature dependence of a half-filled
band is consistent with the model developed by Hayden and
Butcher' (HB) for hopping conduction in a 2D impurity
band in which the density of states p = N, /W, and the coef-
ficient of exponential decay of the localized state o. are as-
sumed to be constant over a bandwidth O'. The structure
of the bound-state wave function is taken to be the same as
that of an isolated impurity, and the contribution to the site
energy arising from the overlap between neighboring sites is
assumed to be negligible. According to Hayden and Butch-
er, the calculation of the dc hopping conductivity in a 20
impurity band of finite width reduces to the problem of cal-
culating the conductivity of an equivalent Miller-Abrahms
(MA) conductance network where the conductances
represent the transition rates for noninteracting single elec-
tron hops between sites. The approximation which is adopt-
ed for the Ohmic conductance between two sites (i,j ) is

—2er, It', I + ltj I + Iei
G =ooeiJ 2kT

= o-Oe

where the intersite distance r» and the site energies e& are
random variables, oo is a constant, and the site energies are
measured relative to the chemical potential. Since the ex-
ponent is the conductivity, g& is the sum of random vari-

ables, the individual resistances have an exponential scatter.
Consequently, the overall electrical conductivity of the net-
work is determined by the critical percolation conductance
G„defined as the largest value of the conductance such
that the subset of resistors with 6» & 6, still contains a con-
nected network which spans the entire system.

The critical percolation conductance is determined by cal-
culating N„ the number of conductances per site which link
the individual sites to the network. N, is assumed to be in-
variant at the percolation threshold depending only on the
dimensionality and topography of the system. Once the crit-
ical conductance is determined, the conductivity of the net-
work is given by a configurational average over all conduc-
tances in the neighborhood of 6,. The result of the confi-
gurational average is
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FIG. 1. The temperature dependence of Ohmic conductivity.
The solid lines in the figure (which cannot be distinguished from
the data points) represent the fit to the data. In the inset, the
dependence of the MOSFET channel conductivity on gate voltage
belo~ threshold is shown, The lower portion of the figure
represents the deviation of the representative data

&La�/a

- (or„—cr,b, )/o», from the fit using the HB model (pomts with
error bars) and the interacting model (line).

goa, e

The prefactor a, in Eq. (2) represents the contribution to
the conductivity of the other resistors (GjeG, ) in the MA
network. The prefactor g0 is proportional to the hopping
rate and is assumed to be a constant independent of tem-
perature in our analysis. Analytical expressions for g, and
cr, used in the analysis of the data are derived explicitly in
Ref. 1. We note that for g, & W/2kT the Ohmic conduc-

—(To /T)
tivity has the form a ( T ) —( T/ To) e 0, where
kTO- 13.?Sa2/p corresponding to the variable-range-
hopping law in 2D, while for W/kT ~g, the transport is
approximately activated, with an activation energy corre-
sponding to 5 W/12.

To estimate the localization parameter o, , the bandwidth
W, and the prefactor go, the data as a function of tempera-
ture are fit to the HB model over the applicable temperature
range which is determined self-consistently for a given
choice of parameters. The data are fit by solving for g, and
o, at each temperature for an initial estimate of the parame-
ters o., 8', and go, and then substituting the results into Eq.
(2). The choice of parameters is subsequently refined using
a nonlinear fitting algorithm to minimize the least-squares
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deviation of the fit from the data. A typical fit is represent-
ed in Fig. 1 by the solid line. In the figure, the same con-
ductivity data are plotted against both T ' and T ' to em-
phasize the temperature regimes in which the conditions

(, & W/2ksT and W/ksT & g, apply. For the data shown,
the entire range where the model applies (i.e. , from

(, ( W/2ksT to W/ks T ( g, ) must be used to fit the data.
The lower portion of Fig. 1 represents the relative deviation
of the fit from the data 4o-= (aq„—a,b, )/a, b, . The theory
is consistent with the temperature dependence of the Ohmic
conductivity observed over seven orders of magnitude varia-
tion in the conductivity in the temperature range 30
K & T & 400 mK within the experimental error.

The values of the parameters n, H', and go deduced from
the fit to the data are of the order expected. The parameter

' which has a value of 3.17 nm for the data of Fig. 1 is
approximately the localization length 2.10 nm of the
ground-state wave function corresponding to a 2D Coulom-
bic impurity potential. The bandwidth, which has a value of
3.75 meV, is less than the Coulomb scatter of the energy
levels, e~N&'~~/~ —13 meV, where N: 7.7 is the average per-
mittivity at the interface. The parameter go-53.3 mS is
sensitive to minute changes in 8' and o.. If we assume on
the basis of a dimensional argument that gq= e'Ro/ksT
and determine a value for the characteristic hopping rate
Ao, we find that Ao = 10" sec ' at 4 K which is the correct
order of magnitude.

By changing the sodium concentration, and the surface
electric field using a substrate bias, the HB model can be
evaluated for a variety of different values of the parameters
e, 8', and go. For example, if we change the sodium con-
centration at constant substrate bias and filling fraction,
then the parameter o. should not change since the structure
of the wave function is, by hypothesis, the same as for an
isolated impurity independent of the sodium concentration,
but the density of states changes because p-NI/W. How-
ever, if we apply a negative substrate bias at a fixed sodium
concentration and filling fraction, the exponential decay rate
of the wave function increases because the binding energy
increases. 4

The inset of Fig. 2 summarizes the dependence of o. ' on
sodium concentration and substrate bias observed for a
half-filled band in one sample. We find that o/ is relatively
independent of sodium concentration and increases with in-
creasing substrate bias in correspondence with our expecta-
tions. The trends observed in the bandwidth as a function
of the overlap between sites measured by the product
uN; ', where N;

' is the intersite distance, are shown in
Fig. 2. The overlap was varied by changing both concentra-
tion and surface field. W'e observe that the bandwidth in-
creases as the overlap between neighboring impurity sites
decreases. For a constant substrate bias, we find that the
density of states decreases as the sodium concentration de-
creases which is expected since p = N; / W, but that the
bandwidth 8' must increase as the sodium concentration de-
creases to accommodate the data. At a fixed concentration,
we observe that the density of states decreases as the sub-
strate bias decreases because the bandwidth increases. The
trend observed in W is not understood, but the data are
consistent with the assumption that the overlap energy'
he-Eq exp( —aN, ) is negligible which is implicit in the
HB model. For a binding energy of Eh=20 meV, 4&=0.1
meV && H.

We have shown that the observed temperature depen-
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FIG. 2. The bandwidth 8'deduced from the temperature depen-
dence as a function of the overlap eW; '~ . In the inset, the depen-
dence of o. ' on substrate bias and sodium concentration is shown.
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FIG. 3. The temperature dependence of the relative change in

the conductivity in magnetic fields of 0.00 and 20.0 kG, respectively.
The 0.00 kG is the ratio of two separate experimental results and
exemplifies the reproducibility. The inset shows the quadratic mag-
netic field dependence of the conductivity in the variable-range-
hopping regime.

dence of Ohmic hopping conduction in a 2D impurity band
is consistent with the HB model. The effect of the intersite
Coulomb interaction E, —e N; «'/» is ignored in the model
used to analyze the data, but the gap which results in the
single-particle excitation spectrum as a result of the
Coulomb repulsion is estimated' to be 5 —E,JE, /W —10
meV. It should not be legitimate to ignore the Coulomb
repulsion if it is comparable to the disorder energy W or the
thermal energy. The depletion of the low-energy excitations



1502 TIMP, F0%LER, HARTSTEIN, AND BUTCHER 33

by the Coulomb interaction impedes variable-range hopping
for temperatures T & T, -e~N, /tea IV and results in activat-
ed conductivity. At low temperature the conductivity is
given by o —exp[ —(Ts/T)''], where the temperature
k Ts - 6.2e'a/~.

If we fit the low-temperature conductivity data for a half-
filled band to this functional dependence over a temperature
range in which the optimum exponent is one half (400
mK & T & 20 K in Fig. 1), we find that the conductivity
consistently deviates from a' T ti2 dependence (see the line
in the lower portion of Fig. 1), and that the localization
length e ' deduced from To assuming x 7.7 varies
between 22.1 and 42.3 nm depending on the substrate bias
and sodium concentration. This estimate of the localization
length is one order of magnitude larger than the length of
the wave function associated with the Coulombic potential
of the impurity near the interface. The exponential decay
rate necessary to fit the data is unrealistic so that the con-
ductivity observed at low temperature is larger than that
predicted by the interacting model.

In a further attempt to unambiguously determine the
temperature dependence of the exponent in the conductivity
in the variable-range-hopping regime, we measured the tem-
perature dependence of a half-filled band in a magnetic
field. A weak magnetic field changes the conductivity ex-

ponent ge, viz. , hgi=r& /12K'a. Since the characteristic

hopping length is practically unaffected by a magnetic field,
the principal contribution to (, is given by g,'/(aA. )", so
that the low-field magnetoresistance should be positive and
have the form

i

a(H T) Ce2H

a(0, T ) c'a't' (3)

where C is a negative constant. In the noninteracting model

g, - (Ts/r)'i' so that ln[o (H, T)/rr(O, T)]—H2/T, while

in the interacting model g, = ( Tq /T ) ti' so that
In[a(H, T)/a(O, T)]—H2/T3i2. Figure 3 shows the tem-
perature dependence of the magnetoconductivity of a half-
filled band in the temperature regime in which the zero-
field conductivity is determined by variable-range hopping
and in the magnetic field regime in which the exponent of
the magnetoconductivity is proportional to 0'. To obtain
the curves shown in the figure, the logarithm of the zero-
field conductance was subtracted from the temperature
dependence of the logarithm of the magnetoconductance at
0.00 and 20.0 kG, respectively. %e observe that the tem-
perature dependence of the magnetoconductivity is con-
sistent with the T ' dependence predicted by the nonin-
teracting model.
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