
PHYSICAL REVIE%' B VOLUME 32, NUMBER 11 1 DECEMBER 1985

Electron paramagnetic resonance of the incommensurate cooperative
Jahn- Teller compound T12pbCu(NO2)6
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(Received 26 June 1985)

Electron-paramagnetic-resonance experiments, in the temperature range 4.5 & T& 375 K, are re-

ported for the cooperative Jahn-Teller compound T12PbCu(NO&)6 which exhibits both incommensu-
rate and commensurate phas'e transitions. A theory is presented which provides a unified explana-
tion for the resonance and the structural data, and correctly predicts the relative magnitudes of the
incommensurate and the commensurate phase-transition temperatures.

I. INTRODUCTION

The compounds RqPbCu(NO2)6 (R =K,Rb,Tl) with
the elpasloite structure have recently been of interest due
to their incommensurate cooperative Jahn-Teller (JT)
phase transitions. ' At high temperatures, they have cu-
bic lattices with space group Fm 3—T~ (phase I). As the
temperature is lowered, there is a transition into an in-
commensurate phase (phase II) followed by another tran-
sition into a commensurate phase (phase III). Various
theoretical explanations have been proposed' to eluci-
date the nature of these transitions, a common feature be-
ing that the JT properties of Cu + ions are involved.

In this paper we report electron-paramagnetic-
resonance (EPR) experiments in the temperature range
4.5& T& 375 K on T12PbCu(NOz)6 and propose a new
theory to explain the various observations.

We have chosen R=Tl, rather than K or Rb, bemuse
its compound has the widest incommensurate region
247& T&291 K and the crystals are closest to being
monodomain. EPR has previously been reported on
powder and single crystals of this compound in a nar-
rower temperature range. These results ' were reported
before the incommensurate nature of phase II had been
recognized. Our experiments extend the temperature
range to very low and high temperatures. Furthermore, in
all three phases there are some differences between the
previous results and ours.

II. EXPERIMENTAL RESULTS
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where OZ has been chosen as the axis of quantization.
Due to the admixture of the excited I s states (also split by
the static JT effect), through the spin-orbit interaction,
the I 3 levels acquire anisotropic g tensors whose formulas
to second order have been given by Bleaney et a/. for
rhombic distortions. These formulas are modified when
dynamic effects due to zero-point vibrations are taken
into account. '

In the concentrated crystals, the hyperfine and dipolar
broadenings are narrowed by the exchange interactions
and only a single line is observed for single domain crys-
tals. The temperature variations of the g values and the
linewidths with the external magnetic field applied along
the three cubic (100) directions are shown in Figs. 3—8.
In these figures the c axis refers to the pseudotetragonal
axis along which the crystal is contracted as a result of
the cooperative JT effect.

At very low temperatures, in phase III, linewidths rap-
idly broaden and two of the three g values become tem-

The EPR experiments were performed at -9 CrHz on
single crystals of T12PbCu(NO2)6 grown by slow cooling
of the saturated aqueous solution. The crystal structure is
shown in Fig. 1. The octahedrally coordinated Cu + ions
produce both the JT effect and the EPR signals (shown in
Fig. 2).

The theory of single Cu +-ion EPR spectra is well
developed. The free ionic orbital quintuplet, spin doublet
(3d, D) state breaks up into a lower I"3(Es) orbital doub-
let and a higher I 5(T2s) orbital triplet under the influence
of the octahedral crystal field. The static JT distortion
splits the ground I 3 levels into two Kramers doublets
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FIG. 1. Crystal structure of Tl&PbCu(NQ2)6. For clarity the
Tl ions are omitted and the six NO~ neighbors are shown only
for one Cu2+ ion.
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FIG. 2. EPR spectrum of TlqPbCu(NOq)6 with the magnetic
field perpendicular to the c axis in the commensurate distorted
phase.

perature dependent. These variations are probably caused
by the incipient antiferromagnetic effects caused by the
Kramers degeneracy of the Cu + ions. Magnetic suscep-
tibility measurements down to 4.5 K indicate a negative
Curie-gneiss 0=——8 K. At high temperatures in phase I,
the linewidth is a rapidly increasing function of tempera-
ture. Unlike the previously reported single-crystal work,
in both phases II and III, we observe rhombic rather than
tetragonal signals although the degree of rhombicity is
small. In the incommensurate phase II the g factors for
Hlc decrease and the g factor for HI Ic increases as func-
tions of temperature, whereas all three linewidths are tem-
perature independent within experimental uncertainties.
An interesting feature of the experiments is that the c axis
along which a given crystal chooses to contract varies
from run to run, showing the complete equivalence of the
three (100) axes.

III. THEORY

A. Introductory remarks

The first question to consider is why, as the tempera-
ture is lowered, should there be a transition into an incom-
mensurate phase? One explanation' is that, if one consid-
ers the vibrational modes of a lattice which correspond to
a high symmetry point on the surface of the Brillouin
zone (BZ), it is possible to have two families of modes of
differing symmetries but similar frequencies. If now, due
to anharmonic effects, one of the frequencies is tempera-
ture dependent, it should be possible for the modes to
cross without interference. On the other hand, at a small
distance into the BZ the symmetries will be lowered, and
it may happen that there are now two modes of the same
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FIG. 4. Temperature dependence of the EPR linewidths with
the magnetic field applied along the cubic ( 100) axes.

(but lower) symmetries, which will not cross but will repel
each other as the temperature is lowered. Therefore, the
initial softening of one mode on the zone boundary may
cause the other mode to soften even more just within the
BZ, opening the possibility of an incommensurate phase
transition with a wave vector close to that of a high sym-
metry point on the BZ. In other words, the frequency of
a mode just inside the zone may fall to zero before that of
a mode on the boundary, due to the repulsion between
modes of the same symmetry.

There is, however, one major problem with this ex-
planation; the wave vector associated with the incom-
mensurate phase is far from a zone boundary. ' According
to Yamada et al. , the wave vector is (0.425,0.425,0). The
structure of phase I belongs to the space group FI3,
which means that the crystal is face-centered cubic as far
as translations are concerned, but that it does not have all
the rotation, reflection, etc. , symmetries of a cube. It has
threefold rotational symmetries about (111) axes, but
only a very limited number of reflection planes. The
point on the BZ in the [110] direction is at
(3~/2a, 3m/2a, 0), and even so it does not have particular-
ly high symmetry. (For a face-centered-cubic lattice with
cubic unit cell side a, the reciprocal lattice is body cen-
tered with cube edge 4m. /a. Unfortunately, Yamada
et al. 2 do not give the units of their reciprocal-lattice vec-
tor). So the explanation along these lines is not particular-
ly convincing, even when the JT effect is brought in to as-
sist.

The explanation that we wish to put forward goes along
the following lines: We suppose thatfor , some unknown
reason, there is a lattice mode, in phase I, which has wave
vector (0.425,0.425,0) and is particularly low in frequency,
but that its frequency is not zero. As it vibrates, it in-
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FIG. 3. Temperature dependence of the g values with the
magnetic field app1ied along the cubic ( 100) axes.

FICi. 5. Temperature dependence of the g factor in the dis-
torted phases with the magnetic field applied along the c axis.
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FIG. 6. Temperature dependence of the g factors in the dis-
torted phases with the magnetic field applied perpendicular to
the c axis.

FIG. 8. Temperature dependence of the EPR linewidths in
the distorted phases with the magnetic field applied perpendicu-
lar to the c axis.
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FIG. 7. Temperature dependence of the EPR linewidths in
the distorted phases with the magnetic field applied along the c
axis.

duces lattice strains, which the Cu + ions experience. In
the absence of such strains, the Cu + ions will have low-
lying I 3 orbital states. The vibrations will cause dynamic
splittings of the energy levels. If, however, the tempera-
ture is so high that on the whole the split energy levels
remain approximately equally populated, the Cu + ions
will not be contributing much of physical interest. But as
the temperature is lowered, the levels will not 'remain
equally populated, and so a "magnetic" (or crystal-field)
energy term begins to enter, which must be taken into ac-
count in examining the equilibrium of the lattice. Indeed,
it is just this kind of effect which gives rise to cooperative
JT phase transitions.

The transition to an incommensurate phase then occurs
from a combination of circumstances, a suitable low-
frequency mode and a temperature-dependent magnetic
energy. Of course, such features can be expected for most
of the lattice modes; so it is necessary to show that any
such mode can have its effective frequency reduced to
zero by the interactions with the Cu + ions. It can then
be assumed that, as the temperature is lowered, it is the
first mode to have its effective frequency reduced to zero
which determines the structure of phase II. Once the fre-
quency has fallen to zero, the crystal-field splittings of the
Cu + ions become static splittings and the crystal struc-
ture changes. There will be vibrational modes associated
with the new structure, but there is no reason to suppose
that it will then'be unstable against further modes having
zero frequencies, except possibly at lower temperatures.

In this respect one can notice a very interesting feature
that, with an incommensurate lattice, the Cu + ions do
not all have the same crystal-field splitting, and in fact
there will be a continuous range of splittings. Therefore

at some Cu + sites the splittings will be less than kT, and
both levels will be approximately equally populated. In
other words, although a phase transition has occurred, it
has not removed all the entropy associated with the orbi-
tal doublets of the Cu + ions. The free energy of any sys-
tem in thermal equilibrium at temperature T contains a
term —TS, which acts, if the entropy S is large, to reduce
the importance of the other energy terms —but only if T
is high. As the temperature is lowered, the entropy con-
tribution becomes less and less important, and it happens,
not infrequently, that a phase with lower entropy will ac-
tually have a lower total free energy. It, therefore, seems
plausible that at lower temperatures a lower free energy
may be found with a phase in which all the Cu + ions
have equal splittings —which is precisely a property that
can be anticipated will occur in the phase-III structure.

B. Properties of the cubic phase

To examine the interaction of an elastic wave with
Cu + ions, it is necessary to determine some details of the
strain field near each ion. A given Cu + ion (see Fig. 1)
can be regarded as at (A, ,p, v) where A, ,IM, v assume integer
values. The Cu + position vector R is

R=Aei+pez+ve& ———[(p, +v)i+(v+A)j+(A, +p)k]
2

with

ei ———(j+k),
2

g
e2 ———(k+i),

2

g
e,=—(i+j),

2
A. A. A.

where the cubic unit cell has sides of length a, and i, j,k
are unit vectors along the x,y, z axes.

A Cu + ion at R has six nearest N neighbors octahe-
drally arranged at

AAA A A A
(R&,Rz, R3,R4, R&,R6) =R+d(i, j,k, —i, —j, —k) .

Suppose now that a distortion is imposed on the lattice,
which corresponds to that which would be found for a
standing vibrational wave in the lattice if its time depen-
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dence is ignored. Such a wave e will have a direction q, a
polarization A, and a phase constant a associated with it.
Thus

e=Asin(q R+a) . (3)

The mode which starts to soften in phase I corresponds to
q= (g, g, O), so we particularize to such a direction.

The next question is what direction to choose for A. In
lattice dynamics, it is usually assumed that the modes
have either longitudinal or transverse polarizations. How-
ever, in the present crystal, and for propagation along
[110], it is not obvious that these distinctions can be
made. On symmetry grounds, it can be seen that there
will be one transverse mode, with A in the z direction. In
the xy plane, there is no symmetry operator which leaves
the direction of propagation unaltered and which distin-
guishes between longitudinal and transverse modes. We
shall, therefore, assume that the modes with displace--
ments in this plane are mixtures of the two. There are
thus three possibilities for A, the first being the trans-
verse mode:

A) ——A)k,
and the other two:

A2
A2 —— [(cosp+ sinp)i+ (sinp —cosp) j],

2

(4a)

(4b)

A3 = [(—slIlp+ cosp)l + (cosp+ slIlp)J],
2

(4c)

where P is an arbitrary parameter.
The I 3 ground doublet of Cu + ion is only sensitive to

loca1 strains:

Q2 2 [(Xl X4) ( Y2 Y5)l

1
Q3 — [2(Z3 Z6 ) —(X( —X4 ) —( Y2 —Y5 )]v12
where (X, Y,Z) are the Cartesian components of e at the
positions of the six neighbors (i.e., the changes in the
coordinates of the N neighbors).

For the polarization 3 ~k, the X and Y of all six neigh-
bors are zero, so Q2

——0, and Q3 is also zero because

Z3 —Z6 when there is a strain in the k direction. This
polarization, therefore, does not couple to the Cu + ions
and will not be further considered.

Coming now to the second polarization given by Eq.
(4b) from Eqs. (1)—(3):

(cosp+ sinp)sin(8+gd), (6a)
4 2

T

Y2
(sinP —cosP) sin(8+ gd ), (6b)

5 2

Z3

There is a question over the value to be chosen for a,
the phase angle of the wave. Since (g, g, O) is assumed to
give rise to an incommensurate phase, there is no loss in
generality in taking it to be zero, for there will be some
Cu + sites at which the associated displacernents are zero.
The point which then arises is what determines which
Cu + ions have this property, or can the strain wave be
freely displaced by arbitrary lattice vectors? We shall as-
sume that the wave is pinned, perhaps by the presence of
defects, by the existence of surfaces, or by a domain struc-
ture.

From Eqs. (5) and (6):

Q2 =v 2A 2cosP cos8 sin(gd),

Q3 ———v'2/3A 2sinp cos8 sin( gd )

(7a)

(7b)

The corresponding expressions for the third polarization
A3 may be obtained by letting P~P+ sr/2.

C. The incommensurate phase transition

X sin(gd)cos8 .

The total free energy per unit volume will consist of the
elastic energy and the magnetic free energies of the Cu +

ions, which vary with 6. The unit volume should, there-
fore, be large enough to contain the whole range of values
for 6. We shall suppose that it contains N Cu + ions.
The free energy for this unit volume will then be

F= —,v)2A2N —g F~ . (10)

The summation over A,pv will be converted into an in-
tegral, but before doing so it is convenient to examine the
variation of the free energy with A2 and to determine
what value of A2 produces the minimum free energy.
This is obtained from the solution of

BF =0= 2?2A 2N — ( —, sin P+ cos P)2 2 1/2

BA2 2

&(sin(gd) g cos8tanh
A, p, v

Continuing with the polarization A2, the splitting of
the I 3 doublet of the Cu + ion at R will be proportional
(Q2+Q3)'~, with proportionality factor b, . To create
such a splitting, it is necessary to strain the crystal, and
this requires a strain energy of —,

'
g2A2 per Cu + ion. The

magnetic free energy of the Cu + ion at R will be

F~ = —kT in[exp( 5/kT)+e—xp(5/kT)],

which is even in 5.
The splitting 25 for mode A2 from Eq. (7) is

25=5(Qz+Q3)'~ =~2bA2( —, sin p+cos p)'~

=0,
6

where

8= (A, +p, +2@)+a .
2

(6c) Since 5 and 6 are linear in A2, it is readily seen that
A2 ——0 is a solution for all T. In fact, at high T it is the
only solution, so there is no reason to expect that a spon-
taneous deformation to an incommensurate lattice will
occur. However, as T is reduced, another solution enters,
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rliNkT, = —,
' b, ( —,

' sin p+cos p)sinz(gd) g cos~8 .
A1jM, V

(12)

On further reduction of temperature tanh(5/kT), at
least for most of the Cu + ions, tends rapidly to unity, in
which case A2 tends to Az given by

at a critical value of T, obtained by replacing
tanh(5/kT, ) by 5/kT, . From Eqs. (9) and (11) T, is
determined by

CAi
Ai —— (i+j+k) .

3

Then from Eqs. (1) and (18),

X) F2 Z3
sin(P+d),

X4 F5 Z6 ~3
where

(19)

(20)

1)iNAz —— 5( —,
' sin p+cos p)'~ sin(gd) g ~cos8I .

2 A, P, V

(13)

so

nr—(A+@,+v) +a',

Qz =Qi =o

g2kT, = (5/2) ( —,
' sin P+cos P)sin (g'd),

1)2Az —— b( —, sin p+cos p)'~ sin(gd) .vz
(14)

(15)

A more detailed theory would treat A,,p, v as continuous
variables. (See the Appendix. ) The N factors then disap-
pear from the Eqs. (12) and (13) for T, and A2, giving

and the longitudinal mode does not couple to the Cu +
1ons.

The amplitude of the corresponding transverse mode,
with arbitrary polarization, in the plane (111)is

Az ——A2 (1—j)+ (i+j—2k) (21)
2 6

8kT, =1r 7)z(Az) (16)

These are useful relations, because they show that the
values to which A 2 tends, as T is reduced, is simply relat-
ed to T„thus ——A'

4
+ sin(P+d),o'2 v'6

with y an arbitrary parameter. Then

Xi
(22a)

From Eqs. (8)—(16), the minimum free energy tends to =A2
F5

+ sin(P+d),&2 v'6 (22b)

F;„=——,'N1Ii(A2) = — NkT, ,~z

which implies that, as the temperature is reduced from a
high value, it can be expected that if the first lattice mode
to soften is along [110] say at (g, g, O), then as the tem-
perature is lowered there is no other mode, for this direc-
tion, that will possess an even lower free energy. Once the
mode with the highest T, is chosen it will be stable as T
is decreased. It does not, as will be seen in Sec. III D, ex-
clude the possibility that there is another mode, for some
other direction, which has a lower critical temperature T,'

and a lower free energy. All that is required is a larger
numerical factor than 4/1r in the expression relating the
minimum free energy to T,' —a factor which arises from
the summations (integrations) over the strain distributions
at the lattice sites.

r

Z3
=A2

6

1'

sin(P+d) .
6

(22c)

Substitution of Eq. (22) into Eq. (5) gives

Q2 =V 2A zcos1' cosp Slild,

Q 1 = —V 2A 2 sln1 cosp siild

(23a)

It follows that the splitting 25', which is proportional to
[(Q2) +(Qs ) )]'~ with the proportionality factor b„ is
independent of the polarization direction, and that the
choice of the phase angle a'=0 optimizes it at every Cu2+
site. The free energy per unit volume then becomes

F'= ,' 1)'(Az ) N —kT—ln[exP(—5'/kT)+exP(5'/kT)],

(24)

D. The commensurate phase transition

In the light of the remarks in Sec. III C, an obvious dis-
tortion mode to study is one which removes the Cu + or-
bital degeneracy equally at every site, and which, signifi-
cantly, corresponds to that found at low temperatures
(i.e., the [111]distortion).

The strain field for this direction can be written as

where

~[(Qz )'+(Qi )']' '= ~2&A z»nd

Minimizing the free energy with respect to A 1 givesBF', , b,=O=rl'AzN —N sind tanh(5'/kT),
BAz

and a phase transition if it occurs, will be at T,', where

(25)

(26)

e' = A'sin( q' R+a') (18) 211'kT,' =(5 sind)z . (27)

with q'=(n. /a)(1, 1,1). Since [111]is a threefold symme-
try axis, the polarizations separate into longitudinal and
symmetry-related transverse modes. For the longitudinal
mode, the polarization is

q'(A; )c= (28)

The maximum value of Az, (Az) can be obtained by let-
ting tanh(5'/kT)~1 in Eq. (26):

sind .
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The relationship between the critical temperature T,'

and the maximum distortion amplitude (A2 } from Eqs.
(27) and (28) is

kT,' =TI'[(Az) ) (29)

The minimum free energy at low temperatures from
Eqs. (24)—(29) is

FmIII = —
2 Nk T,' . (30)

A comparison of Eqs. (17) and (30) shows that the fac-
tor multiplying the critical temperature for the [111]dis-
tortion is greater in magnitude than the factor multiplying
the critical temperature for the [g'0] distortion. It fol-
lows that if the [g'0] mode is that chosen for the high-
temperature transition, the low-temperature mode [111]
will play no part unless its transition temperature is
within (4/m )/ —,

' -80% of that of the high-temperature
transition. That is, if the transition T, to the incommens-
urate phase occurs at -291 K as in TlzPbCu(NO&)6, and
there is a second phase transition to the commensurate
phase at T,', the latter transition cannot be below -236
K. The measured T,' is ' -247 K. Figure 9 shows the
competition between the incommensurate and the corn-
mensurate modes schematically.

E. The uniform strain

The theory up to this point suggests that, in the incom-
mensurate phase the Cu + I 3 doublets will be split with
the sign of the splitting varying with position in the crys
tal. Some sites can be expected to have the orbital elec-
tronic state ~0) and others to have the state

~

2') as the
ground state. There are, however, several experimental
observations which seem to be at variance with this pic-
ture. The first is that there is ample structural evi-
dence that in phases II and III the crystal lattice is ap-
proximately tetragonal, compressed along the c axis, and
the model contains no feature of this kind. The second
series of observations are those related to the EPR results
of Sec. II and those of Refs. 3, 4, 7, and 8. In both phases
II and III, a single resonance line appears which shows a
pseudotetragonal (slightly orthorhombic) behavior with

g~~
-2.06 and gq-2. 15. This behavior is also in agree-

ment with the picture of a simple structural phase transi-
tion to a pseudotetragonal lattice compressed along the c

kT g—ln exp
A, jMi V

5/i 5lf

kT kT

where the splitting 25" is

25"=b, I [—P2/3A 2sinP cos8 sin(gd ) +A ")
+2A2cos Pcos 8sin (gd)I' (32)

and so varies with the site indices A, ,p, v. The requirement
is to choose A2 and A" so that E is as small as possible.
As usual, at high temperatures the condition is
A2 ——A"=0, so that E=O. We have already seen that
with A"=0, another solution enters at a critical tempera-
ture, and the question is whether or not there is a further'
solution in which neither A2 nor A" are zero. It can be
expected that if such a solution exists and that T, is the
temperature at which it first appears, then Az/kT, and
A "/kT, will be small, in which case up to second order:

E 1 8
BA kT BA2 A, ,P, V

BE „„1B
BA" kT BA"

A~P~V

(33a)

(33b)

The interesting point which now emerges is that the
cross term of type A2A" in (5") disappears in the sum-
mation over sites, so the conditions on T, reduce to two:

r

Q2
TIzkT, N — ( —, sin p+cos p)

axis with all the Cu + ions being in the ~0) state. From
the resonance point of view, the incommensurate nature
of phase II is hardly noticeable. So the question arises as
to how to reconcile these observations which are in ap-
parent conflict with those reported in Ref. 2.

We shall, therefore, now explore the possibility that in
phase II, two inodes become soft simultaneously. The ex-
tra mode which we shall introduce is that which describes
a transition to a tetragonal lattice. This mode only pro-
duces a Q3 component at a Cu + site and we take its am-
plitude as 3", with elastic constant q", and examine the
total free energy E in phase II associated with modes A2
and A":

E = —,
'

[T),A,'+TI"(A "}']N

&( sin (gd) g cos 8 A2 0, ——
AiP, V

(34a)

Tc Tc

TEMPERATURE

[Q f 0] DISTORTION

DISTORTION

FICx. 9. Schematic diagram of the temperature variation of
the free energies associated with the incommensurate phase
transition at T, and the commensurate phase transition at T,'.

Q2
T — A"=0. (34b)

The obvious solutions to Eqs. (34) are either A2 ——0 and
A "&0, or vice versa. However, there may be a special
solution in which neither is zero, as can be seen as follows.
It is not obvious, assuming there is an incommensurate
phase, how the value of g is determined. It is just possible
that the explanation is that the major effect is due to a
nonzero A", so that phase II is basically that of a ferro-
distortive JT phase, in which each Cu + ion has the same
ground state

~
0). Thus T, is determined by Eq. (34b). It
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can then happen that there is some value of g (and P) for
which the equation (34a) is also satisfied without the re-
quirement that A2 be zero. There would then be a super-
position of an incommensurate wave of distortions on the
presumably larger ferrodistortion. There seems little
doubt that if the above effect occurs the value of E with
A2 ——0 will be greater than that for some nonzero

~

A2 i,
so the onset of the ferrodistortion will be accompanied by
an incommensurate distortion.

The attraction of the above explanation is that the crys-
tallographic and resonarice results can be reconciled. In
the first place, the crystallographic data show the effect
we are describing. Secondly, the resonance data are typi-
cal of a strongly exchange-narrowed line for Cu + ions in
the ~0) state. If A" &&A2, the uniform strain component
dominates in Q3, while contributing nothing to Q2. So
Q3 reflects the uniform strain with Q2 reflecting the in-
commensurate strain. The EPR spectrum in this approxi-
mation would be tetragonal since for any ion with a given

Q2, one can find another ion with the reversed value.
This means that the crystal field for one ion is that for the
other rotated about the z axis by m/2. Since there is, in
fact, a slight variation in gi in the (001) plane (Fig. 6),
evidence is provided for an incommensurate component of
Q3 ~

In the transition from phase II to phase III, there is no
question of 3" being anything but finite throughout; so
the role of the [11 1j distortion is simply to provide an ex-
tra process to lower the overall energy, at some appropri-
ate temperature. In other words, the condition for this
change to occur is obtained by taking the derivative of the
free energy with just the one variable A', the amplitude of
the [111]mode, at some definite nonzero A" and A2. We
have examined the free-energy expressions in more detail
than is needed to determine onsets of phase transitions
and confirmed our conclusions. This leads to a unique ex-
pression for the critical temperature, although as already
demonstrated, no phase transition will occur unless the re-
sulting free energy is less than that of phase II. The fact
that such a transition occurs suggests that this condition
is satisfied. There will be little change in the position of
the resonances on going through the transition from phase
II to phase III, because there is little change in the ground
state of the Cu + ion. On the other hand, there is a dis-
tinct reduction in the resonance linewidths, which sug-
gests that the exchange interactions have increased. These
interactions do not depend solely on the ground states of
the Cu + ions, for they also involve the nature and posi-
tions of intervening diamagnetic ions. While the nature of
these is not affected by the II~III transition, their posi-
tions are, and we therefore suppose that it is this which
accounts for the change in the magnitude of the exchange
interactions.

IV. CONCLUSIONS

We have presented EPR results for the incommensurate
cooperative JT system T12PbCu(NO&)6 and proposed a
theory which provides a unified explanation for our mea-
surements and the structural results, and - correctly
predicts the relative magnitudes of the incommensurate

and commensurate phase-transition temperatures.
There have been a number of papers giving explana-

tions of the properties of crystals similar to the ones we
have used, and some controversy has been generated. ' lt
therefore seems appropriate to try and place our model
against some of the previous work. We feel that a certain
amount of confusion has been caused by ignoring the cou-
pling to the uniform strain in phases II and III, which we
believe must be regarded as ferrodistortive in both phases.
What has happened is that, for phase II, by concentrating
on the strain field due to the incommensurate mode,
several authors have been led to describe this as antiferro-
distortive in nature. (This was before the incommensurate
nature had been fully established). In a sense, it may be so
described, but only with the caveat that there is also
present an accompanying ferrodistortion, which in phase
II still leaves some sites with splitting ( kT. Associated
with these descriptions, there have been different opinions
about the nature of the Cu + ground state. We believe
that there can be no question that in both phases II and
III it must be close to being almost pure

~

0). There
seems to be no other way of explaining the resonance g
values, and again the controversy surrounding this assign-
ment seems to have been caused by ignori'ng the overall
tetragonal strain. Such a strain was not ignored by Heine
and McConnell and Yamada et a/. The latter suggested
that in phase II there is a "fan spin" structure, which in
phase III becomes a "canted spin" structure. This ex-
planation has similarities with ours, the main difference
being that Q2+ Q3 was supposed to have the same magni-

'
tude for all Cu + ions, with tan '(Qq/Q3) being distri-
buted over a range of values in phase II and having just
two values in phase III. This seems to us to be an un-
necessary restriction, and in both phases we suppose that
the magnitude of Qz+Q3 does not have to be the same
for all sites. Provided, as we have supposed, that A"
dominates, this ensures that to a good approximation each
Cu + ion has the same state.
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APPENDIX

To go from Eqs. (12) and (13) to Eqs. (14) and (15) the
summation over (A.,p, v), which are points in a cubic lat-
tice, should be replaced by a volume integral. We make
an orthonormal transformation to new coordinates
(u, u, w):

u =(A, —p)/~2,
u =(A, +p —v)/V 3,
iU =(A+p+2v)/v 6 .
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Then in Eq. (11),

g cos8tanh ~ g [cos( —,agw)
5 1

A, p, v Q, U, N

X tanh[82cos( —,
' agw)] J,

where

82 —— ( —,
' sin P+cos P)'~~sin(gd) .vZkT '

The sum over ( u, U, w) may be approximated by an in-
tegral:

g Icos( ,'a—gw)tanh[82cos( —,'agw)]]~ f cos( —,'agw)tanh[82cos( ,'a—gw)]du dudw .f dudvdw

f cos( —,
' agw)tanh[Bzcos( —,

' agw)]dw,
dw

where in both integrals in the range of integration for w should include all values of cos( —,agw). It is sufficient to in-
tegrate from w =0 to w =trja g'. Setting —,

' a gw —+ W'.

1 1
m'/2

g I cos( 2 a g'w) tanh [8 icos( 7a gw )]I ~N f —cos W tanh(82cos W)d W .
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