PHYSICAL REVIEW B

VOLUME 32, NUMBER 12

15 DECEMBER 1985

Thermal conductivity and shear viscosity of anharmonic doped crystals:
An improved fundamental approach

Narendra Singh and B. K. Agarwal
X-ray Laboratory, Physics Department, Allahabad University, Allahabad 211002, Uttar Pradesh, India
(Received 11 February 1985; revised mqnuscript received 19 June 1985)

In real crystals at finite temperature there exist some impurities and anharmonic effects invari-
ably. These effects are studied here with use of the Green-function method as formulated by Zu-
barev. The calculations are restricted to the Brevais lattice for simplicity. New expressions for the
lattice thermal conductivity and shear viscosity are derived for such crystals.

I. INTRODUCTION

Various properties of a crystal, like thermal conductivi-
ty, thermal expansion, shear viscosity, variations of elastic
constants, etc., are caused by the modification of the per-
fect motion of phonons in the crystal. One possible
reason for this modification is the presence of impurities.
The study of thermal conductivity in solids doped with
impurities has received much attention. However, most
of the attempts are phenomenological in nature, starting
from modifications of Callaway’s expression for the
thermal conductivity.! =’

Recently the thermal conductivity in crystals with sub-
stitutional defects has been investigated® using a more
fundamental approach based on the correlation function
formalism of Kubo.” A powerful method is to use the
double-time thermal Green-function technique as formu-
lated by Zubarev,'® and further developed by Mavroy-
annis!! and Mahanty.12 However, if the double-time
Green functions are evaluated by the help of the Dyson
equation, one is left with an unsolved integral over fre-
quency.®

In Ref. 8 the equation of motion for the Green function
Gii(@) is written in the form of the Dyson equation

Grae(@) =G0 + GL0) P ()G (@) . (1)

The polarization operator I (w) is defined by

G 0) =G @)8xs+ GR(0) ()G e (@) )
so that )
G (@) =G )8 /[1 — G il w)] . (3)

This step is not valid in general, as it implies that Gy (@)
vanishes for ks<k’. It has been approximated® by putting
Hkk(w)sl'[k(w) and

Surr
o @)
[Grlw)] — i (w)

Grp(w)=

together with

M () =Pyt (@) /[ 1+ GAe) Pt ()] . 0

Thus the nondiagonal terms are completely.ignored and
the integration over w remains until the end.

We proceed in this paper by a simple perturbation ex-
pansion up to the second-order terms which does not in-
volve these approximations as far as it goes. Every Green
function can be expressed as a perturbation series in
zeroth-order Green functions of the form

G(w)=2ale£1(a))+2bk2522(w) , (6)
k, k,
where
®
Glgl ()= ﬂ‘ﬁ(wzia)il)
and )
G (0)=—7" .

ﬂﬁ(wz—wiz)

Decomposing into partial functions

0o y__1 11
O, (@)= 2mh 0—0F, ~O+ok,
=0 1 1 1
= 8
Gk (@) 2rh |o—wr, o+, ®

we can write the corresponding spectral density functions,

—2ImGy (@)  8(w—wy ) —8lo+w,)
Jkl(w)= B = Bhw ’
eP™—1 eP™ 1 -
— 9)
—2ImGy,(0)  dw—wk,)+8(o+wy,)
Ti(@) ePo__1 ePho_ 1

After decoupling and expanding in terms of zeroth-order
Green functions, we get terms of the form
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; Bl
E%Ref dte—*¢ f_ doJy, (@ )ePliog it f_wdw’sz(w')eﬂﬁ""e"ﬁ“’"zw f_wdekl(w)sz(—w)= %k oy o,
(e 1—1)?
o 0 ! © 2 ﬁﬁwk‘
!ir%Re fo dte ¢ f_mdco._fkl(w)eﬁﬁ“'eiﬁ“" f_wdw’jkz(w')eﬁﬁ“"em“"‘= w_Bﬁ::r: ~Boy o, > (10)
- (e '—1)

imRe [ “dte= [ " doJ (0P [7 dor Ty (o)ePe it

€—0

=lim Re [T ate= [ doTi (@ePei™ [* do gy ()ePei=0 .

Using these results we can calculate the various terms in the expansion of the thermal conductivity. Note that the final
result, unlike Ref. 8, does not involve any unresolved integral over . We also apply our method to shear viscosity. We
consider phonon-phonon interactions caused by the lattice anharmonicity and isotropic mass defects whose concentration
is small, making the impurity-impurity interaction negligible.

II. HAMILTONIAN FOR THE ANHARMONIC DOPED CRYSTAL

In second quantization, the Hamiltonian for an anharmonic crystal, with a low concentration of impurities, has the
form ’

II=1‘{0-‘+-EI]y H1=Hd+Ha > . (11)
where \

Ho=3 fioi(afa+3)=1 3t Al A +BiBy), (12)
k

Hd= 2 ﬁD(kUkZ)AklAkz— 2 hc(kl',kz)Blekz ’ (13)
kyky Kk,

H,= 2 > #, (kis oo kg)Ag X - XAy, (14)
n=3ky,...,k

n

H is the harmonic Hamiltonian for the perfect lattice, Hy is the change in the harmonic Hamiltonian due to impurities,
and H, is the anharmonic part of the Hamiltonian. For brevity we have written k here for k,s, where k is the wave vec-
tor and s the polarization of the phonon whose annihilation and creation operators are aks and a,, with

Aks~—aks+a__ks, Bks—aks——at_ks . (15)

The displacement of the atom at lattice site r; is

#i 172 —1/2 iker;
u; = 2M0N] %ebwh Age (16)
where
1 _f  1=f 17

MO"M'+ M’

with €y the unit vector for the sth polarization component on the mode k, M the mass of the host atom, M’ the mass of
the substitutional impurity, N the number of host atoms, and f the impurity concentration. For simplicity, we treat the
Brevais lattice only. The coefficients C and D in H; have the form

C(kl’kZ)ZC(kl,Sg;kz,Sz)

M, N oik+k)r & ik k)T
=—_4#N(a)klslwkzsz)l/zeklsl'ekzsz e IS e 17 , (18)
j=1 i=1
D(kl»k2)=D(k1»51§kz,S2)
22( ) /2A‘I> ( ) l(kl'r,-+k2~r]-) (19)
Wk, s, Dk,s, af\Li>Tj 6l(ls €k,s,€ »

4NM 0

ij a,B
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where 1/u=1/M —1/M’. The first sum in C is over all the N sites of the lattice and the second sum is over the impuri-
ty sites only. In D, the A®y4(r;,1;) is the change in the harmonic force constant between an impurity site 7; and a neigh-
boring host site r;. We have neglected the impurity-impurity interaction because the impurity concentration is assumed
to be small.

In the anharmonic part H,, Eq. (14), we confine ourselves to V3 and ¥V, as the higher-order terms are negligible. The
V,; and ¥V, have the form'?

729k kp,k3)
Vs(kl,kz,ks)———W(wklwkzwk3)“‘/2A(kl+k2+k3) , (20)
72k 1,k K3,k y)
Valky ko ks ke)= ¢22;242)N3 (k006,08 2AK; +k + K3+ k) @D
with
Sk ko k)= 3 Popri,1,1, )€l €f ef o IR (22)
i,jma,By
and
(ky,ky ks ka) = S Dup4 ef € ef b o' 1Tt T kn) (23)
¢ 1,R2,~R3,4 _ijzm,,aﬁya aByo\LisLjsTm Ty ekl k2€ 36k4e .

The @,p,(1;,1),1,,) and P,gys(1;,1;,T,,,T,) are the third-order and fourth-order force constants and A(k)=1if k=0Oor a
reciprocal-lattice vector, and zero otherwise. We regard Hy; and H, as small perturbations of the same order.

III. EQUATIONS OF MOTION OF TWO-OPERATOR GREEN FUNCTIONS

We require the equations of motion of the two-operator retarded Green functions (( Ak(t);AII'(t') », « Ak(t);B,I,(t’)»,
(B (1);45.(¢"))), and (B (1);B},(+'))). From (15), we have

s

Al=A_,, Bl=—B_,,

(24)
G =+(Ax+By), ai=1(4{+B]).
From (12) and (15) we obtain
[Ak’H0]=ﬁkak’ [Bk’HO]:ﬁkak . . (25)
We differentiate the Green functions with respect to ¢ and ¢’, and take the Fourier transforms to obtain
«Ak;A/I' »,,, O CO? DO OO OrOp | [Py
CAw:BE N Sux ® 1 wop o opop 0o | |Powe 2
(B AII’ Vo | e —wl) | @ + T 0’ — 0l ) —wh) | or0  oroy o’ oy | |Paare 26
1 @k oo oo oop o | (Pakk
In the zeroth-order approximation we take only the first term in (26) and obtain
xSk t
((A ;AT' )(0)2___________= B ;B R (0)’
ksr41k > @ M(w2_wi) « ksDk »w
5 (27)
WOk’ 1 (0)
CAg;BEN O = ——5—— = (Bi; 4} 0 .
k>Pk' o w‘ﬁ(wz—wi) ks2k' e
Thus, in the zeroth-order approximation
(A, A, YO =8 xk, » (28)
where
ny =coth(+Bfiwy) , B=1/kpT . 29)

The polarization vectors are of the form
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Py =5 ([ A H1 1, 48D —m (LA Hy L[4 Hy 1)
=Pl +Pilke(@)+ -
Puogge = (L1, H 1 LB 1)~ K LA, H T 1B, H1 1)

Il

P + PG (0)+ -

P21kk’=£([[Bk, 11,451 =B, Hy ;LA H 1)
=Piie + Pk (@)+

([[Bx,H1 1,85 1) —m* [ By, H, }; [ B, H 1)

w
P = >

(1) )
=Py +Pipx+ -

(30)

where the first terms are of first order and independent of w, and the second terms give the higher-order contnbutlons

and are functions of . Using (11)—(14), the first-order polarization operators are

m

Pl =7 [[ A, Hi 1, 4 1) =47HC(—kK')
PSe =2 ([ 41, H1 1 BL 1 =0,

Pt =7 ([[Be, H1 1, 4{:1) =0,

P =7 ([[Be. H11.B{1)

=4mhiD (—k,k') 424w S Val—k, k' Kk ,ky){ Ay Ay,
Kk ky

=47hD(—k,k') .

Using the higher-order Green function we obtain the second-order polarization operators,

(@)=167*# 3, C(—k,ky)C(k',—k;) il
llkk W)= k‘ - — R ﬂh(wz-—wil) ’
PP (w)—16172ﬁ22C( k,k)D(k', —ky)————

k; Wﬁ(wz——a)il)

Pl (@) =167 T D(—k,Jey )C k', —k1)—

2 ’
(wz—wkl)

(I’lk] ——nkz)(wkl —a)kz)

ky
(2) > —= — Ct)kl
P (@) =16m# ED(—k,kl)D(k’,_kl)ﬁ,
ky TH " — ok )
(ng, +np Mok, +o,)
+36m°7 S, Vi(—kky,k)Vi(k',—ky,—ky) | —e

Ky ks 70’ — (@, +or,)’]

+9677-2ﬁ2 2, V4(_’kak1’k2’k3)V4(k"“kly~k2’—k3)
Ky ko ks

T[> —(, — ok, ]

(31D

(32)
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Dk + Ok, + Ok,

‘lT‘ﬁ[a)z-‘(wkl +a>k2 +wk3 )2]

X |\ (T tng ng, +ng,n, +ng g, )

(g, = — ok )+ (0, — —0p,) + (0, — —o,) |

where 3.’ means that terms with equal and opposite wave vectors are excluded.

Substituting (31) and (32) into (26), we obtain the Green functions up to second order. For k;&k' the zeroth-order
term vanishes. For the case k =k’, we can incorporate the first-order term in the zeroth-order term by a renormalization
of the frequency by writing

o =0, +445C(—k,k), 0P =w+44D(—k,k),
dr=wdw®, W =coth(LBhdy) , 33)

w;c)—wk’f'sh w;c)=wk+s2+SV’ D=0k a2,

where

kky)
S, =4#C(—k,k)+ 167 3, —2———‘—[C(k —kywg, +Dk, —kpay] ,
ky (k) wk—wk1

D(—k,k;)
S, =4#D(—k,k)+ 167 > ————[C(k —ky)ox +D(k, —k; )cok],
ky (k) wk CDk1
(34)

(R, + A, W@, +B,) Ak, — i, (B, — D,

Sy=36f 3 Vi(—kki,ky)Valk,—ky,—k;) | — 55— L2
kl,zk2 wi—((okl—%wkz)z wi——(wkl——-a)kz)z

+96ﬁ 2’ V4( —k,kl’kz’k:;)V:t(k’ _kl’ _k27 _k3)
ki ky ks

O, + O, + D,

X (l-i;ﬁk Ay, + Ay A, + g 7y ) —
172 2 "3 3™ 5k~(6kl+5kz+wk3)2

+(5k1.—)-5k1)+(5k2——) —5k2v)+(5k3——> "‘5k3)

For k =k’, we can now write (26) as
A AN,
« Ak;BII »(u 1

€Balo |~ mwr—52)
«Bi;Bi o

el
=

(35)

SRS
+

el
=5

where the ellipsis represents unspecified second- and higher-order terms.
IV. THERMAL CONDUCTIVITY
The total heat-flux operator given by Hardy'* leads to the thermal conductivity® expression

K=K;+Kyq +Kc +Kann +Kimp ’
(36)
K=K +KP+K?, Kjn=K,+K;,

where the various contributions are defined in Eqgs. (4)—(23) of Ref. 8. The K, is the diagonal contribution and K4 is
the nondiagonal contribution due to the nondiagonal term in the energy-flux operator. The K, represents the contribu-
tion to the thermal conductivity arising from terms that are cubic functions of position and momentum operators in the
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harmonic approximation of the energy-flux operator. Finally, K,, and Ky, are contributions from the perturbation
term in the energy flux due to cubic anharmonic forces and lattice imperfection, respectively.
From (31), (35), and (36), we obtain

ﬂ'ﬁzkgﬁz e
K= S bt —
4 E (e _1)2
— V4 [C(—k,s; —ks)—D(—k,s; —k,5)][C(k,s ;k,5)—D(K,5 ;K,5)] ———
(e”®—1)%
=2 3 VisViwr{[C(—ks' ks ) —D(—k,s;k,s)][C(—k,s";k,s) ~D(—k,s';k,s)]
k,s,s’
Dy =Dy
-[C —k’ ;_k’ ' _E _-k’ ;_k’ ! (o k’ '; ) -D s '; s S —
[C(—k,s;—k,s')—D(—k,s; —k,s")][C(k,s";k,s)—D(k,s ks)]}(e o
+8 2 2 WxsDk’s'Vis " Vk's’ [Pa( —k,s ;k',S’)Pb(k,S; —k',s’)
k,s k',s’
—Py(—Kk,5;—k',s" )P, (k,s;K’,5")] —o—
‘ (7 & _1)2
+[Py(—Kk,s;K',s")P,(k,s;—Kk',s")
B o L oo e s’
_Pb(_k’sak »”$ )Pa(k,s,k S )]———_(emﬂ)krsv_l)z , (37)
mhkg B
Ku=——p— 2 32 0wl Vi Vi
k,ss' g s s 7171
21001
e =
X |[Po(—Kk,s;ky,51)Py(K,s"; —ky,57 ) —Pyp(—k,s; —ky,5, )Py (K,s";k,8 1) ] ———
(e 1)
emlsl
+[Pb(—‘k’s;kl,sl)Pa(k)s’;_kl,s’l)—Pb(—k,s;—kl,sl)Pa(k,s';kl,s'l N—— |,
ﬁﬁw“x"’x 2
(e -1
(38)
KD 3%k B
¢ v
> 2 Xiswsws Xy o 1ot g0 Vil —k,s3K,s"k",s")
k,s,k',s",k",s" kl’sl’k;v"’],kf’-"l" 191%151 %15
(1 (1)
X V3 ki, 1=K, 515 = ki { BB, | e
WDy's Wgs”
(A, g + g ) o PPyt
X 188 — Gy + s P11 @, 5.0 2] (BBt Bpg)
[mks_(mk's'+a)k"s") ][wklsl_(a)k'lsll +€l)k1"51,,) ] (e Oy +Dyrrgr _1)2
(Ayg —Ayrgn)? PR By —Bynge)
k's k''s e ’ (39)

+7 2
2~ PO ~ — 2 By o— Dy o)
[@ys —(Byrg — Dyrrg) ][a’hsl_(“’k;s; —wkf'S{') ] (em“’ks B 1y2
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2 2
(2) 3#ksB
K=
| 4
*
X 2 2 Yksk’s‘k"s"'Yklslklls'l K|'s}
ks, K5 K"5" ks kL8 ks
. (2) (2)
- O s Dirgr
X8(2)V3( —k,S,kl,S,;k“,S")V3(k1,Sl; -—k,S’; "‘k”;s”)a)kswkls] ~_s~*s
WDy'sOxrg'
o (Fyg: + g )? o PP Ous+Byege)
~2 ~ ~ 211 ~ ~ ~ 2 By Dy gor
[a’ks_(wk’s’+wk”s”) ][wk,sl_(wk's’+wk”s“) ] (eMWs + By )_1)2
N (Ayg —Agrgn ) PO Bies)
~2 ~ ~ 291 ~2 ~ ~ 2 By s — Boyor 1o ’
[wks_(a)klsr——-a)kusn) ][a) klsl—(mk’s’—wk"s”) ] (eﬁﬁ(“’ks Dyrrg )_ 1)2
(40)
2 2
3 _ 3ksB
K==~
X 3 > Zuswsiers Zy o ot g8 V3 (—K,5"5ky53K',s7)
ksk',s"k",s" ks K ,sh ks )
(2)_(2)
~ ~ Wgs Dk's’
XV3(ki,s1;—Kk,s; =K', 8" )@ygn@ynin |
71| O Oyse
(i‘lvks“l"ﬁk's' )2 eﬂﬁ(%+%'s')
~2 ~ = = T B+
[@ s — (Dys +wklsr)2][wk1,,s v —(@Dys +mk's’)2] (eﬁﬂ"’ks +Byg) 1)2
(Al — Ay )? o POk —Bs’)
t a2 D v )& > Do )? BH(&y — By g)
[@ s — (Bis — Bies VN[ @y g 4 — (Bies — Dies')*] (7P ™) _q 2
41)
3ﬁ2k332
1=
14
X X > JkSk;s’k"s”.leslk;s’l K!'s ;'S(Z)Vs( —k,s;k',s";k",s")
ks, Ks K" ks kst ks
(2) (2)
WY g

XVg(kl,sl;—-k',S';—-k”,S“)CEkSC’OVkISI —

Dy @yrs

(Fiyg + g )2 o Py +Byge)

X
~2 ~ ~ ~ ~ ~ ~ ~
[co ks — (a)k.s,+cok,.su)2][wk]sl — (a)k,sr —+-wkusn)2] (eﬁﬁ(“’k’s'+“’k"s") -1 )2

N (g — g Py =)

b

2 = 2 ~2 ~ ~ 2 By — B
[@ s — (Byrgr — Dyrg) ][wklsl_(wk's’_wk”s") ] (eﬁﬁ(”’ks Dyrs )_1)2

(42)
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2
Ko 4%k B s s

*
— Jiswswrsrrs . P,
2 vV o gt R kysikysykysiky'sy
k,s,k’,s',k",s",k"",s kxs1vk'1-"’1vk('-’x"kl'"sf"

X8(3)V4( —‘k'“,s’”;k,s ;kl,sl;kll’sll)V4(kllll’s lm; —k,s; —k,,s’; —k”,s”)

(2)_(2) (2)

_ - wks a)k:s;wknsu

X Oyrigm@ymom |~
1% D Oy'sDyrs

(1+ s Fiyry: + Fgrg g + Py Fiigs N @is + @it -+ @errge)

iy ~ ~ ~ 2 ~ ~ ~ 2
[@yrrgr — (Dys +“’k’S’+“’k”S")2][“’k{"s " —(Bys + Byrg + Dyrrs )]

F (B —> — Byg ) + (Bprg—> — By ) + (Byrgn—> — Dyrs) | (43)

kg B .
Kmp=—c,— 2 2 T, uy

kI ks, K]

X | —4[C(—K,s;ky,51)—D(—k,s5;k;,51)] [C(—K',s";kis1) —D(—K',5';ki,s1)]

7% Congr o
X R (wks=wk's'=wkls1=wk;s; ) +[P,(—K,s;ky,51)Py(—k',s";K],s])
—Py(—k,s;k},81)P,(—Kk',5";ky,51)]
s .
Xé%wk,s,m+[&( —k,s;ki,51 )P, (—Kk',s";ky,84 )65,‘,1“,,,k‘s1

—Py(—k,s;k,51)P,(—k',s";k},51)8, o ]
™) k’ls;
— & 4 [Py(—Kk,s;ky,5,)P,(—K' 5"k )
X b »8;K1,81 ), ',S,; 'lys’l
k1) '

—Py(—Kk,s;ki,s1)P,(—Kk',s";ky,81)]

eﬂﬁw"lsx
) ———— +[Py(—k,s;k},51 )P, (—K',5";ky, ”
X wklslwk'ls'! (emisl__l)z +[ b( S lsl) a( k',s k]S])B g k’ls’l
Py K5 Pl K0 K5 )
% eBMk’s' (44)
(’eﬁﬁ"’k’s'__l)Z ’

where
@)_
& _aklk’l 8kzlc; +8k1k§ 8k2k; )
G3)_ _ .
87'=0123+8213+8321, 5123—8k1k; (3k2ké 5k3k3 +5k2k§3k3k:2 ),

4[C(k,s;k',s oy +D(k,s k', Nops']

2 2
(ks — ois)

P,(k,s;k',s')=

’

4[C(K,5;K’,s oyy+D(k,s;k’,s"og ]

45
(wEs — k) e

Py(k,s;k',s")=

The first term in Ky is of zeroth order, while all other terms are of second order. Even the zeroth-order term depends
both on the temperature and concentration and so their effect on X will show up in experiments.
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V. SHEAR VISCOSITY

According to McLennan,'” the shear viscosity has the form

t A
Nijim :BVE_TE}) fo dte —“<J,-j(t)[.]1m(t) —Jiml) (46)
where the momentum flux operator as given by de Vault'® is
)=V fiwglali(Da O+t Wl , @7)
k,s
Ty=V"' 3t rhCakiaw) + 1)+ V1 3 fiog(alag— (alaw)) - 48)
k,s ks
Here y¥, is the generalized Griineisen parameter and
y 1 y
ij i .
ri=—- fdkgygs. (49)
For cubic symmetry we can approximate by
(J(0))y =V~ (Ho)y" . (50)
Then
t L.
Nijim =V ™' 7B lin?) fo dte= Y 3 opovsth i —y™ al(Day(t)alyapy —(algapy ) . (51)
- ks ks’

We can decouple the correlation functions omitting equal-time correlation functions, as they do not contribute to the in-
tegral, in the following way:

(afs(Dagy(0)){ay(Dayy(0)) +{at(Daty(0)) (ay(Dayy(0)) .
Using (15), (31), and (35), we finally get

_ 2n#B 2 ij (o Im_ Im P X 5 . 2 o
nij’m‘— 1% kz,swksyﬁs(%m—‘}’ ) ~ »+4‘ﬁ2[C(—k,s,k,s)—D(—k,s,k,s)| ﬁﬁmk-'__l)z

(e —1)? (e

+ 3 vhE—y™2# | C(—k,s5k,s") —~D(—k,s3k,s") | 2
k,s,s’ (eﬂmh_ ! )2

(0, =)

+ 33

k,s k',s’ (wks_"wk’s'
O F Do

Wy Dy's’ . —_
Cand L 5 V(I A C(—K', 5K, s)+D(—K',s";k,5)]

eﬂﬁ("ks eﬂﬁ(‘)k's'

+
Bﬁ(”ks__l)l

X[C(—k,s;k',s')+D(—k,s;k’,s")] (52)

(e

The first term is of zeroth order. All other terms are of second order. We have omitted terms of higher orders. As in
the case of thermal conductivity, we expect the effects of temperature and concentration to show up in the measurements
of shear viscosity.

VI. DISCUSSION

We have derived expressions for the various contributions to the thermal conductivity of an impure anharmonic crys-
tal up to second order. Our expressions are new and for the various contributions do not involve any integration over the
frequency, which is an advantage over the earlier calculation.® Also, the approximations involved in the use of the
Dyson equation, Eq. (1), have been avoided.

We have extended our method, based on the double-time Green-function technique of Zubarev,!° to obtain an expres-
sion for the shear viscosity. The derived results for the thermal conductivity and shear viscosity are very cumbersome in
their forms. To put them in more useful forms it is necessary to introduce some approximations, as shown below.

In (36), the terms K,4, Kimp, and K, are relatively small compared to the others. Using the forms of the coefficients
given in Ref. 8, and the symmetry properties of V3, we obtain
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with ®%¢ as the third-order coupling parameters, and x,,’s as the position vectors of the mth lattice site.
Similarly, (52) reduces to
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where the generalized Griineisen parameter is given by'®

vi=—

M z 2 €hs€R z[‘l),zm(x 0,x*)X) + D)1 (x",0,xH)x} Je K%
Here the ®;,, are the third-order coupling parameters, x” is the position vector of the vth atom of mass M, and y”
is given by (49). The Jy s~ and the ¥% have to be separately calculated for each type of atom.

To proceed further we have to make some approximations. For isotropic impurities we may put D (k,k,)=0 and as,
in general, V4 << V3, we may neglect D and V, altogether. For C(k,k,) we approximate by
M, |’ ,
z;j—v— wklslwkzsz(eklsl'szsz)Nf(l—f) | ki +k, ' .

This vanishes if either f=0 or f =1, or k;+k;=0, so that C(—k,k)=0. Also, C(—Kk,s;k,s’)=0. Thus in this ap-
proximation ol —woy, o' —>wy, @x—y, and fiy—ny. For V; we make the approximation given by Klemens!’
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The factors involving exponentials can be expanded in power series when 3 is small in the high-temperature limit.
This will further simplify the expressions. Further progress can only be made if we know the wave-vector frequency re-
lation for the substance of interest and then we can use these formulas for numerical calculations.
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