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Spin delocalization in phosphorus donor pairs in silicon
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In dilute samples of silicon doped with phosphorus, the spins of exchange-coupled donor electrons
are Anderson localized on the P sites by random fields arising from the hyperfine interaction with
nearby Si nuclei, and by the random up-down orientation of the 'P hyperfine field which is an or-
der of magnitude larger than the Si fields. In this paper we exactly solve the problem of an
exchange-coupled donor pair subject to random hyperfine fields. We find that spin delocalization
occurs in a continuous manner as the exchange constant J becomes comparable to the random field.
Delocalization occurs for a much smaller J for pairs where the 'P nuclear spins are parallel than in
the case of nonparallel pairs. In the absence of random fields, delocalization due to J is limited by
spin-lattice relaxation. We calculate how the electron-resonance spectrum of the pair changes as J
increases and compare the exact results with Anderson's predictions from the theory of exchange
narrowing.

I. INTRODUCTION

The outermost electron on a phosphorus impurity in
silicon is loosely bound with a bindipg energy of 0.044 eV
and an effective Bohr radius =17 A. ' When two donors
are close enough, there is appreciable electron overlap and
a spin-exchange interaction JS~.S2 results. This exchange
should produce delocalization of the spin for any nonzero
value of J, even in the presence of a large external field
(-3000 Oe for a typical electron-resonance experiment)
since a mutual spin flip costs no energy. Anderson has
shown, however, -that spin localization persists when ran-
dom fields are present since a mutual flip can only occur
for spins for which there is an energy match in the ran-
dom fields. For small enough J the probability of finding
a match drops off so rapidly with distance that spin dif-
fusion cannot occur.

In Si:P random fields are produced by the hyperfine
coupling of the electron to both the 'P nucleus (I = —,',
100% abundant) and the Si nucleus (I = —,, 4.7% abun-
dant). The P hyperfine field has the same magnitude
(A/2=21 Oe) for all donor electrons but is randomly up
or down relative to the external field. The field due to the

Si is the sum of the hyperfine fields of Si nuclei in
various neighboring lattice sites; its root-mean-square
value is b,H'~, =1.4 Oe. The Anderson criterion for the
onset of localization is that there will be no spin diffusion
when J is less than a critical J, whose magnitude is com-
parable to the width of the distribution of random fields.
Since in Si:P there are two random fields which differ by
a factor of 10 in magnitude, we expcx:t a more complicat-
ed process of delocalization.

Spin delocalization is independent of charge delocaliza-
tion, which occurs near the onset of the metal-insulator
transition at 3.8)& 10' P atoms/cm in Si:P. It requires a
much smaller critical exchange and can occur at very di-
lute P concentrations, where the charge is totally local-
1zed.

Electron paramagnetic resonance (EPR) is the most

direct way to study spin delocalization. In this paper we
discuss the onset of spin delocalization and its effect on
the EPR signal for the simplest possible case, a donor
pair. We exactly solve the problem of a pair of
exchange-coupled electrons in the presence of random
fields in order to more precisely determine the manner in
which spin delocalization occurs for J=J, . The role of
spin-lattice-relaxation processes (Ti) in delocalization is
discussed. We then calculate the effect of delocalization
on the EPR signal of the pair and discuss the applicability
of exchange-narrowing theories. In a future paper we will
extend these ideas to larger exchange-coupled clusters.

II. EXCHANGE-COUPLED PAIRS

A. Exact solution

We consider two electrons localized on nearby P ions
and coupled by an exchange interaction arising from
direct overlap of their wave functions. Each electron ex-
periences a net hyperfine interaction (Bi or B2) due to the

Si nuclei randomly occupying various neighboring S1
sites. Since the nuclear relaxation times are very long, we
assume that B& and B2, as well as the 'P nuclear hyper-
fine field A, are static quantities and make the secular ap-
proximation, keeping only the diagonal part of the hyper-
fine interactions. This is valid as long as J &yH. The
two-spin Hamiltonian is then

h 'A =yH(S i, +S2,) +A (Ii,Sis+I2,S2, )

+B)S),+B2S2,+JS) S2 .

The nuclear quantum numbers mq and m2 are good
quantum numbers for A; the electron numbers M1 and
Mz are good only if J =0. We have exactly diagonalized
Eq. (1) and obtained the wave functions P„as linear com-
binations of the product spin wave functions

~ MiMzmimz); see the Appendix. The eigenfrequencies
co„are given in Fig. 1. We follow as closely as possible
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STATE NO.
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7H+ 4 + 2 (81+82)J

7H+ —+ —. (4-8 -8 )
J
4 2

'
1 2

——+ —+J +(8 —8 )2J 1

4 2 1 2

——+ —/J2+ (A -8 +8 )2
J'
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—7H+ —+—(4 —8 —8 )
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1 2

—7H + ———(81+82)J 1
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J 1

4 2

(1) mt ——mz. For g, = ~
+ —++ &,

( Si, ) =—
2 + 2 cos[2(co5 —co6)t]

1 y 1

1+y2 1+y2

where y =(Bi 82—)/J and, from Fig. 1,

~s ~6=[J +(Bi—82) ]'
The time average,

(S,) =y'/2(1+y'),
is —,

' for J =0 and 0 for J =Do or Bi 82 ———0. 50%%uo delo-

calization ((Si,) =0.25) occurs for J=
~
8, 82

~

.—
(2) mt~m2. For 1to=

I
+ +)

z' 1(Siz) = — + 2 cos[2(ci)7—coii)t]
2 1+z2 1+z

6,10 J2 + (8 82)2
J'

1

where z =(A +82 Bi )/J —and

2(co7 —coii) =[J +(A +BI 82)—]'

+ [J2+(A 8 +8 )2]1/2

11 ————~J +(4+8 —8 )2J 1 v' 2

12 +(A-8 +8 )2J 1

4 2 1

FIG. 1. Eigenfrequency diagram of an exchange-coupled
phosphorus donor pair subject to random fields 8& and 82. The
level-numbering scheme follows that of Cullis and Marko (Ref.
4)

the labeling scheme Cullis and Marko used in their solu-
tion of this problem without the random fields Bi and
B2.

B. Spin delocalization

If there are a large number of interacting spins, delocal-
ization is defined by placing one up spin localized on a
site with all other spins down. Delocalization occurs if a
nonzero probability develops for finding the up spin at an
arbitrarily distant site.

In the present case we have only two sites. We start the
system at t =0 in a well-defined spin state
1(to=

~
+ —m imz ), which is a linear combination of the

P„, $0——g„a„P„. The time evolution of the initial wave
function is then

Again, (Si, ) is —,
' for J=0 and 0 for J= ao or

8, —82 ——0, but 50% delocalization occurs for

J=A+82 —Bi ——(82+A/2) —(Bi —A/2) .

There are several important points to note about these re-

sults. First, delocalization is a continuous process; (Si,)
varies continuously between —,

' and 0 as J increases. The

value of (Si,) for which localization effects are impor-
tant depend on the physical quantity one is considering
and might, for example, be very different for an EPR ex-
periment than for a NMR. Second, the nature of the
delocalization for the two above cases is really the same,
with the general rule being that delocalization occurs
when J becomes comparable to the difference in (random)
fields at the two sites. This is simply Anderson s cri-
terion. Note also that if' the fields at the two sites are
identical [Bi 82 in case (1——)], then complete delocaliza-
tion occurs for any nonzero value of J; localization does
not occur (for infinite Ti) without random fields to shift
the energy of the exchange-coupled sites. The third point
to note is that the spin density at a given site oscillates at
a frequency equal to the difference in the eigenfrequencies
of the eigenstates required to form $0. In the limit of
complete delocalization this frequency is 2J.

f(t)= ga„P„e

Rather than focus on the "distant" site, we calculate the
spin expectation value on the starting site,

(s„&=(y(t)~s„1t(t)) .

Since this oscillates in time, the quantity of interest is its
time average (Si,), which equals —,

' for localization on
site 1 and 0 for complete delocalization, where the up and
down spins spend equal time on site 1. We consider two
cases:

C. Effect of spin-lattice relaxation

Anderson's localization theory does not include energy
interchange with the surroundings. Likewise we have not
included spin-lattice relaxation in our calculation of the
delocalization. It is important to do so since a T& process
changes the energy and destroys the phase coherence of
the wave function. The time evaluation of g, Eq. (2), is
terminated by a spin. flip and it makes no sense to talk of
delocalization at longer times. We can include Tq by tak-
ing our time average of (Si, ) only over a time interval
equal to T&.

An immediate consequence of including T& is that spin
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TABLE I. Donor-concentration dependence of delocalization parameters in the absence of random
fields.

n (X10' P atoms/cm )

0.2
0.5
1

2
5.

10
20

1/T, (Hz)'

3 X 10-4
3X10
3 X 10-4
6X 10-'
3 X 10-'

1

3 X10'

Jio (Hz)

6.8 X 10-'
6.8 X 10
6.8X 10
1.4X10-4
6.8 X 10-4
2.3 X 10
6.8 X10'

rgp (A)

405
405
405
398
382
324
244

p (A)

492
363
288
229
168
134
106

&io

0.6
1.4
2.8
5.3

11.7
14.2
12.2

'Experimental data for Si:P from Ci. Feher and E. A. Cxere [Phys. Rev. 114, 1245 (1959)].

delocalization cannot occur for arbitrarily small J, even
without random fields. To see this we set Bi B2 ——0 i——n
Eq. (3),

(S&,) = —,'cos(2Jt) .

As J becomes small, the delocalization rate (2J) decreases
and the up-spin density cannot be transferred to the
second site before spin-lattice relaxation occurs. Let Jm
be the minimum value of J for which at least 10% of the
initial spin density on site 1 is transferred to site 2 before
t =Ti. Then Jio ——0.23/Ti. For dilute Si:P,
1/Ti ——3)&10 Hz at 4.2 K and J&o ——6.8)&10 Hz.
Since J is an exponentially decreasing function of the
separation of the donor pair, we can convert J,o into a
maximum donor separation, rio, by using the values of
J(r) calculated numerically by Cullis. ' For large separa-
tions his results can be fitted by

J(r) =2.69)&10 e " ' MHz (5)
0

where r is in A. Substituting Jio for J(r), we get
r~p ——405 A. In Table I we compare this number with the
most probable donor separation, rMp =( ,' nn)'~, —where n

is the donor concentration and a Poisson distribution is
assumed. We also give Xio 3/(4nnrio——), the average
number of donors that will lie inside a sphere of radius
rio. We see that for a donor concentration less than
50(10' cm, rMp)r]p and N~p&1, which means that
for these concentrations most donors are not close enough
to a second donor for even 10% delocalization to occur
within a time T~. That is, T~ relaxation prevents delocal-
ization for very low donor concentrations even in the ab-
sence of random fields. Also note that for larger concen-
trations the rapid increase in the spin-lattice-relaxation
rate limits X~p. Although when N&p) 1 interactions be-
tween triples, etc. must be considered, these results sug-
gest that Ti limits the size of the cluster on which spin
diffusion can occur.

The situation is very different when random fields are
added. If we set Bi B2 ——EH~ —,—3.92 MHz in—Eq. (3),
we find Jio ——1.3 MHz. This gives a spin-delocalization
rate that is so rapid compared to the spin-lattice-
relaxation rates given in Table I that T& is simply not a
consideration. The corresponding separation r &p is 168 A.
The spin rapidly reaches 10% delocalization in a time
short compared to T~, but then merely oscillates about
this time-averaged value; for a given separation the degree
of delocalization is determined solely by the difference in

local fields. For 8& —82 ——117.6 MHz, J&p ——3.92 MHz
and r &o

——134 A. In this case Kin is only 2.0 for
n =2&(10' cm . The local field greatly shrinks the size
of the "cluster. "

III. ELECTRON PARAMAGNETIC RESONANCE

h 'A
i yHi(Si——+Sz„)sin(cot) . (6)

Transitions will be induced between eigenstates for which
the matrix element (P„~ A iP )&0 with an intensity
proportional to the square of the matrix element. The al-
lowed transitions and relative intensities are given in the
Appendix.

In Figs. 2 and 3 we plot hv, the frequency deviation
from g =2 of the transitions, in units of A as a function
of J/A for specific silicon hyperfine fields, Bi ——A/40
and B2———A/80. Figure 2 is for a coupled pair with un-

I.O—

0.5—
B, -Bz

BI

Bp

-0.5—
t
B1-B~

i I I

0.00 I 0.0 I O. I

Z' /A
I .0 IO.O

FIG. 2. Dependence on J/A of the position of the EPR ab-
sorption of an exchange-coupled phosphorus donor pair subject
to random fields Bi and Bq for antiparallel P nuclear spins.

There have been several calculations of the EPR signal
of exchange-coupled pairs. ' " These calculations have
not included the Si hyperfine broadening, except to as-
sume a constant Gaussian or Lorentzian broadening of
the signal. We can easily use the results of the preceding
section to properly include the effects of delocalization on
the EPR signal. The transverse niicrowave magnetic field
Hi will act on the eigenstates P„as a perturbation,
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I

O. I I.O

like orientation of the P nuclear spins (m&&mz). Each
line of the initial (J =0) four-line pattern is exchange-
split into two lines. One line of each pair moves down to
form a single line near g =2. In the limit of very large
J/3 this line is displaced from g =2 by (B~+B2)/2,
which is just the average hyperfine field seen by an elec-
tron totally delocalized over the two sites. The intensity
of this line equals the total intensity of the four unsplit
lines. The remaining four exchange-split lines rapidly
move away from g =2 and decrease to zero intensity.
However, the decrease is slow enough that, although the
second moment of the eight-line pattern is independent of
J, the fourth moment diverges as J .

Figure 3 gives the corresponding plot for one of the two
m ~

——m2 lines on an enlarged scale. The overall pattern is
the same as in Fig. 2, with the merged central line being

J'/ A

FIG. 3. Dependence on J/A of the position of the EPR ab-
sorption of an exchange-coupled phosphorus donor pair subject
to random fields Bi and B2 for parallel P nuclear spins. The
EPR pattern is symmetric about tv=0.

displaced from 2/2 by (B,+B2)/2. The merger, howev-
er, occurs for J/p an order of magnitude smaller in Fig.
3 than in Fig. 2, as expected since, as we saw above, delo-
calization occurs sooner for m& ——m2 than for m&&m2.

In an actual Si:P sample the electrons at the various P
sites will experience different Si hyperfine fields. Feher
has shown that this distribution of fields is closely Gauss-
ian. In Fig. 4 we plot the calculated line shape for a
Gaussian distribution assuming all electrons experience
the same J. (A real sample would have a distribution in J
values as well as the superimposed spectra of triples and
larger exchange-coupled clusters. ) Only half the spectrum
is shown since it is symmetric about Xv=0. We can see
an initial exchange broadening of the line for small J due
to the exchange splitting shown in Fig. 2. This is fol-
1 d by exchange narrowing and an increase in intensityowe y

10for large J. The large increase in intensity for J/A &
is due to the merger of the symmetric line for b,v &0 as
well as to the exchange narrowing. Note that the final
width is not —,AH as we might expect from Fig. 2, but
rather (V2b,H)/2 since we are adding fields which are
randomly positive or negative so that the average phase
difference is 90'. The line shape for large J is intermedi-
ate between a Gaussian and a Lorentzian, with the Gauss-
ian being a better approximation. These effects should be
observable for very dilute samples.

We note that there will be a similar narrowing of the
mi ——m2m =m2 EPR lines (see Fig. 3). This would be extremely
hard to see experimentally since there is also a broadening
in the range 0.013 &J &0.1A, where it might be visib e
due to the initial splitting of the overlapping m~ ———m2
lines (see Fig. 5). For large values of J the effect of larger
clusters predominates and would be hard to separate out.
The outside line in Fig. 4 diverges monotonically as J/A

I.2
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FIG. 4. Dependence on J/A of the EPR absorption line

shape of exchange-coupled phosphorus donor pairs subject to a
rallel PGaussian distribution of random local fields for antipara e

nuclear spins. The pattern is symmetric about tv=0.

—l.2

I I I I I I II
10.0O. I I.O

7'/ A

FIG. 5. Comparison of the J/A dependence of the position
of the EPR absorption lines of an exchange-coupled pair of
phosphorus donor spins with antiparallel nuclear moments for
the exact solutions (solid lines) and the exchange-narrowing
theory (dotted lines) from Eq. (7). The exact solution gives un-
broadened lines, while Eq. (7) predicts first a broadening and
then a narrowing (dashed lines).
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increases and has not been observed since the distribution
in J in an actual sample smears the line out to produce a
smooth tail.

IV. COMPARISON WITH THE THEORY
OF EXCHANGE NARROWING

Anderson and %'eiss' and Kubo and. Tomita' have
developed theories of the line shape of exchange-narrowed
EPR lines which make equivalent assumptions and arrive
at identical predictions. The crucial assumption in the
case of the Anderson-Weiss theory is that the electron ab-
sorbs energy at a frequency determined by the local dipo-
lar or hyperfine fields it experiences, but that this frequen-
cy is randomly modulated as it varies over the distribution
of local fields at a rate determined by the exchange in-
teractions. This assumption is also appropriate for elec-
trons hopping from site to site, so there is an equivalence
of exchange and motional narrowing.

Anderson' has applied his theory to the simple case of
two exchange-coupled hyperfine lines, which we have
solved exactly in Sec. I A. It is interesting to make a com-
parison in order to understand the limitations on the
exchange-narrowing theories. Anderson obtains a result,
earlier obtained by Archer, ' in which the absorption in-
tensity is proportional to the function:

'2

I(b,v)= 166.v +86,v A 8 — —1 +A

This function gives two sharp lines at b.v=+2/2 for
small J which broaden and move together until they
merge at J=0.353 to give a single broad line at hv=0.
This line exchange-narrows without shifting as J in-
creases. Anderson has given a plot of Eq. (7) (Fig. 2 of
Ref. 14). In Fig. 5 we compare the exact results for b,v
(from the Appendix with B& Bz ——0) with the p——osition of
the peaks and half width calculated from Eq. (7). We see
that, although there is some qualitative similarity, the
agreement is poor except for large J/A. In particular, the
two lines which diverge (while losing intensity) are not
predicted. In addition, the exact theory predicts exchange
splitting while the exchange-narrowing theory predicts a
broadening (neither theory includes an intrinsic linewidth).
The continuous distribution of absorption frequencies in
Eq. (7) (in contrast to the four discrete absorption fre-
quencies of the exact theory) arises from the assumption
of random frequency modulation, which introduces a
wide Fourier spectrum of frequencies. The exact theory
shows that the only frequency involved is the difference in
eigenfrequencies of the two exchange-coupled states, Eqs.
(3) and (4). Thus Anderson's application of the
exchange-narrowing theory to two hyperfine lines is inap-
propriate. We expect the exchange theory to be useful
only when a large number of eigenstates are exchange-
coupled, so that one can replace the distribution of eigen-
frequencies with the Fourier spectrum of frequencies in-
troduced by assuming random frequency modulation.
The theory should be useful in Si:P for larger values of n
(& 10' P atoms/cm ), where large clusters of P impurities
are exchange-coupled.

V. CONCLUSION

Our calculation has shown that a spin localized on a
donor subject to random fields will partially spread out to
a nearby exchange-coupled donor in a time short com-
pared to T&. The amplitude of the transferred spin densi-
ty depends on the difference in random fields at the two
donors and on their separation. It drops rapidly as either
variable becomes large.

In order to treat spin diffusion in a real sample it is
necessary to consider clusters of exchange-coupled donors.
As we have seen, there is no unique criterion for when
delocalization has occurred. So likewise there is no
unique definition of a cluster; whether two donors are in
the same cluster will depend on the phenomenon one is
considering. Our calculations do suggest that for donor
concentrations below 2 g 10' cm, the clusters—
whatever the definition —will not be very large since the
hyperfine random fields are rather large and the exchange
interaction drops exponentially with distance. However, it
is not likely to be fruitful to attempt to exactly solve for
cluster wave functions since even a triad of donors is alge-
braically formidable. A statistical approach seems much
more promising.
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APPENDIX

The exact eigenstates of the Hamiltonian in Eq. (1) are
listed below in terms of product wave functions

~ M~Mzm~mz& (these states do not all have a well-
defined parity for B,=Bz):

p&
——i++++ &,

( I+++—&+ I++—+ &»
1

2

( i+++ —
&
—I++—+ &»

1

vz
f4=

~
++ ——
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~
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~
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—+ + —&+~1+ I
+ —+ —&»
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~
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+ —+ —&»

0»=
I
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1
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——+ —&+ i
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where

K+ =(I+Q+)'~
Q y+(1+y2)1/2

L„=(1+r„' )'",
I „=z„+(1+z„)'

z( ——(A+8) 8—2)/J,
z2 ——(A 8&—+82)/J .

There are sixteen allowed transitions for which the matrix
elements of Eq. (6) are nonzero. The transition probabili-
ty is proportional to the square of the matrix elements of
Eq. (6). We neglect the Boltzmann factors giving the pop-
ulation differences between levels.

T2:

T3:

T4 a

T5 ~

T6'

T7:

T8

T9 ~

T10

T12

T13

T14

T15

T16

Transition

(16)~~(9)

(16)~~(10)

(13)~~(5)

(13)~~(6)

(9)~~(4)

(10)~~(4)

(5)~~(1)

(6)~~(1)

(15)~~(g)

(14)~~(g)
(14)~~(7)

(15)~~(7)
(&)~~(3)

(&)~~(2)
(7)~~(2)
(7)~~(3)
(15)~~(11)

(14)&—~(11)
(14)~—+ (12)

(15)~~(12)

(12)~~(2)
(12)~~(3)

(11)~~(3)
(11)~~(2)

Relative
transition

probability

K+(1+Q+)

IC (1+Q )

K+(1+Q+)
K' (1+Q )'

K+(1+Q+)

K (1+Q )

K+(1+Q+)
K' (1+Q )'

z L i+(&+I ~+)'

,'L, +(1+I )+—)

—,
'

L.,'+ (1+r, + )'

—,'L', (1+I, )'

—,'L( (1+I ( )

—,'L) (1+I ) )

—,'L,'(1+I, )'

Transition frequency

yH ———,'(—A 8, 8—2)+—, [J +—(8) 82) ]-'

yH ————,'(A —8) —82) ——,[J +(8) 82) ]'—
yH ——+ —,(A +8,+82)+ , [J +(8—) 82) ]-
yH ——+ —,

'
(A +8(+82)——,

' [J +(8) 82)—]'

yH+ ———,'(A 8, —82) ——,
'—[J +(8) 82) ]'—

yH+ ———,'(A 8, —82)+ —,—[J +(8, 8, ) ]'—
yH+ —+ —,(A +8, +8, ) ——,

' [J'+(8,—8,)']'"

yH+ —+ —,(A +8&+82)+ —,
' [J'+(8,—8,)']'"

yH + , (8&+8—2)—+ , [—J'+(A+8&——8,)']'"

yH ——+ ,
' (8(+82)+——,[J +(A 8)+82) ]—

yH+ —+ —,'(8(+82)——,
' [J +(A+8) 82) ]'—

yH+ —+ —,(8(+82)——,
' [J +(A 8)+82) ]'—

yH —+ —,
' (8, +8—2) —,[J +(A +8) —8—2) ]'

yH ——+ —,(8(+By)——,[J +(A 8)+82) ]'—
yH+ + ,' (8, +8,)+—,' [J—'+(A—8, +8—2)']'"

yH+ —+ —,
' (8, +8,)+ ,' [J'+(A+8~ —82)']'"—
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