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Green s-function formalism of electronic states in heavily doped semiconductors
and its application to a problem of inter-valence-band absorption
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A semiempirical method is presented for calculating the electronic states in heavily doped semi-
conductors in terms of the one-electron Green's function. It has been shown previously that the
theory developed on the basis of the semiempirical pseudopotential approach gives a satisfactory
description of the impurity-band tail relevant to the heavy-mass band. On the other hand, it is
shown in this paper that the theory gives a poor description of the impurity- and phonon-scattering
effect on the intraband states even if the theory also takes into account the phonon scattering.
Therefore the theory is improved in such a way as to take special account of the intraband states.
The new theory is tested by calculating the inter-valence-band absorption constant with the use of
this theory and by comparing the theoretical results with experiments. It is shown that the new
theory gives a satisfactory description of the electronic states at all energies.

I. INTRODUCTION

Description of the electronic states in terms of the
Green's function is a powerful tool for analyzing both op-
tical and electrical properties of heavily doped semicon-
ductors. There are two factors affecting these properties.
One is the impurity-band tail, which appears as a result of
the heavy doping and affects various physical processes.
The other is the impurity and phonon scattering, which
enhance physical processes such as inter-valence-band ab-
sorption, ' free-carrier absorption, and Auger recombina-
tion. In practical cases the above two factors are espe-
cially important in the heavy-hole band owing to the large
effective density of states.

Previously, the present author has developed the sem-
iempirical pseudopotential (ps) approach to the Green's-
function formalism of the electronic states in heavily
doped semiconductors. This approach has resulted in a
satisfactory description of the impurity-band tail relevant
to the heavy-hole band, while all other previous ap-
proaches have been found to give poor descriptions. Un-
fortunately, however, it is shown later that the ps ap-
proach gives a poor description of the impurity- and
phonon-scattering effect on the intraband states, even
when the ps approach is modified to include the phonon-
scattering effect also.

This paper presents an improved method of coherently
discussing both the band tail and the intraband states
under the influence of the impurity and phonon scatter-
ing, starting from the ps theory. The theory is tested by
calculating the inter-valence-band absorption constant,
which is sensitive to the scattering process.

This paper is organized as follows. In Sec. II a discus-
sion of the ps approach is given. In Sec. III an improved
theory is given and then theory and experiments are com-
pared.

II. DISCUSSION OF THE ps APPROACH

For the impurity-scattering problem, we use the one-
electron Green's function G (l, k;co), which is obtained by

taking an ensemble average of the two-wave Green's func-
tion over the impurity sites; here l is the band index, k the
wave vector, and co the energy parameter. Assuming sing-
ly ionized hydrogenic impurities of one species, the previ-
ously developed ps approach gives

6 (l,k;a))= 6 (0),
/Z /e2A,

6 (0)=—. f dgexp[igQ+yg(g)],

g(g)= f dxx Iexp[ —igh~'( )x]+igh( )x—1I,

0= [co—EI(k)],
/Z fe2A,

h (x)= —exp( —x),Z 1

)Zi x
4mn;
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where e is the electronic charge, eo the static dielectric
constant of the host lattice, A, the free-carrier inverse
screening length calculated self-consistently from the
Green's function, 6 Z the sign of the carrier charge times
the valency of the impurity with respect to the host lat-
tice, n; the impurity concentration, and Ei(k) the band
energy given as Ei(k) =A k /(2m'), where mI is the ef-
fective mass for the band l and ih' is Planck's constant di-
vided by 2m. . Ei(k) and co are measured from the band
edge into the band as the positive direction. h (x) is the
potential due to an impurity, given in normalized units.
h '(x) is the pseudopotential in question, which is given
as hi"(x)=h(x)+h "(x). Especially when h "(x)=0, Eqs.
(2.1)—(2.6) reduce to an expression first obtained by
Bonch-Bruevich and derived by the present author in a
different approach. Let us call these approaches the
Bonch-Bruevich —Takeshima (BT) approach hereafter. It
has been shown ' that the BT approach gives a poor
description of the impurity-band tail relevant to the
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a(cosh) = — f dk k f,2(k)(1 —0, )
~'cm, (~„)'"

XlmG (li, k;coi), (2.7)

where c and rno are the light velocity and the electron
mass, both in Uacuo, e is the high-frequency dielectric
constant, and f,2 is the oscillator strength between the
states (li, k) and (i2,k); here i; denotes the band i with
i= 1 referring to the HB and i =2 to the LB or SB. Oi is
the Fermi-Dirac distribution function at an energy co&.

The energy-conservation requirement reads co ~=E2(k) —cosh, where Ez(k) is the energy for band 2 mea-
sured from the valence-band edge into the band as the
positive direction. Finally, G (li, k;cubi) is the retarded
Green's function for band 1, i.e., the HB, whose discus-
sion is the central problem.

heavy-hole band, although this approach may be useful
for describing the impurity scattering in the conduction
band.

In hi"(x), ii "(x) is an essential part of the ps approach
and takes a complex form not shown her'e. On one hand,
the BT approach with h '(x) =h (x) is the case in the clas-
sical limit where a sufficiently slowly varying potential is.
assumed. On the other hand, h'(x) in the ps approach
offers a quantum correction, representing a rapidly vary-
ing part of the impurity potential. Note that ii "(x) de-
pends on co and should be zero at high energies, i.e.,
co»0. Nevertheless, h "(x) has no clear cutoff beyond
which ii "(x) rapidly tends to zero. This means that ii "(x)
is not adequate for the description of the intraband states.

In the following we test the ps approach by discussing
the inter-valence-band absorption in terms of this ap-
proach. In Fig. 1 are shown the two kinds of inter-
valence-band transitions that we consider hereafter, i.e.,
the transition from the spin-split-off band (SB) to the
heavy-hole band (HB) and that from the light-hold band
(LB) to the HB. Let us call these transitions the SH ab-
sorption and the LH absorption, respectively. The SH ab-
sorption is known' to be strongly enhanced by some
scattering which relaxes the momentum-conservation re-
quirement in the transition. Since the scattering effect is
efficient in a heavy-mass band, we consider the effect on
the HB but neglect that on the SB and LB. Neglecting
the hole population in the LB and SB under a sufficiently
large photon energy, we obtain the absorption constant
a(cosh) for a photon energy cosh as'

Hereafter, the calculation is done on p-type GaAs. For
the calculation of the inter-valence-band absorption
(IVBA), we take into account the anisotropy of the
valence bands as described in Ref. 9. As for the band-tail

. calculation we take the effective —density-of-states mass to
be 0.45mo. The energy dependences of the effective
masses and the oscillator strengths relevant to the I.B and
SB are calculated by the k p perturbation method' or ob-
tained from the realistic band picture of Chelikowsky and
Cohen" and from Ref. 12. For instance, we use the
heavy-hole masses 0.64mo 0.70mp, and 0.35mo in the
(110), (111),and (100) directions, respectively, and the
SB masses 0.079mo, 0.10mo, and 0.10mo in the same
respective directions.

Let us define the IVBA cross section cr through a=crp,
where p is the hole concentration. I.et us assume p to be
equal to the acceptor concentration nz unless stated oth-
erwise. Figure 2 illustrates o's at 300 K, which are calcu-
lated from the ps approach for various values of n„, with
solid lines. In the calculation, this approach has been
modified to include the phonon-scattering effect, details
of which are described later It .should be noted that the
SH absorption occurs in a range of cosh& b,o where 60 is
the spin-split-off energy. It is seen that the o curve ap-
proaches a certain curve with a decreasing value of nz.
This is a result of the fact that the impurity effect be-
comes insignificant at small values of nz. In fact, the
band tail almost disappears at nz &10' cm, as is seen
in Fig. 3, where the band tails calculated from the ps ap-
proach are shown for various values of n~, here the pho-
non effect has also been incorporated.

On the other hand, Fig. 4 illustrates the cross section of
the phonon-assisted IVBA at 300 K with a dashed line.
Here, only the phonon-scattering effect has been con-
sidered, and no account has been taken of the band tail.
The cross section in this approach is almost independent
of n~ under n„(10' cm . Figure 4 also illustrates the
same curve as that given in Fig. 2 for nz ——10' cm
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FIG. 1. IVBA due to SH and LH transitions, where impurity
effects are not shown.

FIG. 2. o vs soph with nz as a parameter, calculated in the ps
approach for p-type CxaAs at 300 K.
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FIGr. 3. Density of states versus energy ~;, with n& as a pa-
rameter, calculated in the ps approach for p-type GaAs at 300
K. A dot attached to each curve shows the Fermi level.

with a dotted-dashed line: A solid line in Fig. 4 is re-
ferred to in Sec. III. It is seen that the ps approach (a
dotted-dashed line) and the phonon-effect approach (a
dashed line) give results very different from one another,
although both results should almost agree at such a small
value of nz. Note that the pure IVBA cross section,
though not shown here, lies far below the dotted-dashed
line. In view of this fact and the above difference, the
phonon effect is not considered to be incorporated into the
ps approach in a proper way. A high-energy range of
photons corresponds to a high-cot range, so that the inade-
quacy of the theory is ascribed mainly to that of using
h "(x}in a high-tot range. Therefore an improved theory
is given in Sec. III.

III. IMPROVED THEORY

6 (l,k;to)=
to —Et(k) —X"(I,k;co)

where the self-energy X (I,k;to) is given by

2mI
ImX (l,k;co) = — [&Hi(k, kp)+BHq(k, kp)

(3.1)

+ CH3(k, kp)], (32)

neglecting the real part of the self-energy. Here we define

(k+kp)~+A~

(k —kp)~+X'
Hi(k kp) =2kp—

——,
'

A, H3(k, kp) (3.3)

(k +k, )'+ A,
'

H2(k, kp) =—», 2
—A, 'H, (k, kp)

2 (k kp) +A2

Although h "(x) should vanish at high co's, h "(x) can be
infinite at a value of x relevant to a given co. This situa-
tion comes from the fact that h~'(x)=h (x)+h "(x) is ob-
tained by retaining the first two terms in a series expan-
sion of an operator. Actually, inclusion of all the terms is
necessary though not practical. Instead, we should rather
take h "(x)=0 at high co's. This is just the BT approach.
However, it has been shown that the BT approach is not
useful for a heavy-mass band. As an alternative inethod,
we make use of the fact that the impurity-scattering effect
is small at high energies. Then we can use the single-site
Born approximation. In this approximation the assump-
tion of the slowly varying iinpurity potential is not neces-
sary, in contrast to the BT approach. Using the second-
order Born approximation" and taking into account the
phonon-scattering effect up to first order in the electron-
phonon interaction, we obtain

P —GaAs 300 K

&a= lO crn~IS
Hs(k, kp}= 1

(k —kp)2+A, 2

1/2
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fi
CO

1

(k+kp) +A,
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FIG. 4. o's calculated as functions of cosh in the modified ap-
proach ( ), the ps approach (——), and the phonon-effect
approach ( ) for p-type GaAs with n& ——10' cm at 300
K.

n;

16m

2'2
4me 2

6p
(3.9)

where = is the acoustic deformation potential, E„~ the
nonpolar-optical deformation potential, P~ the piezoelec-
tric constant, (e )

' =e ' —ep ', ct the longitudinal
spherical average elastic constant, c the averaged elastic
constant, co,~ the longitudinal-optical —phonon energy, T
the thermal energy, and P(co,„) the Bose-Einstein distri-
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bution function. The first and second terms in square
brackets in Eq. (3.2) represent the phonon scattering, and
the third term represents the impurity scattering. The
values of the above parameters used for the calculation on
GaAs are found in Ref. 3.

Let us use Eqs. (3.1)—(3.9) for the intraband range, i.e.,
coi &0, and Eqs. (2.1)—(2.6) for the band-tail range, i.e.,
coi (0. However, we use Eqs. (2.1)—(2.6), i.e., the ps ap-
proach, in calculating the energy density of states and the
free-carrier screening length for convenience, since the
scattering may have no serious effect on those quantities
in the intraband range. The Fermi levels calculated in
this way are shown in Fig. 3 with a dot on each curve.

The IVBA cross'section calculated from the modified
approach above is shown for nq ——10' cm 3 at 300 K
with a solid line in Fig. 4. It is seen that a result of the
modified approach is nearer to that of the phonon-effect
approach (a dashed line) than that of the ps approach (a
dotted-dashed line), while the line of the modified ap-
proach nearly agrees with that of the ps approach at low
energies. Slightly smaller values of o at high energies for
the modified approach than for the phonon-effect ap-
proach are mainly due to the fact that the Fermi level is
pulled down by the band tail in the modified approach.

Figure 5 illustrates the IVBA cross sections for various
values of nz (=p). The cross section is almost indepen-
dent of n„ in a range of n„(2 Xl 0' cm as a result of
the fact that the phonon-scattering effect predominates
over the impurity-scattering effect and that the band-tail
effect is insignificant. On the other hand, the cross sec-
tion depends on n~ in a range of nz & 2X 10' cm

When p is varied but n~ is fixed at a value, as is the
case of the carrier injection, the absorption cross section is
only weakly dependent on p. This means that u depends
on p through the relation a=op, but that cr depends on
only n~.

Now comparison between the modified calculation and
experiments is done on p-type GaAs at 300 K. In Fig. 6 a
solid line shows a theoretical result for n~ (=p) (2X 10'
cm, and a dashed line' and a dotted line' show experi-
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FIG. 6. o's obtained as functions of cosh from the modified

approach { ) with n~ &2X10' cm and from experi-
ments with nq ——6.8X10' cm (——) and 10' cm ( - ~ ~ )
for p-type GaAs at 300 K.

mental results for n~ (=p)=6.8X10' and 10' cin
respectively. It is seen that the theory and the experi-
ments agree well in a range of high photon energy. In a
low-energy range, however, agreement is not so good.
This may be partly because we have not considered the
transition from the SB to the LB, and partly because the
LH absorption is very sensitive to the LB structure, which
we know only roughly. However, agreement between the
phonon-effect approach and the experiments is much
worse in the low-energy range.

Let us test the modified approach at a higher photon
energy, in which there is no direct observation of the ab-
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FIG. 5. o. vs cosh, with nq as a parameter, calculated in the
modified approach for p-type GaAs at 300 K.
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FIG. 7. o's calculated as functions of cosh in the modified ap-
proach ( ), the ps approach (——},and the phonon-effect
approach ( ———) for p-type GaAs with nz ——10' cm at
200 K.
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sorption cross section, even on other materials such as Inp
and InGaAsP. However, there is an experimental value'
of a=12 cm ' at a photon energy close to the band-gap
energy, i.e., 1.42 eV, which has been determined from a
laser operation at 300 K. A theoretical analysis made
with a laser-simulation program' on the basis of the re-
sults in Fig. 5 has led to a=9 cm ' for the given laser
conditions. Thus agreement between the theory and ex-
periment is good.

A strong indication of inadequacy of the ps approach at
high photon energies is seen in Fig. 7, where the absorp-
tion cross sections at 200 K are shown for three different
approaches, i.e., the modified approach (a solid line), the
ps approach (a dotted-dashed line), and the phonon-effect
approach (a dashed line). It is seen that the ps approach
gives exceedingly smaller values than the other ap-

proaches, especially at high energies. Noting that the nq
value considered is so small as to make the impurity effect
negligible, it is considered that the phonon effect is not
properly incorporated into the ps approach.

In view of this fact and of the agreement between the
theory and experiments, it is concluded that the modified
approach offers a practical means of analyzing doped
semiconductors in a range where the phonon-scattering ef-
fect as well as the impurity-scattering effect is important.
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