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Reduced quantum fluctuations in the Josephson junction
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We predict that a Josephson junction can exhibit, under certain conditions, squeezed or reduced quantum
fluctuations of the tunneling current. Using the formal analogy of the Josephson junction to a system of
two-level atoms, we show that these reduced fluctuations are closely related to the Bloch-state description
of the Bardeen-Cooper-Schrieffer wave function and to the angular-momentum algebra of the proper
dynamical variables describing the tunneling process.

One of the main properties of the quantum fluctuations
of two dynamical variables A and B is that they satisfy the
uncertainty principle:

From this fundamental principle it follows that there is po
basic restriction on the magnitude of the individual fluctua-
tions b, A and 5Bas long as the inequality (1) is satisifed.

This fact has led to the investigation of the so-called
squeezed or reduced quantum fluctuations where we can
have

Cooper pairs from the left to the right superconductors is
described by the operator

g okoq
%2m kq

where o-k(crq) are the Anderson pseudospin operators'0 for
the creation and annihilation of a pair on the left (right)
electrode. In this definition m is the number of pair states
between the Fermi energy and the Debye energy. Similarly,
we can describe the inverse process by S = (S) . These
two operators, combined with the following operator,

~A'& —,
' l[&,B]l or AB'&

2 l[&,B]l (2)
1

S3= 2 gok3 goq3
k q

i.e., one of the individual fluctuations of 3 or B is smaller
than their joint uncertainty measured by g [A,B]l.

The theoretical importance of such squeezed fluctuations
has been quite widely recognized in quantum optics, ' optical
communications, and gravitational-wave detector schemes.
In optics A can be identified as the amplitude of one of the
quadrature phases of the electromagnetic field or atomic di-
pole operators. A number of possible schemes for the gen-
eration of such squeezed states have been proposed, utiliz-
ing a wide variety of nonlinear effects in quantum optics in-
cluding, for example, parametric amplifiers, two-photon
transitions, three- or four-wave mixing, or resonance
fluorescence. ' So far there has been no experimental mani-
festation of squeezed states of light in any of the above
mentioned systems.

It is the purpose of this Brief Report to show that
squeezed fluctuations also occur in the Josephson junction
and that the quantity that can exhibit reduced quantum fluc-
tuations is the Josephson current. These squeezed fluctua-
tions of the Josephson current are mathematically closely
related to reduced quantum fluctuations of the radiating di-
poles in the strong-field resonance fluorescence of a two-
level atom. 4 These formal similarities between the Joseph-
son junction and the two-level dynamics have their source
in the wo-level tunneling model due to Feynman, Leighton,
and Sands. 5 Since then the two-level analogy of the Joseph-
son junction has been extensively used in the literature.
One of the main results of this research has been the fact
that pseudospin or the angular-momentum algebra describes
remarkably well the tunneling of electron pairs between the
superconductors and the dynamics of systems of two-level
atoms.

In the angular-momentum notation the tunneling of the

which counts the number of excess pairs in the left super-
conductor (o.3k and o.

3q are the Anderson-pair population
operators'0), satisfy the following commutation relations:

[S3,S ] = S, [S3,S]= —S

dS3I=. —2e
dt

2e " " Ip-[S,,H, ] = —S, ,
ih f12

where S2= (1/2i)(S —S).
From the general relation (1), the two Hermitian opera-

tors S~ and S2 associated with the tunneling energy and
current, respectively, satisfy the uncertainty principle in the
following form:

AS, AS2~ p 1[S,,S2] I

From Eq. (2) we see that reduced fluctuations of the S2
operator associated with the Josephson current are possible
if

AS2 & —,
' l[S, ,S,]l

From the definitions of the pair transition operators we cal-

The tunneling Hamiltonian describing the transfer of the
Cooper pairs may be written as follows:"

AIp -g - hIpHT= — (S +S)= — Si
4em 2em

. where Ip is the experimentally measured maximal Joseph-
son tunneling current and St= ~(S + S). The tunneling

current is given by the following expression:
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culate that I.O ].0

[St,S2] = —,[S,S ]
2l

r

A f A A ~ h f A A
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(10)
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For a Josephson tunnel junction, the .wave function I p ) that
represents the two pieces of superconductor, both in their
ground states, can be written as

lq) = lilacs && lqBcs +)

0.2-

0 i I I ~ I ~ ~ I I I I

0

0.2

0

where at zero temperature the Bardeen-Cooper-Schrieffer
(BCS) wave function of the left electrode is given by"

les, L&=g(.+ k k)lo& (12)
k

where uk(uk) is the probability amplitude that the pair state
is occupied (unoccupied). A similar expression holds for
the right BCS wave function lpacs', R).

It is well known'3'4 that the junction wave function (11)
is analogous to the Bloch state I0, $), i.e., the coherent
state of the angular. -momentum algebra'5 with $ being the
phase difference between the two sides of the junction and
the angle 0 describing the phase correlation between the two
superconductors. The many-body wave function (11) corre-
sponds to a Bloch state with the total angular momentum J
equal to m. '

For such a state we have the following expectation value
of the 52 operator:

(S2) = m sin0 sing

accordingly we obtain the famous Josephson relation

(I) =1~sing

(13)

where IJ= Iosin8.
If the correlation between the left- and right-hand elec-

trodes is sufficiently weak, the right-hand side of the com-
mutator (10) is simply S3 and the Josephson dynamics is
fully described by angular-momentum operators.
In this case the condition for reduced quantum fluctuations
of S2 [see Eq. (9)] has the form 5$22 & g(S3) I. For the

BCS states of the superconductors we have

and

AS22 = —(I —sin'0 sin2$)
2

I (S3& I
= —

I cos0 I

2

and reduced or squeezed fluctuations of the Josephson
current are possible if o

1 —sin20sin2@ & I cos0I (15)

This inequality with the proper interpretation of the Bloch
angles 0 and $ is the main clue for the investigation of
squeezed fluctuations in a Josephson junction. Note that
the condition (15) is independent of the number of Cooper
pairs rn involved in the problem.

In the steady state the Josephson junction has fixed
values of 0, m, and Q = 2e/fr Va (where Vo is the electrostat-
ic voltage). 2' A Josephson junction biased at zero voltage
for which 0 = m/2 gives the greatest correlation between the

FIG. 1. Plots of 1 —sin 0sin2$ (the dispersion 5522 scaled in

units of J/2) as a function of $ for two different values of the
Bloch angle: 6=0.4m and 8=0.2m, The straight line corresponds
to Icos0I.

two superconductors. It is clear from the inequality (15)
that in this case no reduced fluctuations of the current can
be observed. Now squeezed fluctuations can occur also for
the other case of completely phase uncorrelated supercon-
ductors with 0 = 0 or m. The only region where a reduction
of fluctuations can occur corresponds to situations where
there is a large deviation of the Bloch angle 0 from 7r/2.
Junctions composed of ultrathin superconducting films or
junctions consisting of two different superconductors with
different transition temperatures can lead, under certain
conditions, to states in which 0 deviates significantly from
~/2 16

Figure 1 shows two examples of the steady-state fluctua-
tions of S2 as a function of the Josephson angle P for two
different values of the Bloch angle: 8=0.4m and 0=0.2m.
The straight line corresponds to I cos0I. Regions of reduced
fluctuations [see the inequality (15)] occur clearly for cer-
tain values of $. Note that for a given configuration of the
junction (with 0&m/2) reduced quantum fluctuations occur
always for the minimal values of the Josephson current fluc-
tuations at $ = m/2, i.e. , for (I) = IJ.

Much larger deviations of the Bloch angle 0 from the
value m/2 can be observed in transient situations in which a
Josephson junction is irradiated by nearly resonant elec-
tromagnetic radiation. ' '6 2 But for the purpose of this
Brief Report we limit our discussion to steady-state situa-
tions only. Possible measurements of the Josephson current
fluctuation (at zero temperature) for different junction con-
figurations (different 0) as a function of a dc voltage offer
several experimental advantages compared with the similar
attempts in optics. The difficult task of obtaining a well-
controlled phase $ in optics is relatively simpler for the
Josephson junction, where for the dc or the ac voltage there
is an available method for an accurate measurement of @
(e.g. , the Shapiro steps23). For these reasons one can hope
that a measurement of the current fluctuations in a Joseph-
son junction at zero temperature can offer first evidence of
reduced quantum fluctuations associated with the uncertain-
ty relation (8).
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