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Electron charge densities at conduction-band edges of semiconductors
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%'e demonstrate that both the empirical pseudopotential method (EPM) and the linear combina-

tion of atomiclike orbitals (LCAO) approach are capable of producing consistent electronic charge
distributions in a compound semiconductor. Since the EPM approach is known to produce total

valence electron charge densities which compare well with experimental x-ray data (e.g. , Si), this

work serves as a further test for the LCAO method. In particular, the EPM scheme, which uses an

extended plane-wave basis, and the LCAO scheme, which employs a localized Gaussian basis, are

used, with the same empirical potential as input, to analyze both the total valence electron charge

density and the charge density of the first conduction band at the I, L, and X k. points of the Bril-

louin zone. These charge densities are decomposed into their s-, p-, and d-orbital contributions, and

this information is used to interpret the differences in the topologies of the conduction bands at I,
L, and X. Such differences are crucial for a comprehensive understanding of interstitial impurities

and the response of specific band states to perturbations in compound semiconductors.

I. INTRODUCDON

The theoretical and experimental study of electronic
charge densities in atoms, molecules, and solids is of fun-
damental interest to researchers in the material sciences.
By first solving the Schrodinger wave equation in the
single-particle picture to obtain the wave function g(r) of
a particular quantum-mechanical system, one can subse-
quently calculate the electron charge probability density

p(r)=e
( P(r)~ '

for locating an electron of charge e in a given region.
When this prescription was first applied to the hydrogen
molecule, ' it was discovered that the electronic charge-
density profile for H2 strongly depended on the particular
energy state under question. For example, the ground
state or bonding orbital tr consisted of a charge contour
with a substantial amount of electronic charge density be-
tween the nuclei, thus fostering a strong chemical bond,
whereas the antibonding orbital o' was characterized by a
nodal plane between the two nuclei making the system un-
stable relative to the bonding orbital. Since that time, the
electronic charge-density distribution in more complicated
molecular systems has been explored in greater detail by
generations of chemists, and these studies have substan-
tially increased our understanding of molecular
geometries, bonding properties, and reaction mecha-
nisms of molecular processes.

The problem of studying charge densities in crystalline

solids is more involved since the periodicity of the crystal
gives the wave function f(r) both an energy-band and a
wave-vector dependence, f„~(r), denoted by n and It,
respectively. The electronic charge density p(r } is now ob-

tained from summing over all the occupied k states of the
crystal of the occupied bands n,

One of the earliest attempts to obtain accurate charge-
density distributions in semiconductors was made by
%alter and Cohen. They used the empirical pseudopo-
tential method " (EPM} to calculate a pseudo-wave-
function g„ i,(r) which described the valence electrons of
the semiconductor, and computed the total valence elec-
tron charge density p(r) by summing over all available k
states for the occupied valence bands of the semiconduct-
or. In a further study, ' Walter and Cohen used the EPM
scheme to analyze the electronic chM ge densities in semi-
conductors as a function of particular band index, p„(r),
where

p„(r)=2e g ( f„i,(r) ~

and thus provided some qualitative insight into bonding
trends. They discovered that in some cases the charge
densities at the valence and conduction bands of semicon-
ductors bore a resemblance to the bonding and antibond-
ing orbital configurations found in molecules.
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To compare the EPM and LCAO schemes for calculat-

ing the electronic charge densities at selected k points in

the Brillouin zone of a given semiconductor, one must uti-

lize the same input parameters for both calculations. We,
therefore, construct a model total potential for the crystal
which serves as input for both schemes. Consequently,
the major difference between the two calculations will be
the choice of basis (i.e., plane waves or localized Gauss-
ians).

To construct a model potential for the LCAO calcula-
tion, we fixed a potential V'(r) for each atom

—b.r2V'(r)= pa;e (4)

In addition to the band index, the charge density at a
specific k point of a given band, p„ i,(r), can also be ob-

tained. Calculations were performed for several semicon-

ductors, ' but results were reported only for selected k
points in Ge. A more complete study is warranted since
a knowledge of p„q(r) is useful in understanding the ef-

fect of impurities on the electronic band structure of semi-

conductors and, more generally, the response of specific
states to perturbations.

In this paper we use two different methods to study the
electronic charge density p„ i,(r) at the I, L, and X k
points of the first conduction band of GaAs: the empiri-
cal pseudopotential method (EPM} with nonlocal pseudo-

potentials, which has been successful in computing total
valence electron charge densities that have, for example,
been verified experimentally for Si and the linear com-
bination of atomiclike orbitals (LCAO} method of Cheli-

kowsky and co-workers' ' which has been recently ap-
plied to a variety of problems including cohesive and
structural properties, ' surface reconstructions, ' and
phonon-phonon interactions in diamond. ' For consistent
comparison, the same empirical potential is utilized as in-

put in the two approaches used in the present study.
These two methods differ rather dramatically in that the
EPM scheme uses a nearly-free-electron approach since it
employs an extended plane-wave basis to describe the
wave functions of the system, while the LCAO method
implements localized Gaussian-type orbitals as a basis set
and is therefore similar to many quantum chemical ap-
proaches used in studying tightly bound electronic sys-
tems such as molecules and clusters.

We first construct a crystal potential for GaAs which is
used as input for both the EPM and LCAO calculations

(Sec. II). The choice of a basis set in each method and the
diagonalization of their respective secular equations for
obtaining eigenvalues and wave functions are described in
Sec. III. In Sec. IV these two approaches are used to com-
pute a band structure for GaAs and both the total valence
electron charge density and electron charge densities of
the first conduction band at the I', L, and X k points.
These charge densities at selected k points are then
decomposed into their s-, p-, and d-orbital contributions,
and the information is used to analyze the observed differ-
ences among the charge-density topologies at the I, L,
and X k points. Finally, our conclusions are summarized
in Sec. V.

II. CONSTRUCTION OF MODEL POTENTIAL

TABLE. I. Coefficients (in Ry) and decay constants (in a.u.)

for Gaussian expansion of the model potentials in real space.

—12.91
0.13

58.35
—100.23

56.30
—0.35

0.1597
0.1882
0.2083
0.2795
0.3592
0.4000

—10.44
0.63

48.66
—98.07

60.37

0.1540
0.1882
0.2015
0.2771
0.3469

TABLE II. Pseudopotential form factors for GaAs (in Ry) as
determined from the model potentials. Those form factors
whose structure factors vanish by symmetry are not shown.

(in units of 2m. /a)

v3

vs
vii
vi2
vi6
vi9

—0.2271

+ 0.0110
+ 0.0631

+ 0.0535
+ 0.0357

VA

+ 0.0419
+ 0.0273

—0.0014
—0.0011

—0.0009

by comparing it to the potential used in a previous EPM
calculation by Chelikowsky and Cohen, 9 where a; and b;
are the coefficient and decay constant of the ith Gaussian,
respectively. It was necessary to include five Gaussians
for the arsenic atom and six Gaussians for the gallium
atom in Eq. (4), and the coefficients and decay constants
are listed in Table I. The total model potential for the
LCAO calculation is then computed by summing over all
of the atomic sites of the crystal.

The same input model potential was constructed for the
EPM calculation by analytically Fourier-transforming
these atomic potentials V'(r} into momentum space and
thus obtaining a set of pseudopotential form factors V(G)
as discussed previously. The symmetric and antisym-
metric pseudopotential form factors which we obtained
are listed in Table II, and differ slightly from those in
Ref. 9 because of the inclusion of the tail in the potential
V(G) for Gz & 11, which slightly readjusts the form fac-
tors at lower values of momentum.

Finally, we should mention that the pseudopotential is
nonlocal, and this is explicitly included in both methods.
The Chelikowsky-Cohen nonlocal pseudopotential
scheme was used for the EPM calculation, while, in the
LCAO approach, the nonlocal contribution to the poten-
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tial for each atom was modeled following Chelikowsky
and Louie, ' where the d potential is chosen as the local
potential, for convenience, while the nonlocal contribution
is defined so that the tora/ LCAO potential is exactly the
same as that of the EPM potential for all angular momen-
tum components I & 2.

TABLE III. Eigenvalues {in units of eV referred to the
valence-band maximum) for GaAs at three k points using the
EPM and LCAO approaches. Also shown are measured angle-
resolved photoemission spectroscopy eigenvalues of conduction
and valence bands {Ref. 19). Spin-orbit interactions are not in-

cluded.

III. CHOICE OF BASIS AND SOLUTION
OF SCHRODINGER EQUATION

As previously stated, the major difference between the
EPM and LCAO approaches in calculating the electronic
properties of solids rests in the selection of the basis set.
The EPM scheme employs an extended plane-wave basis
where the pseudo-wave-function is expressed as an expan-
sion over an arbitrarily large number of plane waves6

(5)

I 0

Lo

L 0

I C

I C

EPM

—12.26

+ 0.00

+ 1.55

+ 4.60

—10.27
—6.78
—1.22

+ 1.86

+ 5.67

LCAO

—12.26

+ 0.00

+ 1.69

+ 4.89

—10.32
—6.80
—1.10

+ 1.95

+ 5.85

Experimental'

—13.1

+ 0.00

+ 1.63

+ 4.72

—11.24
—6.70
—1.30

+ 1.85

where in our calculation the expansion is cut off at 8 Ry,
thus including 113 plane waves. While this method is
conceptually simpler than the LCAO approach, it may re-

quire a large number of plane waves for reliable results in
cases where electrons are more localized about the ions.

On the other hand„ the LCAO method uses a Bloch
sum of Gaussian orbitals of s-, p-, and d-like symmetry as
a basis set. The selection process for the decay constants
p of the local orbitals has been described elsewhere for the
case of diamond. ' For GaAs, we used three decay con-
stants (Pi ——0.15, Pq ——0.30, Ps=0.60) for each of the 10
orbitals (s,p„,p„,p„d~,d~,d,d», di &,,r s) giving a

total of 30 Gaussian orbitals per atom. Using this basis
the secular equation is solved. The Hamiltonian matrix
elements are conveniently evaluated in real space as op-
posed to momentum space as in the EPM scheme,
and the inatrix equation to be diagonalized is smaller. A
value of 14 a.u. was chosen for the real-space cutoff pa-
rameter R,„which is required for the evaluation of ma-
trix elements in the LCAO program. "

Xi
X3

Xs
X
X',

'Reference 19.

—9.36
—7.06
—2.77

+ 2.53

+ 2.56

—9.43
—7.06
—2.60

+ 2.47

+ 2.53

—10.75
—6.70
—2.80

+ 2.18

+ 2.58

IV. RESULTS

A. Band structure for GaAs

Using the model potential and basis sets described in
Secs. II and III, respectively, we first calculate the band
structure of GaAs using both the EPM and LCAO ap-
proaches. The eigenvalues for GaAs at selected symmetry
points are shovvn in Table III sphere spin-orbit corrections
have been neglected. The taro methods yield eigenvalues
which are in good agreement. In particular, the eigen-
values in the first conduction band agree to within 0.2 e&.
We also find that our calculated eigenvalues agree well
with the experimentally measured bands' with the possi-
ble exception of the lowest band, which is the one whose
position is the most difficult to determine experimentally
because of secondary-emission effects.

B. Charge-density calculations

The wave functions g„ i,(r) obtained from solving the
secular equations of the EPM and LCAO schemes are

FIG. 1. Total valence electron charge-density contours for
GaAs in the {110) plane using {a) EPM and {b) LCAO schemes.
The contour interval for both plots is in units of 2.0 electrons
per primitive cell.
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employed to compute the total valence electron charge
density p(r) given in Eq. (2). The sum over k, which in
principle extends over the entire Brillouin zone, is reduced
to a sum over the irreducible part and then computed
for two special k points, (2m /a )( —,',—,', —,

'
) and

(2~/a)( —,', —,', —, ), using the Chadi-Cohen scheme. ' The
total valence charge density is obtained by summing over
the four occupied valence bands. The results are shown in
Fig. 1 where the agreement between the two plots is quite
good, with the only discernable discrepancy being some
extra contours close to the nuclei. Nevertheless, both
methods faithfully reproduce the sp covalent-bonding or-
bital along the Ga-As bonding chain with most of the
charge density shifted towards the As ion.

To compute the charge density at a specific k point in a
given band n, we evaluate p„,i,(r) as

Shown in Figs. 2, 3, and 4 are both the EPM- and
LCAO-generated electron charge densities in the (110)
plane of GaAs at the I, L, and X k points of the first
conduction band. Apart from some minor differences in
the charge densities near the nuclei, both methods reveal
that the charge densities at 1 and L are concentrated
about the ions, while the charge distribution at X is more
uniformly distributed.

0.5

3.0
oAs

Ga

(a)

FIG. 3. Electron charge-density contours for GaAs in the
(1TO) plane at the L point of the first conduction band using (a)
EPM and {b) LCAO schemes. The contour interval for both
plots is in units of 0.5 electron per primitive cell.

FIG. 2. Electron charge-density contours for GaAs in the
(110}plane at the I point of the first conduction band using (a)
EPM and (b) LCAO schemes. The contour interval for both
plots is in units of 0.5 electron per primitive cell.

FIG. 4. Electron charge-density contours for GaAs in the
(110)plane at the X point of the first conduction band using {a)
EPM and (b} LCAO schemes. The contour interval for both
plots is in units of 0.5 electron per primitive cell.
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TABLE IV. Percentage decomposition of angular momentum character for wave functions of the
first conduction band of GaAs.

px Z

Ga
As

49
51

Ga
As

X [(001)2n /a]
Ga
As

31
20

11
7

36

12
19

To understand better the differences among these distri-
butions, the wave functions at the I', I., and X k points of
the first conduction band were decomposed into their s-,
p-, and d-orbital contributions. Since we have demon-
strated that there is little difference between the charge
densities calculated from either the LCAO or EPM ap-
proach, the EPM wave functions were chosen for decom-
position because of the simplicity of their plane-wave
basis.

The angular momentum contribution of the electron
charge density within a %igner-Seitz sphere centered on a

r), e,t
particular atomic site, Xi, can be calculated from the
expression

where R is the %igner-Seitz radius and FI is the spheri-
cal harmonic function. By normalizing this quantity with
the total contribution from the other angular momentum
components for both atoms, the percentage decomposition
of s, p, and d character of the eigenfunction at a particu-
lar k point is easily computed. Equation (7) has been nu-
merically evaluated at the Ga and As sites. The results are
illustrated in Table IV.

Upon comparing these results with Figs. 2, 3, and 4, we
observe that the charge distribution at I is antibonding-
like with a nodal plane intersecting the internuclear axis
connecting the Ga and As ions. This charge distribution
is also predominantly s-like2 with most of the charge lo-
calized on the anion. The charge density at I. is quite
similar to that at I except that it contains more p and d
character (p,p„,p„d~,d~, d ), and is more uniformly lo-
calized on the cation (Ga) and anion (As). The situation
at X, however, is dramatically different since it contains a
significantly higher d contribution (d~„,d~, d~, di,i, )

and is more free-electron-like with a slight abundance of
charge about the cation. Such differences have also been
discussed by Bachelet and Christensen using a relativis-
tic linear muffin-tin orbital calculation on GaAs, but in a
much more qualitative manner. There is also an enhance-
ment of electron charge density in the interstitial region at
X which is relevant when considering the effect of inter-
stitial impurities on the electronic band structure of ele-
mental and compound semiconductors.

Finally, we should also remark that our results are con-
sistent with group-theoretical predictions.

V. CONCLUSION

In this work, we demonstrate the ability of two calcula-
tional procedures, the EPM and LCAO schemes, to study
electronic charge-density distributions in semiconductors
(e.g., GaAs). Although these methods use entirely dif-
ferent types of wave functions as their basis sets [i.e., ex-
tended plane-wave (EPM) and localized Gaussian orbitals
(LCAO)], they produce consistent electronic charge-
density distributions both at selected k points in the Bril-
louin zone (e.g. , I, I., and X k points of the first conduc-
tion band) and for the total valence electron charge densi-
ty using the Chadi-Cohen special k point scheme. These
charge distributions are decomposed into their s, p, and d
wave-function contributions, and their antibonding topo-
logies are analyzed both numerically and group-
theoretically. These results, therefore, yield useful infor-
mation about interstitial impurities and the response of
specific band states to perturbations in compound semi-
conductors.
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