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Many-particle exchanges and the fractional quantized Hall effect
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Evidence is presented which suggests that many-particle exchanges stabilize the ground state at particular

filling factors. Common features are seen in the Laughlin trial wave function, in charge-density-wave func-

tions as discussed by Tosatti and Parrinello and more recently by Chui, Ma, and Hakim, as well as in the

eigenstates of small clusters of particles.

One of the puzzles of the fractional quantized Hall effect
(FQHE) is the apparent stability of the ground state when
the Landau levels are filled to a specific ratio v, where ~ is a
rational number with an odd integer as denominator. This
is called the odd denominator rule. Different explanations
for this have been proposed. (1) Tosatti and Parrinello'
(TP) pointed out that a multiparticle exchange around a
polygon on the uncorrelated charge-density-wave (CDW)
lattice leads to a phase change which is proportional to the
magnetic flux enclosed in the polygon. In particular, for a
filling factor of 1/w, this phase factor is exp(inst/v), where
n is the number of particles interchanged. For 1/tt =odd in-
teger, this phase factor is ( —1)"and would lead to a com-
mensuration energy. For a class of correlated lattice studied
by us the above phase factor is approached only when the
number of particles exchanged becomes large. (2) Laugh-
lin suggested a trial wave function of the ground state by
using the angular-momentum gauge. He then pointed out
that this wave function is only well defined when the filling
factor tt is an odd number. (3) The above two explanations
make specific assumptions about the long-range order of the
ground state, which may not be crucial to the argument. It
is thus important to isolate the essential features which are
necessary for the effect. An explanation in the Landau

gauge was recently suggested by us. 4 As a function of the

separation of the particles, the Hamiltonian has a short-

range attractive part because of the exchange (see Fig. 1).
As a consequence, the nonhopping diagonal terms possess
two local minima, corresponding to a cluster distribution of
the particles favored by the exchange and a uniform distri-

bution favored by the direct energy. Because of the hopping

term, the energy will be lowered if the wave function forms

a linear combination from these two minima. However, a

linear combination can be formed for odd denominators be-

cause only then are the y momenta of the two minima the

same. In the numerical calculations of diagonalizing the

Hamiltonian of up to 16 particles in the Landau gauge, the
clustering effect, as is illustrated in Fig. 2(a), is indeed ob-

served. The tendency towards clustering has been observed
in earlier work by Lai, Yu, Su, and Yu in the calculation of
the eigenvalues of 4-7 particles in the circular gauge.

In this Rapid Communication we propose that these ex-

planations represent different ways of looking at the same

effect. Our physical picture is as follows: Because of the

multiparticle exchange effect, the electrons have a clustering

tendency. In the language of Tp, one can always enhance

the multiparticle exchange if the phase factor and hence the

polygons have commensurate areas. For a filling factor
without an odd denominator the exchange can be enhanced

at the expense of a nonuniform density. On the other
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FIG. 1. The Hamiltonian parameters V(I},t(I) as a function of I

for 16 (0 and 4), and for 4 ( x and O) particles.

FIG. 2. (a) A lattice of clusters for the 3-filled case with 48

sites; (b) an example of a lattice with a uniform angular momentum

M„; (c) and (d) a schematic way of breaking up a lattice of clusters

into subunits enclosed by the square brackets for (c) 3 filled and

(d) 4 filled. The optimum cluster size is assumed to be between

three and four for illustrative purposes. Whenever it is not possible
to have equal numbers of empty sites on both the left and the right

in a subunit, we have assumed that the right has more empty sites.

8438 C'1985 The American Physical Society



~ li & III. ~ .I I! !I I! ! I I I!

32 MANY-PARTICLE EXCHANGES AND THE FRACTIONAL. . . 8439

hand, to maximize the direct energy, a uniform density is
appropriate. Since densities uniquely determine the mean-
square radii and hence the total angular momenta, the angu-
lar momentum enhancing the multiparticle exchange and
that enhancing the direct energy are equal only at odd filling
factors. This tendency is seen no matter what gauge one
works in and is what we found in explanation (3) above,
starting from a more general perspective. The clustering in
m space is built into Laughlin's trial wave function, as we
shall show in this Rapid Communication. If Fermi statistics
are demanded, then only certain angular momenta are al-
lowed which, again, equal that for maintaining a uniform
density only at odd denominators.

(a) We first provide the details of explanation (3). In
both the Landau and the angular-momentum gauge the
single-particle basis function is specified by a one-
dimensional label, the angular momentum m on the one
hand and the y momentum j on the other. The total angu-
lar momentum M is a constant of motion in one case, while
the total y momentum J is also a constant of motion in the
other. Let us first discuss the results for the Landau gauge.

The basis set can be written as product wave functions of
Landau orbitals given by

The diagonal term Hq exhibits two local minima. Because
df the attractive part of V, the particles have a tendency to
form clusters of size l0 less than /, with local y momentum
J,. For example, at ~ filled the particles tend to form clus-

ters of 2 for the 12-site case and clusters of 4 in the 48-site
case. This is indicated schematically in Fig. 2(a). In gen-
eral, because the number of states covered by the attractive
part of the Hamiltonian is of the order of ~N, where N is
the total number of particles. We expect that the number
of particles in a cluster is of the order of JN. Our numeri-
cal results indicated that indeed a substantial component of
the ground-state wave function comes from this configura-
tion. On the other hand, a uniform distribution with total y
momentum J„ is favored by the direct energy acting togeth-
er with the hopping term. This distribution is illustrated
schematically in Fig. 2(b). J, is equal to J„only for odd
denominators.

In the angular-momentum gauge the basis function in the
lowest Landau level is given by

(r) = z exp( —r4/4)/(2" n!2m) Ds

where z=x+iy. One can express the electron-electron in-
teraction in this basis set as

PJ(r) = exp[ix&y —(x —x&)'/2]/(m L~)'t

x, =(L/N)j . (la)

H= A(mt, m2, m3, m4)C+, C+C C
[m

~0= X X tt(k) X C, +tC)C/+bC(+b+t+c. c.
1=1k=1

(4)

The t's are the hopping integrals. To illustrate the behavior
of these parameters, we show V(k) and the t~(k) as func-
tions of the distance k for the 12 and 48 sites cases in Fig.
l. Note that V(k) attains a maximum and then comes
down as one approaches the origin. This comes from the
exchange. More precisely,

V(k) =2[2 (j23=0j»= k) —2 (j23 kJ'»=0)], (5)

where j,b
= j, —jb, the first (second) is the direct (ex-

change) contribution. At small distances k, these two terms
are comparable in magnitude; the net value of Vis reduced.
As k increases, the exchange contribution dies off exponen-
tially fast and only the first term remains. The distance l, at
which V turns from repulsive to attractive is independent of
the sample size %,.

Here distances have been expressed in units of the Larmor
radii, and will continue to be so in the rest of this Rapid
Communication. L~ is the width in the y direction. N, is
the total number of possible states. The Hamiltonian in
second-quantized form can be written, except for trivial
constants, .as

~= X~ (JiJ 2,J3,J4) CJ', CJ', CJ3Ci, (2)
lgl

The A's are integrals of the Coulomb potential and the Lan-
dau orbitals (@&'s).

There is a similarity between (2) and the Hubbard model.
To bring out this similarity and to gain more insight, we
decompose the Hamiltonian as a sum of a diagonal Hq and
an off-diagonal Ho term as

H= Hg+ Ho
(3)

Hg= X V(k) n&n~+b
'

k,j

where

A (m, mb, mb, m ) =

A is given by5

f dr dr'P (r)'P .(r')'P (r)Q (r')

Ir —r'I

(7a)

t

A=
l

I

( —)"+'I (q+ r+ s+ —,
' )

(7b)
,=0,=0 (q+ r) ~(q+ s)!r!s!2&+"+'+'

where q = m &
—m & . Furthermore, the angular momen-

tum is conserved; i.e., m1+m2=mq+m4. In the limit of
large m, the exchange matrix elements have a range
m& —m& of the order of Jm. These can best be under-
stood from the fact that the mean radius R of P is of the
order of Jm and the fluctuation of the radius is of the order
of unity. Hence the overlap of two wave functions is sub-
stantial if the difference in their radii is of the order of uni-
ty; this happens if the difference of their angular momenta
is of the order of Jm.

Analogous to the case for the Landau gauge, we can
separate the Hamiltonian into a part that is diagonal in m
and an off-diagonal part. Because of the exchange term that
we just mentioned, these terms will have an attractive part
of range Jm. These attractive interactions will then favor
the formation of clusters with a range of Jm at angular
momentum m. Again, the diagonal part of the Hamiltonian
possesses two local minima. The first corresponds to fluc-
tuations around a uniform density distribution mandated by
thy direct Coulomb interaction; an example of this is illus-
trated by states occupying m values equal to n/v for positive
integers n. This state has total angular momentum M„. On
the other hand, because of the exchange, a second state cor-
responding to a cluster distribution of the m's that we just
described is also possible. This state is of angular momen-
tum M, . We now argue that these two values are equal
only for odd filling factors.
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M, =j(1+j/v)/2 (8)

for that cluster. For the uniformly spaced case, we assume
that the electrons are located at n+ m/v, where n is a non-
negative integer less than 1/v; m=0, 1. . . (j—1). One
finds that

M„=j(j+ I)/(2v) —nj = j(j/v) + (1/v) —2n)/2

For n = [(1/v) —1]/2 we obtain

M, =M„.

(9)

For even denominators and jeven, Eqs. (8) and (9) are still
correct. However, (1/v) —1 is no longer an even number,
and we have to pick n = [(1/v) —1+1]/2 in Eq. (9) and
then M, &M„. For j odd, there can only be
[[(I/v) —1]j + I}/2 empty sites on the left of the cluster in
the subunit. To be definite, we shall pick the negative sign.
We obtain

M, = j(j/v)/2 (10)

On the other hand, the formula for M„remains unchanged.
If we pick n = 1/2v, then the two M's are the same.

This even-odd behavior is also observed in the calculation
of Lai et al. 5 They found that a downward cusp is observed
at ~= ~ only for an odd number of electrons. Presumably
in their calculation the number of electrons is small enough
so that only one (rather than many) cluster is formed.

The total angular momentum is made up of the angular
momentum of each subunit. The factor n that we pick has
to be the same for each subunit; otherwise the subunits
cannot be joined together uniformly. Hence if M„ is larger
than M, for one subunit, it is also larger for the other sub-
units. When the angular momenta of the subunits are
added up, the possibility of cancellation among subunits is

I

For a general sample with N, states, we find some clusters
with an even number of particles and some with an odd

- number of particles, so that the total number of states in a
cluster is of the order Jm around state lm). We now
divide the lattice of clusters into subunits consisting of the
ciusters of j electrons with their share of [(1/v) —1]j empty
sites around them, shown schematically in Figs. 2(c) and
2(d), where, for illustrative purposes, we have assumed that
the optimal cluster size is between 4 and 3. We shall look
at the angular momentum of each cluster measured relative
to its left end. The total angular momentum is just the sum
of the angular momentum of each subunit and that of its
left end. For odd denominators, (1/v) —1 is an even
number, and there are [(1/v) —1]j/2 empty sites on both
sides of the cluster in a subunit. We obtain M(P) = ff gR (rp, )

l
l

gR(r) = C exp( —r'/4+ zZ'/2)

(i2)

(13)

C is a normalization constant, Z = X+iY. The exponential
in Eq. (13) can be expanded in an infinite series as

gR(r) = C exp( —r2/4) X (zZ') /m! (14)

This infinite series is dominated by terms with an m close to
mo such that R2=2mo. Because the spread in r is of the or-
der of unity, the fluctuation in m about mo is of the order of
~m. The probability density lgl2 is given approximately by

Igl = g exp[i(m —m')(e —ez)](z lzl) '
mo!

m, m

(is)

Here 8 is the phase of z. It is the sum over m, m' that local-
izes the particle around Hz.

In $„ the electrons are forced apart to form a regular lat-
tice and the density is fixed. Even though it is not an
eigenstate of the total angular momentum, from the rela-
tionship between the mean-square angular momentum and
the density for a system with a uniform density, we expect
the most probable angular momentum to be M„.

We now argue that the clustering tendencies are also built
into P, for odd denominators. In (t)„electrons located at
the same distance IRI will have similar angular momentum
and tend to form clusters if the "phase factors" Z are right.
The probability density I 43!), I is proportional to
Xp( —1) (M(P) IM(1)). The clustering tendencies will be
enhanced if those contributions P for circular exchanges in-
volving particles with the same IRI interfere constructively.
This will enhance the overlap and the exchange energy of
the wave function. We have, from Eqs. (14) and (12),

thus ruled out. Hence, except for the very special case for
which all cluster sizes are odd, M„ is not equal to M, for the
even filling factor cases,

(b) In the circular gauge, the connection between the
above argument and that of TP is easier to visualize. Be-
fore discussing correlated solids, we first paraphrase the ar-
gument of TP for the uncorrelated solid wave function (t, in
the angular-momentum gauge.

(t), is defined as an antisymmetrized product wave func-
tion of uncorrelated Landau orbitals gR(r) (Ref. 7) located
on a triangular lattice at Rl, viz. ,

y, = X ( —i)'M(P),

(44(P)l ( )) M=(X(ri(zrZ, ) 'exp( —r /4)/m !~ Xrzri(z~Z~~ ) 'exp( —rP/4)// !)~
ml ll

=g real const Q ( Zp/Z/ )

(16)

The phase on the right-hand side is equal to the area en-
closed by the exchange. For an n-particle exchange on a
regular polygon, it is just e px(in' /)v. For odd-denom-
inator filling factors ( —1)p(M(P)IM(1)) is positive for
this type of exchange and the probability for these confi-
gurations is enhanced.

TP have applied their argument to a case where there are
no correlations among the Landau orbitals at different sites.

I

We have recently studied a class of correlations and found
that their argument can be extended to these cases only if
the area enclosed by the particles exchanged becomes large.

The wave function that we are interested in can be writ-
ten as

1

f= /))4/ exp —X (r/ /4+ X (z(Zi —Sz(5zia/i/2)
l l,J
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TABLE I. The coefficients A ([m]) for N=3. TABLE II. The coefficients A([ml) for Ã=4.

[m]

[036]
[126]
[045]
[135]
[234]

A ([m])

1

3
3
6

15

[m]

[9630]
[9621]
[9540]
[9531]
[9432]
[8730]

1
3
3.
6

15
3

[m]

[8721]
[8640]
[8631]
[8541]
[8532]
[7830]

9
6

12
9

27
3

[m]

[7821]
[7650]
[7641]
[7632]
[7542]
[6543]

9
15
27
6

45
105

Here N is a normalization constant and a is a real function. We now expand the exponential function into its dominant
angular-momentum components and its fluctuations mo+ m. The overlap integral can be written as

m. +m I

(M(P)!M(1))= X const g ' (zp';Zp;) ' (z;Z; ) ' ( Sz;Szga, y/2 —Szp;SzpJQ'J/2) '/mi!
[rn,. ]

The fluctuations m, m' are of the order of mo-. Since the
fluctuation (Sz,Sz&) is of the order of InR, we expect mi to
be of the order of Qlnmc. This is much smaller than mc in
the limit of large mo, and hence provides an insignificant
modification to the phase factor, as we have claimed.

To summarize, corresponding to any density there is an
angular momentum M„such that the direct Coulomb ener-
gy is minimized. On the other hand, many-particle ex-
changes on a polygon involve a phase factor proportional to
the area enclosed by the polygon. For a filling factor
without an odd denominator, the exchange can be enhanced
at the expense of a nonuniform density. Hence there are
particular average densities and hence angular-momenta
M, 's such that the multiparticle exchange and the clustering
effect that we just discussed is enhanced. M„=M, only
when 1/v is odd.

(c) Laughlin proposed that the electrons form a fluid with
wave function $c given by

pc= G([zi])exp —X re/4 (18)

where

The coefficients A of different distributions [m&] for
N,=3,4 are given in Tables I and II. On the average, the

G(fz, ])=Q (z, —zj)~ .
I&)

To appreciate the distribution of the m's of this wave func-
tion, we have expanded the polynomial 6 with the symbol
manipulation program REDUCE for small values of N (3,4).
In genera1, one can write 6 as

N

G = X ( —I)P Q & ([m, ])zp, ' .

N2

n
I I' ~J =~&+~

Zl&
—j

'i ~ ~i+ i &i ~ ~i

and the coefficients A of this term are made up of the prod-
uct of the coefficients A (Ni) and A (N2) and other terms.
An example of this effect can be clearly seen in the A of the
N =4 case for [m] = [2, 3, 4, 9]. This just comes from a
product of terms for Ni=3 and N2=1 and [mi]= [2, 3, 4]
and [m2] = [9]. Hence a wave function of the form

N

G(a, [z,])= g (z, —zq)

J

has a clustering tendency built in. On the other hand, the
total angular momentum M = 0.5N(N —1)n is clearly
determined by the density. In fact, following Laughlin's ar™
gument, one finds that M=O. SN(N 1)/v, where v is the-
filling factor. As is well known for this case, the above is
only compatible with Fermi statistics for a equal to an odd
integer.

I

cluster distributions have a larger coefficient A. For exam-
ple, for N = 3, the largest A is 15 and these correspond to a
distribution [ m] = [2, 3, 41. For N = 4, the largest A

(105) corresponds to [m] = [3,4, 5, 6]. Mathematically,
these come about because the A 's are similar to the multi-
nomial coefficients, and generally the multinomial coeffi-
cients are largest when the exponents of the multinomials
are close to each other. The large values of the coefficients
A for small clusters also show up in the larger clusters be-
cause we can think of larger clusters as being made up from
smaller clusters. Specifically, let us split up N as
N = N~+ N2, where N& is an arbitrary positive number.
Then one of the terms that contribute to 6 will come from
terms of the form
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