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We discuss the lattice dynamics of rare-gas overlayers on metal surfaces, with attention to mono-

layers, bilayers, and trilayers on the Ag(111) surface. For this system, the adsorbate overlayers are
incommensurate with the metal substrate. Our interest is in the role of the interaction between the
motions of the atoms in the adlayers and those of substrate atoms. In certain regions of the two-
dirnensional Brillouin zone, the adlayer phonon dispersion curves (calculated with the substrate
atoms held in fixed position) overlap the bulk phonon bands of the semi-infinite substrate. A conse-
quence is that when excited, the adlayer phonon may decay by emitting phonons into the substrate.
They thus become leaky modes. Also, the adlayer modes may hybridize with the Rayleigh surface
phonon on the substrate, to produce anomalous dispersion near those wave vectors where crossover
occurs. For Ar, Kr, and Xe overlayers on models of Ag(111), we explore these phenomena through
calculations of the phonon spectral density functions probed in inelastic He-surface scattering exper-
iments.

I. INTRODUCTION

When rare-gas atoms are adsorbed on crystal surfaces,
they may form ordered overlayers. Often these are in-
commensurate with the underlying substrate. There are
two limits to the problem. On highly corrugated surfaces,
with graphite the most studied example, ' the depth of the
periodic potential felt by an atom adsorbed is comparable
to the strength of the lateral interactions between the ad-
sorbates. With increasing coverage, one realizes a
commensurate-incommensurate transition, and in fact at
all coverages, interaction of the adsorbate layer with the
corrugated substrate potential is an important influence.

On the other hand, close-packed metal surfaces are ex-
traordinarily smooth, to adsorbates which are phy-
sisorbed. Such surfaces look so smooth to the adsorbate
that the overlayers form two-dimensional lattices incom-
mensurate with the substrate, with lattice constant quite
close to (but surely a bit different than) that predicted
from a lattice statics calculation based on gas-phase po-
tentials. Rare-gas monolayers on Ag(111), an extraordi-
nary smooth surface, have been studied extensively by the
authors in Ref. 2. These authors argue that in their data,
nearly all of which refer to static properties of the over-
layer, there is no evidence of interaction of the adlayers
with the substrate. We have recently participated in an
analysis of data on phonon dispersion curves for rare-gas
monolayers, bilayers, and the layers adsorbed on Ag(111),
and again the data provides no evidence of interaction be-
tween these modes, and the phonons of the substrate.
Similar conclusions follow from the early work of Mason
and Williams, who studied Xe monolayers on Cu(100) by
inelastic He scattering.

It would be extremely intriguing to see explicit evidence
of the interaction between rare-gas overlayers and the sub-

strate, for rare-gas overlayers on very smooth surfaces
such as Ag(111). We believe that the study of surface
phonons should allow this to be done since, as we shall
appreciate shortly, the frequencies of the adlayer phonons
coincide with those of the substrate phonons, in appropri-
ate portions of the two-dimensional Brillouin zone. One
should be able to see clear evidence of interaction effects
between an adlayer surface phonon of given frequency
and wave vector Q~~ parallel to the surface, and a sub-
strate surface phonon of the same frequency and wave
vector, even if this coupling is rather weak. Observation
of such interactions might be able to improve our under-
standing of how the substrate influences the incommensu-
rate overlayer in the limit where the substrate surface is
very smooth.

The failure to observe interactions between the substrate
modes and phonons of the adlayers may lie in the fact
that the regions of the two-dimensional Brillouin zone
where the strongest coupling effects are expected have not
been explored with sufficient resolution and detail.
Theoretical studies may then provide useful guidance to
the experimentalist. This paper is devoted to such analy-
ses.

Since the overlayers of interest are incommensurate
with the substrate, with lattice constant determined pri-
rnarily by lateral interactions between adsorbates, ' a full
discussion of the dynamics of the coupled adlayer-
substrate system will be formidable We wis.h not to ad-
dress this question in full at this early stage, therefore, we
resort to the use of two models each of which contain the
ingredient central to the problem, but which may be ex-
plored in full detail without confronting the very intrigu-
ing but difficult question of incommensurability.

The points we wish to emphasize here may be illustrat-
ed by considering a monolayer of rare-gas adsorbate on
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the Ag(111) surface. Data reported earlier3' show that a
dispersionless surface mode is associated with the adlayer,
if we consider adatom motions normal to the surface. In
theory, such a dispersionless surface mode follows from
any model which does not consider the influence of
motions of the substrate atoms [hence, the only role of the
substrate is to provide the physisorption potential V(z),
which binds the adsorbates to the surface], and which as-
sumes lateral interactions between the rare-gas adatoms to
have central-force character.

In a very schematic fashion, we illustrate the normal
mode structure of the adlayer-substrate system in Fig. 1.
For convenience, we assume that the lattice constant in
the two directions parallel to the surface is the same for
each system. At the zone boundary M (the direction
I'—M was the subject of study in Ref. 3), the substrate
phonon frequencies are substantially above those of the
adlayer, and the influence of substrate-adlayer coupling is
expected to be small. But as we move toward I, the
dispersionless adlayer mode necessarily crosses the disper-
sion curve of the Rayleigh surface phonon. We expect hy-
brydization between the adlayer mode and the Rayleigh
wave. The calculations below show, for the models ex-
plored, that the coupling introduces anomalous dispersion
into the adlayer mode.

As we proceed close to I, the adlayer mode overlaps
the acoustical-phonon continuum of the substrate. In this
regime of the two-dimensional Brillouin zone, if the ad-
layer is excited, the energy stored in the motion of the
adatoms may be radiated off into the substrate, in the
form of bulk transverse or longitudinal phonons. The
monolayer mode is thus no longer a true eigenmode of the
system, but acquires a finite lifetime by virtue of this radi-
ative decay process. This is true even in the harmonic ap-
proximation of lattice dynamics. As long as many cycles
of oscillations are required for the energy to be radiated in
this fashion, there is a strong resonant response of the sys-
tem very close to the frequency of the adlayer mode, cal-
culated in the rigid substrate limit. One refers to this as a
surface resonance mode; for an oxygen overlayer on the
Ni(111) surface, we have presented a detailed discussion of
the properties of such resonance modes, although in that
case the origin of the surface resonance modes differs sub-
stantially from the present case. In this paper we present
calculations of the width of the resonance modes of the
rare-gas overlayers as a function of their wave vector, for
argon, krypton, and xenon overlayers on Ag(111).

The two models we consider are the following. The jus-
tification for the first is that for the particular systems of
interest, the crossover between the Rayleigh wave and
monolayer perpendicular mode lies quite close to 1. The
Rayleigh waves of interest (and also the bulk phonons in
the substrate continuum) thus have wavelengths rather
long compared to the substrate lattice constant. The
response of the substrate to the adlayer atom motions may
thus be described by the theory of elasticity. The first
model is then that of rare-gas monolayers, bilayers, and
trilayers coupled to the surface of a perfectly smooth,
semi-infinite elastic continuum. We may extrapolate the
predictions of such a model to short wavelengths in the
spirit of the Debye model, but we recognize that near the
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zone boundary the predictions have semiquantitative va-
lidity only. The second model is based on the observation
that the xenon monolayer is almost commensurate with
the substrate; the adlayer-substrate lattice-constant ratio is
very close to —', . Thus, we explore, with the slab method,
the lattice dynamics of such a commensurate system.
When the results of the two model calculations are com-
pared in the appropriate manner, the same physical
features are seen to be present in each, although, as ex-
pected, there are quantitative differences likely due to the
fact that we can explore only rather thin slabs, for reasons
discussed below.

These calculations outline the principal ways in which
coupling between adlayer and substrate motions may in-
fluence the lattice dynamics of rare-gas overlayers, which
possess very-low-frequency normal modes. We believe the
predictions to be accurate at the semiquantitative level. If
these effects can be observed, deviations from the picture
discussed here may lead to insight into the role of incom-
mensurability.

The discussion above has placed emphasis on the rare-
gas overlayers on Ag(111) which, as we have remarked, is
a very smooth surface. Mason and Williams have also
explored the vibrations of Kr and Xe monolayers on the
Ag(110) surface, which is highly corrugated. These data
also show dispersionless behavior for the adsorbate vibra-
tion mode polarized normal to the surface. Possibly this
is because the adsorbates reside within the troughs present
on this surface, with identical binding site for each, and
there are then only weak couplings between them in the
direction normal to the troughs. The physics of the ad-
sorbate layers on the (110) surface is, quite likely different
than on the very smooth metal (100) surfaces.

This paper is organized as follows. Section II sets up
the theory of the coupling of adlayers to elastic continua,
and Sec. III presents and discusses our results for both
models.

FIG. 1. A schematic representation of the normal mode
structure of the adlayer-substrate system. We show a disper-
sionless adlayer surface mode, the Rayleigh surface phonon of
the substrate, and the bulk surface phonons of the substrate pro-
jected onto the two-dimensional surface Bri.louin zone.
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II. INTERACTION OF ADLAYERS
%PITH SUBSTRATE PHONONS;

SEMI-INFINITE ELASTIC CONTINUUM MODEL
I.,= f d'x &gu. (x, t) —V(Iau. /exp])

z(0 a
(2.3)

Qf the two models discussed in Sec. I, one of them (the
slab method) requires little explicit discussion. In this sec-
tion, we outline the interaction of an ordered overlayer (or
multilayer film) with a' substrate viewed as a semi-infinite
elastic continuum.

The basic physical picture is illustrated in Fig. 2. We
have one (or more) periodic overlayers of adatoms, each of
mass M~. Each layer will be assumed hexagonal in the
subsequent discussion, and there are lateral interactions
within each layer, and between adlayers in the multilayer
films we shall consider. The atoms in the adlayer closest
to the substrate are each attached to a point immediately
below by means of a harmonic spring of spring constant
k0. All such springs are attached to points located in a
plane which lies the distance zo below the surface of the
substrate, viewed once again as a semi-infinite elastic con-
tinuum. In the end, we shall let zo~O, but for certain
technical reasons we keep this quantity finite for a while.

All of the discussion will be based on the harmonic ap-
proximation of lattice dynamics, so that there is no differ-
ence between the equations of motion in a quantum-
mechanical treatment of the problem, or a classical treat-
ment. In the end, the spectral density functions we calcu-
late may be viewed as describing the fully-quantum-
mechanical system.

We choose to employ a Lagrangian approach, and write
the Lagrangian in the form

where V is the potential energy of the deformed substrate;
we shall not require the precise form of V, except to note
that it is a functional of the spatial derivatives Bu /Bxp
of the displacement.

Finally, for LI, the physical picture illustrated in Fig. 2
suggests that we choose

LI ————'ko g [w (lii, O) —u (lii, —zo)] (2.4)

where 1,=0 refers to the layer of adsorbate atoms closest
to the substrate, and u(x} is written u(x~~, z) when con-
venient. Note that Eq. (2.4) may also be written as an in-
tegral over the half-space (z & 0) occupied by the substrate

LI= ——,kog f d x[w, (1~~,0}—u, (x~~,z)]
'tt '(0

&&5(xi' —lii)5(z+zo) . (2.5)

It is straightforward to generate the equations of
motion for the various displacements:

w~(l[~, lz)+ g g @&@ p(l~~, lz,' 1j[,lz )u p(l j~, lz )Mg, , p
tt~ z

k0= —5t o5az [ws(1~~F0) —u, (l~~, —zo)] ~ (2.6)
Mg

~ =L~+Ls+Lr (2 I)
while

with L~ providing a description of the adsorbate over-
layers, I.z the substrate, and I.r the interactions between
the two. The ath Cartesian coordinate of the substrate
displacement will be denoted by u (x,t}, and that of the
adsorbate atom located at 1=1~~+zl, is w (1~~1„t) Here,'.
z is a unit vector normal to the surface while l~~ is the
projection of 1 on a plane parallel to the surface.

If M„ is the mass of the adsorbate atoms, we have

Lg ———,'M„g g [w (1~(,l, )]
Iii, I a

g g w~(1[[,l, )4 ~p(l~~, l„'Ej[l~ )wp(1j[1,
'

)

stt, I, a, P

I
l
I,I,

'

and if p is the mass density of the substrate, we have

(2.2)

')I, z

spring constont kQ

-'+bdbY77"/F7/8/~lb jr'gjbj~ Y7Y+X =,
'-':

Tpi, o——0 (2.8)

for P=x, y, and z.
The innermost layer of the adsorbate structure is as-

sumed to be a Bravais lattice, with one site located at the
origin of the coordinate system, I~~ =0. We seek solutions
with a wavelike variation parallel to the surface, with
wave vector Q~~ which lies within the two-dimensional
Brillouin zone parallel to the surface:

w, (l~~, l, )
—=w, (0,1, )e '~~ '~~, (2.9a)

u, (l~~, —zo) =u, (0, -zo)e (2.-9b)

We define

pu~ —g T~p
p Bxp

=5 p5(z+zo)ko

X g [w, (1~~,0)—u, (l[[,—zo)]5(x~[ —1~~ ) . (2.7)

Here, T p
——BV/B(Bu /Bxp) is the stress tensor of elasti-

city theory. To find the normal modes of the adsorbate-
substrate system, one solves Eqs. (2.6) and (2.7) in the
manner described below, subject to the boundary condi-
tion

FIG. 2. Our model of a periodic adlayer of atoms, mass Mz,
coupled to a semi-infinite elastic substrate by springs of spring
constant ko.

b =w, (0,0)—u, (0, —zo),
and use the identity

g. iO}
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II' II5( l )
~ ' ll+GII '*ll~8 x~~

—
I)

= ~e
tl

A0 G
lt

(2.1 1)

where Ao is the area of the two-dimensional unit cell of
the adsorbate layer and IGIII is the set of reciprocal lat-
tice vectors that characterize it. Then Eq. (2.7) becomes,

. after assuming that all quantities have the time variation
exp( —i Qt ),

two model calculations provides us with confidence in the
procedure just described.

We now proceed as follows. When the Bloch forms
given in Eq. (2.9a) are inserted into Eq. (2.6), then we
find

kp
Q~w~(0, 1, )—g d~p(QII, lzl,

' )+5~5) p w~(O, lg)
I',P

pQ u (x)+ g
p BXp

5 5(,+,, )
' ye'qII+GIII "II

0 Gll

(2.12)

where

k0
5i o5 u, (0, —zo), (2.14)

Mg

In Eq. (2.12), combined with the boundary condition in
Eq. (2.8), we have a semi-infinite elastic substrate, driven
by a force applied at the plane z = —zp, with frequency Q.
If QII is the wave vector of the normal mode of the adsor-
bate layer, then the applied force has the spatial variation
exp(iQII. xII). The terms with GII&0 in Eq. (2.12) have
their physical origin in the particular physical picture
displayed in Fig. 2, namely, the spring from the adsorbate
atom down to the substrate is anchored to the geometrical
point directly below the adsorbate atom. With the sub-
strate driven at a periodic array of geometrical points in a
plane, a phonon of wave vector QII in the adsorbate layer
excites not only motion with the same wave vector in the
substrate, but in addition it excites short-wavelength
responses with the spatial variation exp[i(QII+GII). xII].
As indicated in Sec. I, our primary interest lies in values
of QII near the center of the two-dimensional Brillouin
zone I', and coupling of adsorbate motions to those modes
of the substrate in resonance with the adsorbate modes.
These substrate motions are described by the terms with
GII=O in Eq. (2.12). We thus discard the terms with

GII&0 in Eq. (2.12) and replace the equation of motion by

pQ u (x)+ g = —5 5(z+zp) e II "II

p BXp 0

(2.13)

The-expression in Eq. (2.13) also follows if we assume
the adsorbate atom senses not only the motion of the one
point in the substrate just below it, but responds to the
average displacement of the unit cell just below it. In this
picture, our instructions are to average the coupling term
over the unit cell, and (e ) =5G p. The form of the

II'

terms with GII&0 in Eq. (2.12) is sensitive to the micro-
scopic details of the model employed for coupling the ad-
sorbate layer to the substrate, and cannot be obtained
uniquely froin a continuum model of the substrate, which
cannot provide a reliable description of its short-
wavelength response. But the 0

) (

——0 term gives a
rigorous account of the coupling of the adsorbate over-
layer to the long-wavelength (QII—-0) modes of the sub-
strate, and it is these couplings that we focus our attention
on here. As we shall see, the conclusions we reach with
our continuum model based on Eq. (2.13) are in accord
with those deduced from the fully microscopic slab calcu-
lation mentioned in Sec. I, so a comparison between the

d~p(QII , l, l,' ') = Q @~p(lII'l„l lll,
'

)e
Mg

II

(2.15)

ko
u (0 —zp)= S(QII Q)w (0 0)

Mg

and then Eq. (2.14) assumes the form

(2.16)

Q w (O, l, ) —g d p(QII, l, l, )

+5 5i o w (0 l )=0ko(QII, Q)
z'

where
(2.17)

ko(QII Q) =kot 1-S(QII»)~ ' (2.18)

We see that inclusion of the dynamical response of the
substrate may be incorporated by simply renormalizing
the force constant which couples the innermost adsorbate

If we discard the right-hand side of Eq. (2.14), then we
have a limiting form of the model which formed the basis
of our earlier analysis of the vibrational motion of rare-
gas monolayers, bilayers, and trilayers on Ag(111). The
matrix d p(QII,'l„l,' ) describes the influence of lateral in-
teractions between the adsorbates on the phonon spectrum
of the overlayer, and the terin proportional to kp /Mz de-
scribes the coupling of the overlayer with a perfectly rigid,
perfectly smooth substrate whose only role is envisioned
as providing a harmonic restoring force when an atom in
the innermost layer engages in vertical motion about its
equilibrium position. The constant kp may be generated
from a phenomenological physisorption potential such as
that provided by Vidali, Cole, and Klein, as discussed
earlier.

When the term on the right-hand side of Eq. (2.14) is
retained, then Eq. (2.14) in combination with Eq. (2.12)
describes coupled motion of the adsorbate-substrate sys-
tem. By solving Eq. (2.12) with the boundary conditions
in Eq. (2.14) applied, we shall find that u, (0, —zp) is
directly proportional to w, (0,0). We write this relation in
the form
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layer to the substrate. Of course, this renormalization ef-
fect depends on both frequency and wave vector, as indi-
cated, so we no longer have a straightforward eigenvalue
problem to explore. In earlier work, ' we have found it
most illuininating to construct spectral density functions
which, in essence, provide one with the frequency spec-
trum of selected atomic motions in or near the surface.
These spectral density functions may be calculated
straightforwardly from an elementary modification of Eq.
(2.17). We discuss the definition of the spectral density
functions in Sec. III, and the means of calculating them
from Eq. (2.17).

Our remaining task is the construction of S(Q~~, II). In
principal, we should proceed by treating the substrate as a
cubic material with a (111) surface. In fact, the form of
S(Q~~, Q) is quite simple if we treat the substrate as an iso-
tropic elastic continuum characterized by the velocities cl
and c, of longitudinal and transverse sound, while an
analysis of the lower symmetry cubic material is very
complex simply from the algebraic point of view. We
thus choose to confine our attention to the case where the
substrate is approximated as an isotropic continuum.

For the isotropic continuum driven by a force normal
to the surface (parallel to z), and with the spatial varia-
tion exp(iQ~). x~(), the displacement u lies within the sag-
gital plane, i.e., the plane which contains both z and Q~).
We may then choose Q~~ parallel to the x axis, without
loss of generality, and a consequence is that u lies in the
x-z plane. If w Ap=kpk/Ap, and assume all quantities
exhibit the exp(iQ~~. x~~) spatial variation, then Eq. (2.13)
yields a set of two coupled equations which assume the
orm

and

BQ~

Bz zQ

BQ~

Bz Z0+
(2.22a)

Bz zo—

()u
2 AO.

az 0+ Cl
(2.22b)

It is straightforward to see that the homogeneous ver-
sions of Eqs. (2.19) have solutions proportional to
exp(+a(z) and also exp(+a, z), where

aI = g(( — (Q+iq)1

C

1/2

Re(aI) &0 (2.23a)

and

a, =
Q~(

—
z (Q+ig)2 1 2

1/2

Re(a, ) &0 . (2.23b)

Here, g is a positive infinitesimal quantity; we insert it to
ensure that we always choose the square root with a posi-
tive real part both when Q(( &0/c(t and also when

Q)) &0/ctt. The limit q~O is implied, although we
shall appreciate that it is most useful to retain small posi-
tive values of q when numerical calculations are per-
formed.

The most general solution of the homogeneous version
of Eqs. (2.19) may then be written

2
2(c, Q(( —0 )u, —ct —ig(((c( —c, )

Bz

~li +~I~ ~li
—~i~ ~~i, +~~~

"z— + +

(2.24a)

=Ap5(z+zp) (2.19a) and then
2

2 2 2 2 & ~ 2 2(ci Qi) —0 )u„—c, —
(Qadi(c(

—c, ) =0, (2.19b)
z2 az

while the stress-free boundary conditions at z =0 impose
the requirements u, (g(t) t g(t) t

) (2.24b)

+x
+ig~(u, =0,

az z=o
(2.20a)

ci E+(c —( 2ct )Q([u
z=0

=0. (2.20b)

One proceeds by solving the homogeneous version of
the differential equations in the regime —oo &z & —zp,
and joining the solutions across z= —zo so that the 5-
function singularity is generated on the right-hand side of
Eq. (2.19a) after suitable differentiations are performed.
The matching conditions are that each component of dis-
placement be continuous:

In the region —oo (z & —zo, we choose a solution with
A'"=A'"=0 so that the displacement fields vanish as
z~ —N), while in the regime —zp &z & 0 the full solution
is employed. We thus have six unknown constants; the
two stress-free boundary conditions and the four match-
ing conditions at z= —zp are sufficient to determine
these. After some algebra, with zp fixed and nonzero, we
may calculate u, (x~~,z) at (x)) =O,z=O), then let zp~O to
form the quantity u, (0,0) of our earlier discussion. We
find a rather simple result:

u„(zp —)=u„(zp+ ),
ug(zp —) = ug(zp+ ),

(2.21a)

(2.21b)

02~,AO
u, (0,0)= z 2 2 zI4c, g)(a(at [(n+iq)——2c, g~)] j

(2.25)

and from the structure of the differential equation, one
obtains the additional requirements

This result, when combined with relations given earlier,
provides the following expression for the renormalized
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force constant ko(Q~~, Q) which enters Eq. (2.17):

k, (Q~~, n)

Mg coy-
2 0 aI2

p~o [(co —2c, Q ll
)' 4ct Q'~~~aias l

(2.26)
In Eq. (2.26), coj =(ko /Mz )'~ is the frequency of vibra-
tion of an isolated atom, normal to the surface, for the
case where the substrate is rigid.

The expression in Eq. (2.26), combined with Eq. (2.17),
is the principal result of this section. We shall discuss the
consequences of coupling between the substrate and adsor-
bate motions in Sec. III. It is straightforward in principle
to extend the treatment here to the case where the sub-
strate is not regarded as an isotropic continuum, but as
remarked earlier, when this is attempted, the complexity
of the resulting algebraic expressions makes it difficult to
appreciate the physical content of the results.

III. DISCUSSION AND RESULTS

We begin by sketching the consequences of the result
obtained in Sec. II. Consider, for simplicity, a monolayer

I

of adsorbates placed above the substrate. Let all lateral
interactions between adsorbates have central-force charac-
ter. The dynamical matrix which enters Eq. (2.17) is then
a 3X3 matrix which by virtue of the assumed central-
force character of the lateral interactions breaks down
into a 2X2 matrix whose eigenvalues describe the two
phonon branches for which the adsorbate motion is paral-
lel to the surface, and a single entry that describes the
eigenmode polarized normal to it. In our model, the two
parallel branches are unaffected by the coupling of the ad-
sorbate layer to the substrate motions. The frequency Qz
of the perpendicular mode is influenced by coupling to the
substrate, and the frequency of this mode is found from
the relation

Qf = k(Q(i, Qi) . (3.1)

If we consider a hexagonal adsorbate monolayer with do
as the nearest-neighbor spacing between adsorbates placed
over an fcc crystal formed from atoms of mass M„ then
with coj ——ko /Mz the frequency of the adsorbate perpen-
dicular mode in the rigid substrate limit (M, ~oo), Eq.
(3.1) becomes

2 3 2Mgcoga o Qga)
Aj =cog 1 —

2 ~ 2 2 2 2 4 2~&~ado I [(Q&+i II) —2c, Q~~ j —4c, Q~~aia, j
(3.2)

2 2
Qg =egg

3 2Mgao
1 —E

v 3M, do elf)x

3

1— g Mgao rg)q

ado
(3.3)

The main point is that at I in the two-dimensional Bril-

In principle, at least, we are to solve Eq. (3.2) for Q~. In
the rigid substrate limit, Qz is dispersionless, and with la-
teral interactions of central-force character only, the ad-
sorbates may be regarded as a collection of Einstein oscil-
lators insofar as their. motion normal to the surface is con-
cerned.

Quite clearly, coupling to the substrate motions induces
dispersion into the perpendicular branch. The physical
origin of this dispersion is indirect interactions between
adsorbates induced through the dynamic response of the
substrate. Dispersion of this origin has been discussed
previously, ' ' and is responsible for the dramatic
dispersion found for the perpendicular surface phonon as-
sociated with the c(2X2) oxygen overlayer on Ni(100). '

For the systems of interest here, we shall find that the
substrate-induced dispersion is very modest.

Suppose we let Q)~~0 in Eq. (3.2). Then the term in
a,a~ vanishes from the denominator while the factor of a~
in the numerator is-replaced by iQ&/c&, as g~O. We
then have

louin zone (Q~~ =0), the perpendicular mode frequency ac-
quires an imaginary part, and hence a finite lifetime, even
in the harmonic approximation of lattice dynamics. As
the vertical motion of the adsorbate layer is excited, the
substrate is dragged into motion, and the energy stored in
the adsorbate layer is radiated off into the bulk of the
crystal, in the form of longitudinal phonons which propa-
gate normal to the surface. The adsorbate perpendicular
mode thus becomes a "leaky" surface mode, or surface
resonance, as discussed in Sec. I, and in earlier papers on
other systems. ' ' As one moves away from Q~~

=0 in
the present model, in the regime where 0&Q~~ &co/cl,
both longitudinal and transverse bulk phonons are gen-
erated by the vibrating adsorbate layer, while in the re-
gime co/c~ & Q~~ & co/c„damping is provided only by bulk
transverse modes. Finally, when (co/c, ) & Q~ ~, both a, and
a~ are real, and the only role of coupling is the introduc-
tion of dispersion into the perpendicular monolayer mode.
Note, as discussed earlier, to obtain a proper description
of radiation damping of the adsorbate vibrations of over-
layers, it is necessary to carry out a study which employs
a truly semi-infinite substrate; slab calculations' show a
narrow range of frequencies within which there is strong
hybridization between the overlayer and standing wave
bulk slab modes, but true radiation damping fails to ap-
pear.

The numerical calculations presented below show that
near I, the radiation damping is appreciable, for the
rare-gas overlayers on Ag(111). It would thus be of very
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3 2

g2
2~3' d2 c~z (ct2 —cP) Q((

Comparison of Eq. (3.2) with discussions of Rayleigh
surface phonons on the semi-infinite substrate' show that
the factor (Q —2c, ~

I I

—4c, ~ (I a&a, Uanishes at the
Rayleigh wave frequency Q=czg(I, where cri is the speed
of the Rayleigh wave. There is in fact strong hybridiza-
tion between the monolayer mode and the Rayleigh wave
where the two cross, as suggested by Fig. 1. The conse-
quences of this hybridization will be explored in detail in
the numerical calculations in the following.

To explore the influence of coupling between the adsor-
bate and the substrate, we have calculated the spectral
density function which describe the frequency spectrum
of atomic displacements normal to the surface, for atoms
in the monolayer, and in the outermost layer of the bilayer
and the trilayer. %'hile we have employed such spectral
density functions in earlier work, ' perhaps a brief re-
view of their definition and physical interpretation will
prove useful.

Consider the displacement w (l(I l„t) of an atom in the
overlayer. We may write, for a perfectly ordered over-
layer,

(3.4)

w~(ill'l~~t) i' + ~(Q(l, l, ;t)e(~ )i jz (3.5)

where the sum on QII ranges over the relevant two-
dimensional Brillouin zone, and N, is the number of unit
cells in the basic two-dimensional lattice.

Quite clearly, the time variation of the w (QI(l, ;t) pro-
vides us with a description of the frequency spectrum of
those fluctuations with wave vector QII, in the Cartesian
direction a, and the layer labeled by l, . For a discussion
of He scattering from the rare-gas overlayer, it is the dis-
placements normal to the surface (a =z) in the outermost
layer that are of primary importance. Thus, it is these
displacements that we study along the line I —M in the
two-dimensional Brillouin zone of the hexagonal lattice.

If we describe the lattice dynamics in the harmonic ap-

great interest to study, possibly by high-resolution inelas-
tic helium atom scattering, the temperature variation of
the linewidth of the rare-gas overlayer phonons. Near the
Brillouin-zone boundary of the overlayer, the radiation
damping should be absent (in a theoretical picture such as
ours which ignores umklapp processes), and the linewidth
should thus be dominated by temperature-dependent
anharmonic contributions. But near I, in the regime
0 & QII & co/c„ the temperature-dependent anharmonic
contributions should be supplemented by the
temperature-independent "radiative leak" contribution
displayed in Eq. (3.3). The situation will be less simple if
full account of the incommensurate nature of the over-
layer is taken, and careful linewidth studies may thus pro-
vide considerable insight into the interaction between an
incommensurate overlayer and the underlying substrate.

In the limit g(I & co/c, both at and a, become real and,
as remarked above, the substrate induces dispersion into
the monolayer mode. When Q((» to/c„one finds that
Eq. (3.2) becomes

T

proximation, then the normal modes of the adsorbate-
substrate complex may be labeled by the wave vector QII,
and a second index s which designates which of the modes
of wave vector QII (Rayleigh wave, or a particular bulk
phonon, for example) we are concerned with. Then, the
operator w (QI(l, ;t) is related to the annihilation and
creation operators a(Q((s), a+(Q((,s) for the mode (QI(,s)
as follows:

fi

2M(1, )co(QI(,s )

1/2

e (Q((,s;l, )

&( [a (Q((,s )e

t( )
+ice(Q((,s)t) (3.6)

Here, e (QI(,s;l, ) is an eigenvector normalized so that

g I
e (Q(( s'l. )

I

'= I
a l

M(l, ) is the mass of the atoms in layer l„and co(Q((,s) is
the frequency of the mode. It is a simple matter to calcu-
late the correlation function, to find

( w (QI(, l, ;t)wp(QI(, l,';0))r
1dQ —1+2n(Q) e

2[M(l, )M(l' ))'

&& p~p(QI I', l„l,';Q),

p~p(QI I, l„l,';Q)

= g e (QI(»;l. )ep(Q((, s,'l.' )&(Q—~, (Q(()) . (3.8)

If we choose a=p=z, and l, =l,', with l, as the label
of the outermost layer of adsorbate, then p (QI(,l„l„.Q)
describes the frequency spectrum of the atomic motions in
the outermost layer, normal to the surface, and with wave
vector QII. It is this function that we compute here. One
may derive a prescription for constructing this spectral
density from our earlier papers. ' We first begin by
writing Eq. (2.17) in the form

Q w (O, l, ) —g d p(Q((,'l„l,';Q)w (O, l,')=0,
P, l'

(3.9)

where the frequency dependence in d p(QI(, l„l,';Q) arises
from that in the renormalized force constant ko(QII, Q).
Then, we may construct p (QI(,l„l,';Q) by first introduc-
ing the Green's function, considered as a function of the
complex frequency z,

(3.7)

where p p(Q((', l„l,';Q) is the spectral density function,
whose physical interpretation is that it provides the fre-
quency spectrum of these fluctuations, all with wave vec-
tor QII, which contribute to the correlation function on
the left-hand side of Eq. (3.7). We have
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e (Q((,s;l, )ep(Q((, s;1,' )
U p(Qit ' "')=X z 2co (Qii,s) —z

We have the following prescription:

p (Q~~, l„l„Q)= . Im[U (Q(~,l„l„Q+ig)j,0

(3.10)

(3.11)

MONOLAYER Xe/Ag {ill)

where yi is a positive infinitesimal quantity. Finally, one
may show that the Green's function introduced into Eq.
(3.10) obeys a simple inhomogeneous version of Eq. (3.9):

I I

q = o. l 5 II q =0.20

z U p(Q~~', lz, l,';z)

day(Q[[i~z&iz")Uyp(Q[]iIz"Iz iz ) =&ag( I&

Pyl "

(3.12)

To calculate U (QL~, l„l,;z), we proceed as follows: (i)
Place a factor of unity on the right-hand side of that
member of Eq. (3.9) for which 1, refers to the outermost
adsorbate layer, and a is z; (ii) replace the frequency 0 by
0+i' In p. ractice, g is chosen to be a finite, small posi-
tive number equal to a few percent of the phonon frequen-
cies of interest. (iii) Then invert the set of inhomogeneous
equations, equal in number to 3n, where n is the number
of adsorbate overlayers. (iv) The element tu, (0,1, ) that re-
sults from this procedure is in fact U (Q~~, I„&,;Q+iyI),
and the spectral density is formed from Eq. (3.11).

The simplest case is a monolayer of adsorbate atoms
coupled to the rigid substrate. Then, as long as the lateral
interactions have central-force character, the vibrational
mode polarized normal to the surface is dispersionless,
with the frequency cot ——(ko /M)' used earlier in this
section. For this mode only, the adsorbates behave as a
set of uncoupled Einstein oscillators. In this limit, if one
traces through the definition of the spectral density, one
has (with l, =0 designating the monolayer)

p (Q~~;O, o;n) =n(n —~, ) . (3.13)

Figure 3. shows calculations of p (Q~~,'0,0;0), for several
values of Q~~ along the line from I to M. The resulting
force constant ko is chosen to reproduce the frequency
cot ——2.83 meV for vibration of a Xe atom against the rig-
id Ag substrate, and lateral interactions between the ad-
sorbed Xe atoms are modeled via Barker's gas-phase po-
tential, with lateral interactions extended out to fifth
neighbors. (This is model C of Ref. 3.) The Ag substrate
is modeled as a semi-infinite isotropic elastic continuum
as described in Sec. II, with elastic constants chosen to
reproduce the velocity of longitudinal and transverse
sound waves along the (111) direction of the real crystal.
The reason for this choice is that the principal effect of
coupling between the adsorbate and substrate motions will
be the radiative damping of the adsorbate modes near I .
The bulk phonons which participate in this damping leave
small values of the wave-vector component parallel to the
surface, and thus propagate nearly parallel to the (111)
direction. A dimensionless measure of wave vector is q,
and we have q = I at M.

At M, we see a single feature in the spectral density at

t:
V)

C)

0
I-
UJ
CL
V)

q =0.3
c ~ t i I

I ~ ~ I

I s

0 I 2 3 4 0 I 2 3 4 5
hcu (mev)

the frequency 2.75 meV, within the accuracy of the plot.
Strictly speaking, the contribution to p from this mode
is a 5 function, and small finite width of the feature
displayed has its origin in our use of a finite value of the
quantity yI in Eq. (3.11). Thus, at and near M, coupling
between adsorbate and substrate motions has very little ef-
fect on the perpendicular motion.

At I, where q =0, we again see a single feature in the
spectral density, upshifted a bit from 2.75 to 2.85 meV by
coupling to the substrate vibrations. The feature at I is
very much broader than that at M, however. This
linewidth has its origin in radiative damping of the per-
pendicular vibration mode, as discussed earlier. At M, as
suggested in Fig. 1, such radiative damping is kinemati-
cally forbidden, but it is allowed at I . The linewidth in
the full calculation is in reasonable accord with that pro-
vided by the expression in Eq. (3.3).

As we move out to q=0. 1, we see a low-frequency
"wing" on the.adsorbate peak. This has its origin in exci-
tation of the adsorbate layer by bulk phonons which re-
flect off the substrate surface, and excite adsorbate layer
motions in the process. The small peak near 0.8 meV has
its origin in the substrate Rayleigh wave, with frequency
given by c~g~~ in our model with c~ being the speed of

FICx. 3. Plots of the spectral density function p for the xe-
non monolayer on a Ag(111) surface, with the Ag substrate
described as a semi-infinite isotropic elastic continuum. The
plots explore various wave vectors along the line from I to M in
the two-dimensional Brillouin zone of the monolayer, with di-
mensionless measure of the wave vector Q~~. At M, q =1.0.
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FIG. 4. Trajectories of peaks in the spectral density p in the
co-Q~~ plane, for the xenon overlayer on Ag(111).

the Rayleigh surface wave on the substrate. As q is in-
creased to 0.15, the Rayleigh wave increases in frequency,
and by the time q=0.20 the Rayleigh wave on the bare
substrate surface hits quite close to co&. The two modes
thus hybridize and mix, to produce a doublet in the spec-
tral density. The high-frequency feature, centered at 2.7
meV, contains nearly all the integrated strength, and is
also broadened greatly by radiative damping. At q =0.3,
most of the strength resides in the low-frequency feature,
centered near 2.3 meV. With further increase in q, this
feature very soon moves up to 2.75 meV (see Fig. 4, dis-
cussed below), and there is very little "action" in the spec-
tral density for 0.4&q &1.0, i.e., we have only a single
feature very near 2.75 meV.

We then see from this example the principal effects of
coupling between adsorbate and substrate motions. Near
I, we have substantial "radiative damping" of the adsor-
bate normal mode, and there is hybridization between the
Rayleigh wave and the monolayer mode that produces a
doublet in the spectral density; the two features in the
doublet have comparable intensity only quite near the
crossover between the substrate Rayleigh wave, and the
dispersionless vibrational mode of the adsorbate overlayer.

In Fig. 4, we plot the trajectories of the structures
which appear in the spectral density. The solid line is the
frequency of the dispersionless mode of the monolayer vi-
brating normal to a rigid substrate. Solid circles give the
frequency of the Rayleigh surface wave of the substrate
with adsorbate layer absent. These points are provided by
a slab calculation, discussed below, and serve as a check of
our modeling of the substrate as an elastic continuum.
Over the region of the two-dimensional Brillouin zone ap-
propriate to the present analysis, the slab calculation
shows the substrate Rayleigh mode to be quite dispersion-
less. The triangles represent the location of the peaks in

p~, calculated as displayed in Fig. 3. Keep in mind that

away from the Rayleigh wave-adsorbate mode crossover,
one member of the doublet has very modest integrated
strength. We see the hybridization phenomenon very
clearly here. Note the smaller degree of anomalous
dispersion introduced when the adsorbate mode crosses
the line co=cog~~, with cI the longitudinal-phonon sound
velocity. There is a Van Hove singularity of the form
(co —ciQ~~)

' in the projected density of states of the
bulk phonons which produce this anomaly.

We turn next to a discussion of the second model,
which places a hexagonal xenon overlayer over a Ag(111)
crystal, modeled as a finite slab of silver layers. It has
been pointed out by Unguris eI; al. that the lattice con-
stant of the xenon overlayer is close to 1.5 that of the
underlying silver substrate, although in fact the two lat-
tices are actually incommensurate. If we use the lattice
constant of the monolayer reported in Ref. 3, 4.38 A, then
the lattice constant ratio is 1.516. For the xenon bilayer,
the ratio is 1.4965. Thus, in our model, we make the two
commensurate by choosing the ratio to be precisely —,.

We then have to make a decision about the manner in
which the xenon overlayer is placed above the silver sub-
strate, and we have chosen the geometry illustrated in Fig.
5. One adsorbate in each unit cell resides in a top site,
and three in a twofold bridge site. The two-dimensional
unit cell contains four adsorbate atoms, and nine Ag
atoms. For this structure, the line from I to M is one-
third the length of the line appropriate to that in the Bril-
louin zone of an isolated layer of substrate atoms, and
one-half of that appropriate to the adsorbate layer taken
alone. One must keep these relationships in mind as we
interpret the normal modes of the system.

Our calculations are carried out for the adsorbate layer
placed on an eight layer slab of the Ag atoms. We use a
nearest-neighbor model for the lattice dynamics of the
structure, with the single bulk force constant chosen to
reproduce the maximum bulk phonon frequency of silver,
and each xenon is coupled to the substrate by force con-
stants adjusted so each of the force atoms in the unit cell
has the same perpendicular vibration frequency, with sub-
strate atoms held pinned in place.

We calculate all of the normal modes of the above
structure, and calculate eq ———,

' g,. & ~
e,"

~

for each of

xQ

Oo

FIG. 5. The geometry chosen for placement of the xenon
overlayer on the Ag(111) surface. The circles are xenon adsor-
bates, the squares are the outermost layer of Ag atoms, and the
crosses denote the location of the atoms in the second layer
down. The four inequivalent adsorbate atoms in the unit cell
(parallelogram) are designated 2, 8, C, and D.
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these, where e,"is the z component of motion of the ith
atom in the xenon unit cell. We find, for most choices of
wave vector parallel to the surface, four modes which con-
tribute e& strongly enough to be detected in helium
scattering measurements. The remaining modes involve
primarily parallel motions of the adsorbates (8 modes), or
primarily motion of substrate atoms (8X9X3 modes), al-
though as we shall see, these are on occasion additional
modes which contribute to ei significantly.

Two of the modes of interest have simple properties.
One mode involves atoms B and C; the frequency shifts
from 2.70 meV at the zone center to the slightly down-
shifted value 2.69 meV at the zone boundary of the unit
cell of the structure in Fig. 5. The other involves almost
exclusively atom A, and its frequency varies from 2.70 to
2.68 meV in the same sweep through the zone. Both these
modes have 99% of the motion stored in the atoms
described above, with

~
e,

~

as a measure.
In Fig. 6, we compare the spectral density functions p

generated by the model which treats the substrate as an
elastic continuum, and the frequency distribution of the
modes which contribute to ez, and the value of the latter

MONOLAYER Xe/Ag (Ill)
I I . I i I)v& I I I I & I I/&/ I

q = 0.0 q =O. l

quantity. The two sets of calculations track remarkably
well, along the portion of the line from I to M explored
here. The slab calculation leads to a slightly smaller hy-
bridization gap at q=0.3, and places more weight in the
high-frequency members of the doublet than the continu-
um model. The slab calculations thus provide support for
the predictions of the continuum model, although our
past experience suggests that the substrate has not been
taken thick enough for us to have confidence that conver-
gence has been achieved fully. For eight silver layers, to
obtain these results we had to diagonalize a 228 &228 ma-
trix (size 8X9X3+4X3); each new substrate layer in-
creases the size of the matrix by 27 rows and columns,
and we could not handle a larger slab with the machine
available to us (Burroughs 7900). However, it is quite
clear that our continuum model and the second model
which takes account of the discrete atomic structure of
the substrate produce very similar results.

We now turn to our results for the xenon bilayer and
xenon trilayer, with the silver substrate described within
the framework of the isotropic elastic continuum model.
For these calculations, the xenon bilayer and the trilayer
are described by model C of Ref. 3, i.e., we have lateral in-
teractions described through the use of Barker's potential,
summed out to fifth neighbors.

In Fig. 7(a) we show those phonon branches, four in
number, which are polarized with displacement in the sag-
ittal plane which contains the normal to the surface, and
the line from I to M. These are calculated for the bilayer
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FIG. 6. Plots of the spectral density functions p generated
by the model which treats the substrate as an elastic continuum
(solid lines), and a comparison with the spectral distribution of
e q generated from the slab calculation.

FIG. 7. (a) The dispersion curves, along the I —M linc, for
those phonons of the xenon bilayer with displacement in the
sagittal plane. The solid lines are calculated by diagonalizing
the appropriate dynamical matrix, while the triangles denote the
position of the peaks in p . The portions of the dispersion
curve with no triangles are regions where the mode contributes
very little to the perpendicular motions of atoms in the outer
layer. (b) The trajectories of the peaks in p in the co-Q~~ plane
of the peaks in the spectral density for vertical motion of atoms
in the outermost layer. Superimposed is the dispersion relation
of the substrate Rayleigh wave (solid circles), the line co=c~Q~~
(dashed line), and the rigid substrate bilayer dispersion curves
(solid lines).
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which vibrates on a rigid substrate. For simplicity, we
omit the two shear horizontal branches, with polarization
parallel to the surface and normal to the sagittal plane.
The solid lines are calculations of the dispersion curves,
found by diagonalizing the problem defined by Eq. (2.14)
with zero on the right-hand side, and the triangles show
the positions of the peaks in p, again with the substrate
held rigid. This comparison serves as a check on our
computational procedures. Figure 7(b) shows the trajec-
tories of the peaks in p, with coupling to the substrate
included. The solid circles give the dispersion relation for
the substrate Rayleigh wave, with adsorbate bilayer ab-
sent, while triangles give the trajectories of the peaks in

p . The shifts in frequency away from the rigid substrate
bilayer phonon bands is small, through most of the Bril-
loun zone save near the crossover of the Rayleigh wave
with the various branches. In these regions of the plot,
extra structures appear.

In Figs. 8 and 9, for various values of the reduced wave
vector along the I —M line, we show plots of p~ for the
outer layer of the bilayer. For each value of q, we show
the calculation which incorporates substrate motions in
the left-hand column while the right-hand column
displays p~ in the limit of a rigid substrate. At q =0, we
see two features in the spectral density; the role of radia-
tive damping is evident when the two are compared. For
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FIG. 8. For values of 0&q &0.2, we show p for the case
where the bilayer is coupled to the substrate motions (left-hand
column of the figure) and for the case where the substrate is as-
sumed ngj.d.
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FIG. 9. Same as Fig. 8 but now for q =0.3, 0.4, and 1.0.

q =0.1, in the right-hand column, we see a doublet, which
shows that each of the two branches in Fig. 7(a) contri-
bute to p in the rigid substrate limit, although the higher
frequency member of the pair is a weak feature. At this
value of q, with coupling to the substrate "turned on, " the
feature near 0.7 meV is produced by the substrate Ray-
leigh wave. The doublet between 1.5 and 2.0 meV is dis-
torted, with redistribution of oscillator strength between
the two modes, by the near proximity of this feature to
the Van Hove singularity associated with the "longitudi-
nal edge" at co=c~g~~. In essence, there is appreciable
coupling here between the bilayer modes, and bulk longi-
tudinal phonons which propagate nearly perpendicular to
the surface.

For this system, the Rayleigh wave velocity nearly coin-
cides with that of the low-frequency acoustical phonon of
the bilayer, so this pair couples to produce only a single
feature in the spectral density. There is, in principle, a
hybridization splitting, but evidently for q near zero, this
is smaller than the linewidth produced by radiative
broadening. Thus, at q =0.2, below 2.S meV, we see only
three spectral features as in the rigid substrate calculation
but the mode mixing produces a substantial redistribution
of oscillator strength.

For values of the reduced wave vector q equal to or
greater than 0.3, the coupling between the adsorbate and
substrate motions produces no dramatic effects on the
dominant feature in the spectral density, although surely
the details in p are affected. Our conclusions are that
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FIG. 10. In parts (a) and (b) we give information similar to
that provided by Fig. 7, but for a xenon trilayer coupled to a
semi-infinite Ag substrate, modeled as an elastic continuum.
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FICx. 11. Same as Fig. 8 but for the trilayer rather than the
bilayer.

for the bilayer, the influence of coupling between adsor-
bate and substrate motions is confined to the near vicinity
of I (q &0.25) where, alas, high resolution data can be
hard to obtain. 0 2 4 6 0 2 4 6

ficu (meV)
FIG. 12. Same as Fig. 9 but for the trilayer rather than the

bilayer.

We now turn to the trilayer. In Fig. 10(a) we give the
dispersion curves of the trilayer phonon modes with dis-
placement in the sagittal plane, while Fig. 10(b) gives the
trajectories of peaks in p . Then Figs. 11 and 12 provide
plots of p, for the case where the trilayer is coupled to
the substrate motions (left-hand column), and where it vi-
brates on a rigid substrate. At I', we see the influence of
radiative damping of the adsorbate modes, but the effect
is less dramatic than in the case of the monolayer and the
bilayer. Mixing between the Rayleigh wave and the over-
layer vibrations produces dramatic enhancements in the
spectral strength of the low-frequency features near 1

meV for q =0.1, but by the time q =0.2, the influence of
coupling is only on minor features in p . This remains
true for all larger values of q.

From a comparison between the monolayer, bilayer,
and trilayer results, it is evident that as the layer thickness
increases, the influence of coupling between adsorbate and
substrate motions is dramatic in a progressively smaller
fraction of the Brillouin zone near I . We assume the
reason is that as Q~~ increases, the displacements in the
Rayleigh wave become more and more localized to the
overlayer-substrate interface, and when this degree of lo-
calization is sma11 compared to the overlayer thickness,
the substrate Rayleigh wave has little influence on the
dynamical properties of the outermost layer. Thus, as
more layers are added to the adsorbate complex, the influ-
ence of the substrate becomes progressively more localized.
to the near neighborhood of I .
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IV. CONCLUDING REMARKS

The principle conclusions that follow from this study,
and their consequences are as follows.

(i) The frequency shifts produced by coupling between
substrate and adsorbate motions are rather small
throughout much of the two-dimensional Brillouin zone,
except for regimes of wave vector where the substrate
Rayleigh wave dispersion curve crosses a branch of a
mode localized by the adsorbate layer, with symmetry
such that its displacement is confined to the sagittal
plane. Then, rather dramatic hybridization splittings can
occur, particularly for the monolayer. Less dramatic but
nonetheless clear anomalous dispersion is introduced
when adsorbate layer dispersion curves cross the line
co=ciQ~~, this has its origin in a Van Hove singularity in
the projected bulk phonon densities of states.

We believe that substrate-induced anomalous dispersion
should be observable in inelastic He atom scattering ex-
periments, carried out with very high resolution. When
examining our spectral density plots, the reader must keep
in mind that they explore the frequency spectrum of atom
motions in the outermost adsorbate layer associated with
a particular wave vector Q~~. In an actual experiment,
with incident-beam direction fixed, and detector fixed, one
samples a range of Q~~ values in the study of the loss spec-
trum.

(ii) Radiative damping, in which adsorbate modes decay
by emitting their energy into the substrate in the form of
bulk phonons, can be strong in those regions of the two
dimensional Brillouin zone where these processes are
kinematically allowed (see Fig. 1). The adsorbate modes
are damped quite strongly by this process, according to
our calculatiogs. It would be intriguing to study the tem-
perature variation of the linewidth of the monolayer per-
pendicular mode as a function of its wave vector Q~~.
Near M, where the frequency co is small compared to
ciQ~~ and c,Q~~, radiation damping is not allowed
kinematically, so anharmonicity is the only source of
linewidth. This latter contribution should exhibit a clear
temperature dependence, similar to that expected for the
higher frequency adsorbate normal modes of chemisorbed
atoms. ' Near I, where the radiative damping is allowed,
there should be substantial temperature-independent con-
tribution to the linewidth, with origin in the radiative
damping.

It must be kept in mind that the kinematical conditions
cited here for the occurrence of radiation damping will be
modified, if due account is taken of the incommensurate
nature of the overlayer. In effect, umklapp processes not
included in the present treatment are possible kinematical-
ly. We suspect these are weak, because of the very smooth
nature of the Ag(111) surface, but their presence and pos-
sible study may provide insight into the role of incom-
mensurability in surface lattice dynamics, for systems
such as those studied here.

(iii) The influence of interaction between the substrate
motions and those in the overlayer are most pronounced
for the monolayer, and as one moves to the bilayer and
the trilayer, the influence of the coupling is confined to a
smaller and smaller fraction of the Brillouin zone, near I .

The monolayer should thus be the system to be studied
first to search for such an effect, with the present calcula-
tions and discussion as a guide.

We conclude with some general remarks on a compar-
ison between the information provided by our analysis of
the adsorbate layer placed on a semi-infinite substrate,
and the studies based on the slab method. As noted ear-
lier, de Wette and his colleagues have carried out detailed
studies of Kr overlayers' or graphite, which are com-
mensurate with the underlying substrate, modeling the
substrate by a finite slab substantially thicker than that
employed here. In principle, a proper description of radi-
ation damping appears in the theory only in the limit that
the substrate becomes infinitely thick, and the density of
substrate phonon modes with fixed Q~~ becomes a true
continuum. For a substrate slab of finite thickness, one
has a discrete spectrum of substrate modes associated
with each. value of Q~~. In the work of Ref. 13, one sees
the adsorbate branch merge with the discrete substrate
mode spectrum, and the result is a spectral region within
which there is strong mixing between the adsorbate
modes, and the substrate mode spectrum. de Wette et al.
comment that there is enhanced amplitude at the surface
in this spectral region.

There is a direct analogy between the description of the
radiative decay of an excited atom in free space, where the
excited state acquires a finite lifetime by emitting pho-
tons, and coupling of an atom to the radiation field in a
finite cavity with discrete modes. In the latter case, all
normal modes have infinite lifetime, and there will be a
spectral region within which one encounters strong cou-
pling of the atom to the radiation field, resulting in modes
of mixed character.

In earlier work, we have developed a Green's-function
method that may be applied to a semi-infinite discrete lat-
tice of substrate atoms, with ' or without' ordered ad-
sorbate layers. In this series of papers, we have presented
detailed studies of various resonance modes, within the
framework of a method which provides an exact descrip-
tion of the response of a semi-infinite substrate in the har-
monic approximation. We have compared these exact re-
sults with finite slab simulations; the slab calculations
produce a poor description of the width of the surface res-
onance, largely because with the number of layers typical-
ly included (20 to 30), only a small number of normal
modes of the slab lie within the narrow spectral region
where the resonance is found in the full solution. In some
cases, the slab method fails to show the surface resonance
mode (this can occur if a resonance lies in a spectral re-
gion where the density of bulk modes is small), or statisti-
cal fluctuations in the computational data may produce
features in the spectral density that can be misidentified
as resonance modes. An example of the latter problem is
to be found in work published by Andersson, Karlsson,
and Persson, ' who studied surface resonance modes in-
duced by the p(2)&2) oxygen overlayer adsorbed on a
Ni(100). They identify three resonance modes from their
slab calculation. In earlier work, ' precisely the same
model employed by these authors was introduced to
describe these systems. The exact solutio~ presented
there, with semi-infinite substrate shows that only two
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and not three surface resonances are contained in the
model.

For the reasons cited above, we believe the Green's
function method we have developed is a superior method
of describing surface resonances. With modern computers
with large storage capacity, it is possible to consider much
thicker slabs, with perhaps 100 substrate layers included.
Then the slab results may prove more reliable, and con-
vergence of the spectral density calculations may be
checked explicitly. As we have discussed, this paper has

utilized a continuum model of the substrate, to simplify
the description of the interaction between the substrate
and the incommensurate overlayers of interest here.
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