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The long-time dynamics of labeled particle motion in a mixed, random dynamic binary alloy com-
posed of a minimally interacting lattice gas are investigated by the use of precision Monte Carlo
simulations. For the mean-square displacement, the results corroborate the theoretical predictions
of Tahir-Kheli. With the use of scaling arguments, the theoretical expressions given by Levitt for a
single-component system are generalized to a multicomponent format. The predictions of such a
scaling procedure for the long-time limit of the space- and time-dependent distribution function are
tested in detail against the corresponding Monte Carlo results. Again, very good overall agreement

is found between the two sets of results.

I. INTRODUCTION

This is the third in a series of papers"? concerning par-
ticle diffusion in minimally interacting (MI) concentrated
dynamic lattice gases with spatial anisotropy and constit-
uent mixing. More precisely, paper I dealt with self-
diffusion in the two-dimensional isotropic and anisotropic
MI systems,! whereas paper II analyzed the 4- and B-
particle diffusion in a mixed A4-B alloy, composed of a
MI lattice gas, in two and three dimensions.?

The present paper differs from I and II in several as-
pects. First, it refers to one dimension which does not ad-
mit diffusion of the labeled atoms. Second, while in pa-
pers I and II only the mean-square displacements of the
labeled particles were analyzed, here we also examine their
space- and time-dependent correlation function (to be re-
ferred to as the “distribution function”).

Another class of distinctions between this and the
preceding work pertains to paper II. Both this paper and
II deal with a mixed binary alloy consisting of dynamic
MI lattice gases. What is different here is that unlike in
two and three dimensions, the theoretical situation in one
dimension is relatively clean. Here the long-time charac-
teristics of the mean-square displacement of a labeled
tracer, which is otherwise identical to the background
atoms, have been well established in many s»tudies.3_6
Even the corresponding properties of a tracer which is ar-
bitrarily different from the background have been predict-
ed.” Most important of all, there is a prediction® of the
long-time behavior of the mean-square displacement of an
arbitrary tracer hopping through a multicomponent
dynamic background which is expected to be valid in the
limit J— oo (here, J° is the hopping rate of the tracer).

With this as the background, one might erroneously
conclude that a Monte Carlo simulation is hardly neces-
sary since the theory is all in place. That this is not so be-
comes clear if we also consider the time- and space-
dependent distribution function. While Levitt’s theory
provides a firm basis for the distribution function in
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single-component alloys involving a designated tracer
with an identical background (also compare the corre-
sponding Monte Carlo simulations for this case,” no such
work relating to multicomponent alloys is available. Ac-
cordingly, in this paper we present reasonable scaling ar-
guments which help extend Levitt’s single-component dis-
tribution function to a more general case. To test this
scaling conjecture, an extensive set of Monte Carlo simu-
lations are undertaken which, as a by-product, also pro-
vide a corroboration -of Tahir-Kheli’s prediction of the
mean-square displacements in such a multicomponent al-
loy. Our Monte Carlo results indicate the scaling conjec-
ture to be correct.

II. SIMULATION PROCEDURE

The well-known simulation procedure for a single-
component one-dimensional MI system® is first extended
to deal with the case of two-component alloys with mac-
roscopic concentrations ¢? and ¢? and hopping rates J4
and JB=nJ4 (n<1). It is convenient to also give a brief
description of the essential steps below:

(0) Choose a lattice consisting of a suitably large num-
ber N of sites. Impose periodic boundary conditions by
following the usual regimen. Also assign another column
matrix with N4+ Np elements where the actual locations
(not subject to periodic boundary conditions) of the atoms
can be stored.

(1) Randomly distribute N,=Nc? and Np=Nc?
atoms of varieties 4 and B, respectively. (The identity of
these atoms can be coded by assigning the site-occupancy
variable to be equal to 1, for an 4 atom, —1 for a B
atom, and O for a vacancy.)

(2) Randomly choose one of the N'=N, + Ny atoms as
the candidate for a possible hop.

(3) Check for the identity of the chosen atom. If it is
an atom of species A4, proceed to step (4), but if on the
other hand the chosen atom is of variety B, call a real ran-
dom number r, evenly distributed between zero and one,
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to see whether it is less or more than the predetermined
ratio 5. If r <, the control passes to the subsequent
command [(4) below]; otherwise, it returns to step (2).

(4) Once we get to this point, the remainder of the code
if similar to that used previously.® We now toss a coin to
decide whether the chosen atom is to move in the positive
or negative directions. When this is done, we check to see
whether the site to which the intended hop will take the
given atom is empty or occupied. Of course, if the
relevant site is occupied, we leave the chosen atom in its
current location and go to statement (5) below. On the
other hand, if the site for the intended hop is empty, we
move the particle to this site and upgrade the coordinate
of the particle to reflect its new location.

(5) The control is once again returned to command (2)
above to select yet another candidate for hopping.

(6) The above operations, i.e., (2)—(5), are repeated until
a total of N’ candidates for hopping have been processed.

The procedure outlined in steps (2)—(6) inclusive consti-
tutes a single Monte Carlo step per atom (MCS/p). We
now repeat this entire process a total of 7 number of times
(i.e., for r MCS/p). Knowing the original as well as the
final locations (after time 7) of all the N’ particles on the
unbounded shadow lattice, we can readlly calculate the
mean-square displacements for the 4, i.e., X3; the B, ie.,
X3; or an average particle (X?),).

III. ANALYSIS

Before we proceed to the description of the results, a
few words regarding the analysis are in order. Once the
data for the mean-square displacement (X?2),, and the
distribution function have been accumulated, their
analysis is focused at two complementary objectives.

First, we attempt to establish the asymptotic time
dependence of (X?)(,, to check whether it has indeed
developed the t!/? character.!~® In other words, we check
first for the adequacy of the relationship

<X2)(f)=B0T”, ,u.=%, T—> 0 . (3.1)

This is a relatively simple task in that we plot
logo{X?)(, versus log;o(7) and look for a straight line
with slope £ =0.5 to appear in the late stages. Depending
on the value of 7, the simulations were run between 7=0
and Ty, where 7, ranged between 10000 and 38000
MCS/p). This check is useful in helping to choose an ap-
propriate 7., such that an extended span of time is avail-
able over which (3.1) fully obtains.

. The achievement of the second goal requires more ef-
fort. Here, we attempt to compute the Tahir-Kheli collec-
tive hopping rate J and compare it with the parameter-
free prediction given in Eq. 17 of Ref. 6.

To this end, we proceed as follows: For finite MCS/p
times 7o and 7, where

7>70 and T9>>1, (3.2)
we write
(X2),=Bory/*+c, +0(m) "2, (3.3)

(X2),=Bo7"*+c;+0(1)"12. (3.4)
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These in turn give

(X2, — (X)) /(12— )=Bo(r)+R . (3.5)

For large enough 7(, the remainder R can be neglected.
Therefore, we choose an appropriately large value for the
starting time 7. Next, the slope B, is computed using
Eq. (3.5) by setting R =0. This slope B, is clearly a func-
tion of both 74 and 7.

In order to exploit the data to their fullest, we compute
the slope By(7p) for all the times 7> 7 (note, the data are
collected in varying intervals of 10 to 1000 MCS/p each)
and then average the result over the set of values 7 used.
In this fashion, we get our best result for the slope By(7p).
Next, the starting time 7, is increased to the next available
(higher) time 7;, and the entire process is repeated to ob-
tain the slope By(7,). This procedure is continued until
we obtain By(7,,), where the maximum time 7,, is so
chosen that at least ten more points for the data {X?),
vs 7 are still available.

The final best estimate for the slope By is now comput-
ed in the usual manner by determining the overall average
of the various mini averages By(7;), i.e.,

2 Bo(ri)/(m+1) . (3.6)

Two issues still need to be resolved. Firstly, the magni-
tude of the expected error in the “best” estimate for the
slope By has to be specified. Secondly, the procedure for
converting this number into a well-defined relationship
for checking the Tahir-Kheli (TK) predictions needs to be
spelled out in precise terms.

Regarding the error in Bj, we might anticipate it to be
of the order of the root-mean-square deviation A, where

= 3 [Bo(ri)—Bo)*/(m +1) . 3.7)

It turns out, however, that in every instance the quantity
A so estimated is larger than the “actual error.” The “ac-
tual error” is, of course, trivial to calculate because TK’s
theoretical result for the slope B, is

Bo(TK)=[2(1—c)/c'*]a®( T /m)}/? , (3.8)

where

-1
Ay } . (3.9)

The second issue to be resolved relates the magnitudes
of the hopping rates J4 and J2. It is clear from the
description of the simulation procedure that for the A
atoms, the hopping rate J4, in units of (MCS/p)~}, is
equal to one-half. The J B on the other hand, is related to
J4 through the parameter 7 and therefore

JB=n/2 (MCS/p)~!. (3.10)

We have analyzed one grand sample (GS) consisting of
NG ~500000 particles with the ratio n=0.5 and three
different similarly large GS’s with n=0.1. The concen-
trations ¢4 and c® were chosen to lie outside any pertur-
bative regimes. For instance, for GS-I, c4=c®=+, and
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for GS-II, GS-III, and GS-IV, we chose, resPectively,
cl=cB=1; ci=1, P=1; and =1, ¢* These
four GS’s comprised 40—45 mini samples, each with
24000 sites and approximately 12000 particles (that is,
N44+NB~12000). To get good statistics for the long-
time behavior, we ran the GS-I for 10000 MCS/p and the
GS-II-GS-1V were each run for up to 15000 MCS/p.

For the most extreme case analyzed, for which the hop-
ping rate of the slower B atoms was fully 100 times small-
er than that of the faster atoms, we worked with a larger
GS. Here we averaged over a total of 60 different mini
samples, thus totaling Ng~0.72% 10° particles. More-
over, in order to wait long enough for all the particles to
fully reach their asymptotic behavior, we had to run the
GS-V for 38 000 MCS/p.

=%

IV. RESULTS: THE MEAN-SQUARE
DISPLACEMENT

In Table I we have listed both the theoretical and the
numerical simulation estimates for the slope By. In addi-
tion, also listed are the theoretical results for the TK ef-
fective hopping rate J and the corresponding simulation
estimates (note that the simulation estimates for J are ob-
tained indirectly from the slope Bj).

It is observed from Table I that the values for GS-1V,
representing the case n=0.1, cA~—;—, and ¢B~ %, are the
most divergent of all cases studied. Other than being a
random happenstance, we have found no satisfactory ex-
planation for this behavior.

The overall agreement between the theory and the simu-
lations for the GS-I is of the order of three parts in a
thousand. This level of accuracy is close to the best ex-
pected precision of our simulations with Ng ~0.5X 10°
atoms. On the other hand, since 7 is only % and because
the Tahir-Kheli theories for the mixed systems are reason-
ably accurate for 7= 1, even in two and three dimensions
(see paper II), we should not make too much of this rather
excellent agreement.

On the other hand, in contrast with 7= %, because the
ratio 15 lies below even the factor (1/z)3, the case n= 5
provides a fairly stringent test of the theory. Again, in or-
der to stay away from the perturbatively accessible con-
centration limits, our choice of c?+c®~+ specifies a
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suitably nonperturbative concentration regime (especially
since both ¢4 and ¢ are also chosen to be approximately
of the same magnitude).

For =y, the simulation and the theoretical results
for the three GS’s analyzed in Table I are in mutual agree-
ment to an average accuracy of the order of a percent. In
particular, if we exclude the inaccordant sample GS-IV,
the mutual agreement is again excellent. Indeed, the
agreement is of comparable accuracy to that found for the
case =5. Accordingly, the n=1—10 observations have to
be treated as providing a reasonable corroboration of the
theory.

We examine next the GS-V, where 1= jo;. Despite the
fact that the overall size of this sample was larger,
Ng~0.72X 10 particles, and the simulations were run
for extended times (38000 MCS/p), this is a difficult sys-
tem to study by numerical methods. Some of the practi-
cal difficulties are self-evident. For instance, the fluctua-
tions in the mean-square displacement of the fast particles
are large, depending sensitively on the particular set of
configurations in which the slow particles (which act as
obstacles to their movement) are distributed. On the other
hand, there are other equally significant difficulties intrin-
sically associated with this simulation which are more
subtle to comprehend. An example of this class of diffi-
culties is the following.

In GS-V, a labeled slow particle is in an environment
where half the background is composed of highly mobile
fast particles. These particles make, on the average, a
hundred different hops during the period for one elemen-
tary hop by the slow particle. Thus, the single-file aspect
for the slow atom in question is considerably vitiated as
regards the contribution from the fast background.
Indeed, the relative contribution of the fast background is
almost mean-field-like to the motion of the slow tracer’
and, as is well known, the mean-field motion is Einsteini-
an, leading to a linear contribution to the mean-square
displacement of the slow particle. Thus, the slow parti-
cles show a quasilinear 7-dependent behavior.

Clearly, this anomalous contribution is an
intermediate-time domain effect, disappearing in the limit
of truly long times over which the single-file nature of the
one-dimensional motion becomes fully apparent.
Nevertheless, because from the perspective of the slow

TABLE I Precision simulation results for the slope By, as well as the effective hopping rate J, are
compared with Tahir-Kheli’s theory. These results were obtained from large effective samples
[N ~(0.5—0.7) X 10° particles]. Notice the percentage error in J is twice that in Bo. This merely re-

flects the relationship J o« (By). :

GS 7 c4 ct B, B, J J
(Simulation) (TK theory) (Simulation) (TK theory)
I 0.5 0.2500 0.2500 0.651+0.002 0.6515 0.666+0.004 0.6667
II 0.1 0.2500 0.2500 0.342+0.002 0.3402 0.184+0.002 0.1818
m o1 + + 0.303+0.002 0.3016 0.144+0.002 0.1429
Iv ol + 1 0.407+0.001 0.3989 0.260+0.001 0.2500
A\ 0.01 0.2500 0.2500 0.115+0.003 0.1123 0.0208+0.0011 0.0198
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tracer, the elapsed time (measured in units of its own
hops) is not inordinately long, even after 38000 MCS/p
have elapsed; therefore in practice, remnants of the
anomalous linear time-dependent terms are not entirely
erased. Such unwanted “dominant” interference, from
terms whose coefficients are admittedly both small and
decreasing in magnitude, would still have a net effect of
raising the apparent magnitude of the slope of the proper
t'/2 term. Given the limitations on the available comput-
er time, the simulation estimates of the slope, 0.115, is in
fair agreement with the theory, i.e., 0.1123. (See Table I.)

As mentioned earlier, the case of ”7=T<1)F is important
in that it lies totally outside those regions that can possi-
bly have perturbative solutions. Consequently, the agree-
ment noted above fairly leads to the conclusion that the
TK predictions given in Eqgs. (3.8) and (3.9) are reason-
ably well corroborated.

To round off this discussion, we append Figs. 1 and 2
where the simulation estimates for the effective hopping
rate J (given as crosses or solid circles) are compared with
the corresponding theoretical results® (given as solid
curves). The solid circles represent the large GS simula-
tion results given in Table I which have already been dis-
cussed above. On the other hand, the crosses indicate less
accurate results obtained from simulations using mini-
grand samples (totaling approximately 48 000—60 000 par-
ticles each).

70 1.0
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FIG. 1. Tahir-Kheli’s collective hopping rate J (solid curves)
is compared with our simulation results. We have plotted J as a
function of the logarithm of the ratio . The upper curve refers
to the case c4=cP=0.25, whereas for the lower curve,
c4=c%=0.4. The crosses represent the results obtained from
less accurate mini-grand-sample (MGS) simulations, whereas
the solid circles represent the precision large GS simulation re-
sults.
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FIG. 2. Collective hopping rate J is given as a function of
the concentration of the background particles. For curve 4,
7=0.1 and the abscissa represents c“, whereas for curve B,
7=0.04 and the abscissa measures c¢®. The TK theoretical pre-
dictions are given as solid curves, whereas the crosses are ob-
tained from our simulations on MGS.

V. PROBABILITY DISTRIBUTION FUNCTION

As noted in Ref. 8, in one dimension there appears to
exist a natural correspondence between the multicom-
ponent and the single-component systems. Through the
transformation suggested by Tahir-Kheli,® the dynamical
properties of an average atom in a multicomponent sys-
tem can be represented much like those of the single-
component system. This transformation consists in defin-
ing an “effective background” of an equivalent single
species of atoms. The effective concentration of such a
background is the sum of the concentrations of all the
various species that constituted the background in the
original, multicomponent alloy. Moreover, the effective
hopping J is given by the relation (3.9), intrinsic to which
is the inverse weighting factor which assigns higher rela-
tive importance to the slower atoms in the background.

In view of this correspondence, it is natural to propose
a new extension of the theory which predicts the behavior
of the space- and time-dependent distribution function in
the multicomponent system. To this end, let us rewrite
Levitt’s formula for the distribution function P(X,t) of a
single-component system, i.e.,

P(X,t)=[2ma(t)]~*{exp][ — X2 /2a(2)]} . (5.1

In precise terms, the significance of the function P(X,t) is
the following: Given a labeled atom at position zero at
time zero, the probability that after time ¢ the same atom
will be found at position X is P(X,z). Accordingly, the
distribution function obeys the following two conditions:

P(X,t)=8(X) for t=0,
= Px,nax=1 forallt.

The above conditions lead to the result
(XY= [ PX,OXdX=a(r) . (5.2)

Because the distribution function of necessity relates to
a given labeled atom, for the general system it must de-
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FIG. 3. Logarithm of the total distribution function P(X,z)
is plotted as a function of the square of the displacement X2.
The solid lines represent the results of the scaling conjecture.
The corresponding times ¢ are noted above the curves. The
crosses display our simulations. Here the ratio =0.1 and

i . . .
c“=—:1;, c¢®=+. These simulations were carried out on large

GS.

pend on the actual species, say A, of the atom in question.
Thus, we have different distribution functions PX(X,?) for
the different species. Accordingly, the distribution func-
tion for the effective system is the weighted average of
these functions, i.e.,

P(X,t)=3 c*PMX,t)/c, (5.3)
A .

where ¢ = zc’L .
Y

X2
20 50 90 120 150 180

-3

InP(X,1)

FIG. 4. Similar to Fig. 3 with the difference that % for th

curves a and b equals 0.1, while c*=+, ¢®==. For curves

and d, 7=0.01 and ¢c“=c®=0.25. For the curve d the ordinate
scale should be read as twice that shown. The various symbols
(solid circles, solid triangles, and crosses) display our simula-
tions.

x2

20 60 100 150 190 230

FIG. 5. Similar to Figs. 3 and 4. Here curves a and b refer
to the case 7=0.5 and c4=c?=0.25. The relevant times are
recorded above the curves which are, in fact, straight lines. For
curves ¢ and d, 7=0.1, and ¢4=c®=0.25. Again, the ordinate
scale for the curve d is twice that shown.

The counterpart of the mean-square displacement for
the effective background has already been made precise in
the preceding section. It is the average displacement over
all the N'=cN particles present. Indeed, in analogy with
Eq. (5.3) we can write

(Xz)(g)=[f(t)=2€)"(xi>(;) /c, (5.4)
A

where (x3 )(» is the mean-square displacement of atoms
of the A species. Therefore, in complete analogy with Eq.
(5.1) we get

P(X,t)=[2ma(t)]?{exp[ —X%/2a(t)]}, Jt>>1 (5.5)

where

at)=[2(1—e)/c' 2Tt /w2 . (5.6)

Although eminently reasonable, the above relationship
has been derived only on the basis of a scaling hypothesis.
As such, we shall call it a scaling “conjecture.”

To test this conjecture, in Figs. 3—5 we have plotted the
simulation results of P(X,¢) versus the conjectured scaling
results given in Egs. (5.5) and (5.6). It is clear that for
long times (to which the conjecture is meant to apply), the
fits are excellent. Even for intermediate times, the agree-
ment between the simulations and the theory is reason-
able, as long as the relevant X? is not much larger than
the corresponding mean-square displacement a(?).

VI. CONCLUDING REMARKS

In conclusion, therefore, the following remarks can
reasonably be made. In the limit of long times:

(i) Tahir-Kheli’s predictions involving a single effective
hopping rate J are in excellent agreement with the simula-
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tion results for the mean-square displacement in a binary,
dynamic MI lattice gas.

(ii) Moreover, this effective background concept lends
itself naturally to further generalization. Here, a scaling
conjecture regarding the average probability distribution
of atoms comprising the multicomponent system relates it
to the corresponding miean-square displacement in com-
plete analogy with Levitt’s work on a single-component
system. The resultant relationship is found to be obeyed
to a high degree of accuracy, thus providing a consistent
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picture of the dynamics of a minimally interacting, one-
dimensional, multicomponent system.
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