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Frequency-dependent optical dephasing and the nature
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We present a theory of frequency-dependent optical dephasing as measured by narrow-band
photon echo experiments. We consider a substitutionally disordered crystal with inhomogeneous
broadening (diagonal disorder) and electronic interactions between occupied sites. We include the
possibility of site-energy correlations. We find that the frequency dependence of the dephasing rate
1/T2 is very sensitive to the ratio g/a, where g is the correlation length and a is the lattice spacing.
When g/a~ oo, and there are macroscopic domains of resonant ions, 1/T2 becomes frequency in-
dependent. In the other limit when g/a —+0, and the site energies are uncorrelated (microscopic
broadening), 1/T2 is proportional to the inhomogeneous line shape. We have compared our results
to experiments by Macfarlane and Shelby on Y203.Eu + (2 at. %%uo )an dEuP50l4 . We fin dreasonable
agreement with experiment when g' is less than a few lattice sites. Thus, for these systems the model
of microscopic broadening is more appropriate than that of macroscopic broadening.

I. INTRODUCTION

((;-& &)( -& )))=&( -& ))'& "', (1)

where r;J is the distance between ions and g is a correla-
tion length. In the limit $~0, this becomes

&(;—& &)(,.—& ))}=(( —
& ))'&&;, , (2)

Optical transitions of ions or molecules in crystals are
inhomogeneously broadened. If the concentration of the
optically active ions or molecules is sufficiently 'dilute so
that they are noninteracting, then the inhomogeneous
broadening is due to imperfections in the host crystal.
Homogeneous broadening, which can be measured by line
narrowing' or coherent transient techniques such as
the photon echo, results from coupling of the optically ac-
tive ions or molecules to nuclear spins or to phonons. If
the optically active ions or molecules are not dilute, then
phonon-assisted energy transfer or quasiresonant (purely
electronic) interactions among the excited impurities can
also lead to homogeneous broadening.

We, and others, ' have formulated a theory of
photon-echo decay due to quasiresonant interactions. We
find that the dephasing rate is very sensitive to the nature
of the inhomogeneous broadening. We discussed the two
limiting cases of "macroscopic" and "microscopic" inho-
mogeneous broadening. In the limit of macroscopic
broadening the system consists of large domains of
resonant ions (or molecules); dephasing is produced by
resonant interactions within domains. In the opposite
limit of microscopic broadening, one assumes that the site
energies are completely uncorrelated. In this case dephas-
ing is due to quasiresonant interactions with nearby (in
space and frequency) ions. More generally, if to; and toJ.

are the excitation frequencies at sites i and j, and (co) is
the average frequency, we might suppose that

corresponding to the case of random uncorrelated site en-'
ergies or microscopic broadening. In the other limit of
macroscopic broadening when g—moo, there is complete
correlation and all sites are resonant.

Information on the degree of correlation of site energies
in inhomogeneously broadened crystals is essential for an
understanding of energy-transfer processes. For example,
the usual model of the Anderson transition"' from lo-
calized to extended electronic eigenstates assumes random.
variation in the site energies. If there is some correlation
of site energies, one would expect the Anderson transition
for a diagonally disordered system to occur at lower inter-
site coupling strength, or for a substitutionally disordered
system to occur at a lower critical concentration. Experi-
mentally the degree of site-energy correlation is unclear,
although there seems to be some evidence' that in ruby
the broadening is not microscopic. Because the features
of the photon echo decay are so sensitive to the nature of
inhomogeneous broadening, one might hope to learn
something about the correlation length from photon echo
experiments.

Recently Shelby and Macfarlane have performed
narrow-band photon echo experiments at 2 K on the
Fo~ Do transition of Eu + in the stoichiometric materi-

al EuP50&4 (Ref. 14) and 2 at. %%uoYzOs..Eu+. ' Inboth
cases, they found that the dephasing rate, 1/T2, depended
on laser frequency and was greater near the center of the
inhomogeneous line. 1/T2 was temperature independent
(at low T), apparently ruling out the interaction with
thermal phonons. Thus they argued that the effect must
not be due to varying coupling to phonons through the in-
homogeneous line, ' or to phonon-assisted Eu +-Eu + en-
ergy transfer. One must also consider spontaneous emis-
sion of phonons. This would produce a large I/Tq on the
high-energy side of the line since there are many acceptor
ions with lower energy, but a small 1/T2 on the low-
energy side of the line since in this case there are few ac-
ceptors with lower energy. Inasmuch as this asymmetry
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was not observed, we can discount this effect. In addi-
tion, Shelby and Macfarlane found that 1/Ti was mag-
netic field independent, and therefore ruled out nuclear
spin interactions. ' They attributed the frequency-
dependent dephasing to quasiresonant Eu +-Eu + interac-
tions.

The dependence of the dephasing rate on laser frequen-
cy is significant in that it would seem to discount the pos-
sibility of the existence of large domains of resonant ions.
In the macroscopic-broadening limit dephasing results
from interactions within a domain and is independent of
the domain energy. Thus while the total echo intensity
would be frequency dependent, since there are more
domains near the center of the line and fewer in the
wings, the dephasing rate would be frequency indepen-
dent.

In this paper we present a theory of frequency-
dependent optical dephasing due to quasiresonant interac-
tions. The theory is closely related to the theory of the
concentration dependence developed previously by us.
We find that the magnitude and frequency dependence of
1/Ti depend strongly on the correlation length g, intro-
duced'above. When g—+ oo (large resonant domains) we
find that I/Ti is frequency independent. When /~0
(random broadening) we find that 1/Ti(co) ccP(co), where
P(co) is the probability distribution for the site energies,
which in the limit of weak ion-ion interactions is simply
the (inhomogeneous) absorption line shape. For inter-
mediate g, our results show a weaker frequency depen-
dence. The theory is consistent with both Eu + experi-
ments of Shelby and Macfarlane' ' when the correlation
length g is on the order of a few lattice spacings or small-
er. Thus for these experimental systems the model of mi-
croscopic broadening is more appropriate than that of
macroscopic broadening.

II. FORMULATION OF THE MODEL

The model we adopt is that considered previously by
us: a host crystal lattice randomly substituted by guests
(impurities) with a fractional concentration f. We consid-
er transitions between two electronic states of the guest
ions, and assume that these states are isolated from other
electronic states, so that each impurity can be treated as a
two-level system. The transition frequencies of the guests
are inhomogeneously broadened as discussed in the Intro-
duction. We assume that the transition frequencies of the
host ions are sufficiently different from those of the im-
purities that interactions between guests and hosts can be
neglected. The guest ions are coupled by a distance-
dependent interaction. Since the impurities are randomly
distributed spatially, the coupling strengths Jz are ran-
dom variables. We do not consider phonons, since here
we are interested only in purely electronic interactions
among the guests.

The model Hamiltonian is then

H =g fico;a; a;+g fiJ;Ja; ai —g (a; +a;)pE(t)cos(Qt) .

guests. co; is the electronic transition frequency at impuri-
ty site i. The transition frequencies are characterized by
the normalized inhomogeneous distribution P(co). a; (a;)
creates (annihilates) an electronic excitation at site i J. J is
the coupling matrix element between sites i and j. For the
experimental systems considered in this paper the ap-
propriate intersite interaction is the dipole-dipole interac-
tion. ' The last term in Eq. (3) describes the interaction
with an applied laser pulse of frequency 0, and p is the
transition dipole. We have neglected a spatially dependent
phase factor which only determines the directional
characteristics of the echo. We assume square pulses, so
that E (t) =E during a pulse, 0 otherwise.

This Hamiltonian describes one realization of the sys-
tem. Results for observables must be averaged over the
energetic and, if f&1, the substitutional disorder. To fa-
cilitate the average over the substitutional disorder we
write (3) in the equivalent form

H=g'/&fico;a; a;+g'g;gzfiJ~ia; aj
EJ

—pg'g;(a; +a;)E(t)cos(Qt) . (4)

Here g' denotes a sum over all lattice sites. The g s are
occupational variables: g;=1 if site i is occupied by a
guest, 0 if it is occupied by a host. The g s are character-
ized by the probability distribution

In a photon echo experiment one applies a laser pulse of
length ~~, lets the system evolve freely for a time t&, ap-
plies a pulse of length rz, and lets the system evolve freely
for a time tq. The echo appears at tz —t ~. The observ-
able is the echo intensity, which is measured as a function
of the time t& between the pulses. The echo intensity is
given by

I(2ti ) ~
~

(p(2ti ) )„g~

where
r

p(t)=pTr g(a;+a;)p(t)

is the total polarization of the sample and p(t) is the den-
sity operator. As indicated, p(t) must be averaged over
the inhomogeneous distribution and over the substitution-
al disorder.

The equation of motion for the density operator is the
Liouville equation

Transferring to a rotating frame and making the
rotating-wave approximation, we obtain

[Hs+Hi, p]+ g (a; +a;),p2

(3) Here

The summations are over all lattice sites occupied by p(t) =exp(iHot /A)p exp( iHot /A), — (10)
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Ho fi——Q pa; a;, (11) where

Hs = g fi(co; —II )a; a;,

Hi ——QAI,qa; ai,

(12)

(13)

V(t) =exp[ —i(Hs +H*, )t/iii],

Hs =g*R(co; —Q)a; a;,
(18)

(19)

and X=pE/A is the Rabi frequency.
The model investigated here differs from that of Ref. 8

in that we now consider the case of narrow-band excita-
tion. In Ref. 8 we assumed short, intense laser pulses, so
that the entire inhomogeneous line was excited. In this
paper we focus on the opposite limit of a very narrow ex-
citation profile, in order to investigate the frequency
dependence of I/Ti. In this case we solve Eq. (9) as fol-
lows. When the laser field is on, we can neglect Hi com-
pared to the driving term if J«X. Thus after a pulse of
length ~,

p(to+ad)=U(r)p(ro)U (r),
where

(14)

U(r)=exp i —g(a;+a;) H s/k r- '- x
I

U(r)=exp g*(a; +a;)
2

(16)

where 8=Xr and the asterisk (e) restricts the sum to
those impurity molecules with

~
co; —0

~

&X/2.
When the laser is off, the solution to Eq. (9) is

p(r+io) = I'(i)p(ro) I' (i), (17)

Although exact expressions for the matrix elements of
U(r) can easily be found, the resulting analysis is so
much more complex that here we make a rather crude ap-
proximation, but one which should not qualitatively affect
our results. The argument is as follows. For those mole-
cules exactly on resonance, co; —Q=O, and only the driv-
ing term remains in Eq. (15). For those molecules near
resonance, with

~

co; —0
~

&X/2, the off-resonance contri-
bution should be retained. However the major effect of
this term, which describes dephasing during the pulse, is
the production of a delay in the echo, which does not
concern us here. Therefore if

~
co; —0

~

&X/2, we simply
neglect the off-resonance term, and hence treat these
near-resonant molecules as if they are in perfect reso-
nance. For those molecules far off-resonance, with

~
ai; —0

~
&&X, the driving term can be neglected in Eq.

(15). These molecules are not excited and thus cannot
directly contribute to the echo. Moreover, it can be
shown' that the contribution to the echo decay due to en-

ergy transfer from ions initially excited to those initially
unexcited (spectral diffusion) is negligible compared to the
contribution due to interactions among excited ions.
Therefore we can completely ignore the unexcited ions.
The second part of our approximation consists of treating
all molecules with

~
co; —0

~
&X/2 as if they are far off-

resonance, and hence can be ignored. Thus we approxi-
mate Eq. (15) by

Hi =g*iriJ~J(a;aj) . (20)

As discussed above, we only consider the ions sufficiently
near resonance to be excited. Finally in Eq. (6), p (t) may
be replaced by

p(i)=p Tr g*(a,. +a;)p(i)
l

(21)

III. INHOMOGENEOUS BROADENING
AND FREQUENCY-DEPENDENT DEPHASING

Within the approximations outlined above, the calcula-
tion of the echo amplitude (p(t))„~follows closely that
of Ref. 8, and thus we will not repeat the analysis. The
only difference between the two calculations is that here
we need to focus only on those ions with

~

ai; —0
~

&X/2.
This modification has interesting and important conse-
quences which we describe below. As discussed in the In-
troduction, we want to consider the effect of different
models of inhomogeneous broadening on the echo decay.
We first consider the case of macroscopic broadening.

A. Macroscopic broadening

In the case of macroscopic broadening, the correlation
length of Eq. (1) is infinite: all molecules have the same
site energy. Actually, in order to produce the observed in-
homogeneous broadening, one must postulate the ex-
istence of near macroscop-ic domains. Within each
domain the site energies are all equal, but there is a distri-
bution of domain energies.

In a narrow-band photon echo experiment, one would
excite only a subset of domains. The dephasing within
each domain can be calculated exactly as in Ref. 8. There
we found that for a ir/2-ir pulse sequence and f« 1, the
photon echo decay was exponential, with a dephasing rate
constant

1 8m

T, 9v3
(22)

where J=p /a A', and a is the lattice spacing. In the
above, for simplicity we assumed dipole-dipole interac-
tions on a simple cubic lattice, with all the transition di-
poles in the z direction. We also noted that this result
was only valid for "intermediate" times. The important
point is that 1/Tz is independent of laser frequency be-
cause dephasing within a domain does not depend upon
the domain energy. Thus macroscopic broadening
predicts a frequency-independent optical-dephasing decay
rate. It might be noted that of course the overall echo in-
tensity is frequency dependent. For example, at the wings
of the inhomogeneous line, there are many fewer domains
to excite, and thus the signal is smaller.
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B. Microscopic broadening

In this case the correlation length of Eq. (1) is zero, and
all site energies are uncorrelated. The echo decay from
narrow-band excitation can be calculated in the manner of
Re'f. 8, Sec. IV. The sole modification is that the sums
are over only those molecules with

~
co; —II

~

&X/2. An
intermediate result from that calculation, modified by the and

p(t ) =p(t )e '"'+p(t)*e'"',

above, is

'( p(2t] ) },g ~ exp[ —Kz(t] )/2],
where p(t) is defined by

(23)

(24)

K2(t] ) = f lgk, f' gk 2y (J )2 lj 1 2++ J J 1'2(!!kl 1'kl))
0 0

EJ ijk~
(25)

Here Xs* is the number of guest sites at which
~

t(]; —0
~

&X/2, 5;J =co; —coJ, and g;"k+ denotes g;..k
with i&j&k As s.hown in Ref. 8, the echo intensity can
be calculated directly from p(2t]) rather than p(2t]), and
is in fact given by Eq. (6) with p(2t] ) replaced by p(2t] ).
Defining

0+7/2g(r): f —dao p(t(J )e'"' (26)

and recalling that in the limit of microscopic inhomogene-
ous broadening the co s vary independently, one can per-
form the average over co to obtain

K2(t] ) = 2 2dr] de 2+ (J;.) g(r] —1 )zg(7 —] T2)'
0 /J

g IJ

+ g ~j jJ[gJ( k)*gk(j) (kk\gkkk) —g(kl)g(kk)g(1 2+12)']l(
ij k&

(27)

The summations now are over all impurity sites.
The function g(r) decays on the timescale of X

which is just the inhornogeneous dephasing time for the
subset of guests that is excited. We are interested in times
t] of the order of the homogeneous dephasing time, which
is long compared to the inhomogeneous dephasing time.
We are therefore interested in the limit t»&X . .In this
limit the first term is clearly linear in t], since the in-
tegrand depends only on the difference r] rz, while the-
second term is a constant, independent of t, . The second
term can therefore be neglected compared to the first, so
that

K (2 )= 2„22,f 2(k
(
g(k) (g(( )'lJ. (—oo

EJ

It is easily shown that (assuming all possible impurity
sites are equivalent)

Kz(t] ) =87rft], y'(J; ) X[P(n)]
Xg

Since P(to) is normalized,

+g* 0+X/2=f des P(co)=XP(Q, ) .
g

(31)

(32)

Equation (23) together with Eqs. (31) and (32) shows that
the echo amplitude decays exponentially,

(p(2t]))„~ccexp 2mfP(Q)g'(JJ—) 2t], (33a)
J

with a dephasing rate constant

Since the excitation profile is very narrow, P is small
compared to the range over which P(co) varies, and we
may approximate the integral as

g (Jji I =Nkf g'(J(j)
~

j
EJ J

(29) =2m fP(Q)g' (JJ )
T2

(33b)

where N~ is the number of guest sites. Then substituting
Eqs. (26) and (29) into Eq. (28) yields

Xg 0+7/2
K2(t])=8m.f, t, g'(J~J) f„dco[P(co)]

J

(3O)

=2m(13.3)fJ P(Q) .
T2

(34)

Thus, we find that the dephasing rate is proportional to
the height of the inhomogeneous distribution at the exci-

For definiteness we evaluate this for a simple cubic lattice
with parallel dipoles pointing along z to obtain
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tation frequency. The enhanced dephasing near the center
of the line is due to the "effective concentration" argu-
ment of Shelby and Macfarlane that is, an ion at the
center of the line has more nearly resonant neighbors than
do ions in the wings.

As pointed out in Ref. 8, this result for p(t) is based on
a truncation of the cumulant expansion, and is therefore
only rigorously valid in the limit J/cr «1, where cr is the
width of the inhomogeneous distribution. For the systems
considered in this paper, this condition is satisfied. While
this result is valid for times long compared to the inhomo-
geneous dephasing time, it is not valid in the long-time
asymptotic limit, as terms in the cumulant expansion
which have been neglected become significant at very long
times. Thus this result should be thought of as an "inter-
mediate" time result.

)(', ((,)=, ), f drIQ" (2;, ) e .
' ' l„g.(3s)

&J

Performing the time integral and the g average gives

IC2(ti)=8mtif. , g'(JJ) (e(X/2 —
~

co; —Q
~

)
)

Xe(X/2 —
~
co,.—Q

~

)~(co; —co,.)) (36a)

/

again begin with Eq. (25). As long as the site energies are
not completely correlated (g'&ao), then at large t& the
second term will be constant, while the first will be linear
in t& R. etaining only the first term gives

C. Partial correlation of site energies

Finally we examine the case of partial site-energy corre-
lation, when g' is neither zero nor infinite. In this case we

This can be written in terms of thejoint probability func-
tion P(co;,coj, r,j ), which, as indicated, depends on the dis-
tance between sites i and j:

+g A+X/2 0+7/2
K2(ti ) =8m tif, g'(JJ) dco; dco/P(co;, coj;rcJ )5(co; co/) . —

O.-X/2 ' n-X/2
g J

(36b)

Using Eqs. (32) and (23) and the fact that P(co,co;r) is
slowly varying we obtain

=2m(13.3)fJ P(Q, Q;a)/P(Q) .
T2

(38)

=2nf g'(J;J) P(Q, Q;rJ)/P(Q) .1

2 J
(37a)

For interaction matrix elements J;1 that fall off as 1/r or
faster, the first shell makes a predominant contribution to
the lattice sum, and therefore we can replace P(Q, Q;r J. )

by P(Q, Q;a) to obtain

If the site energies are completely uncorrelated (/=0),
then P(Q, Q;a ) =P(Q) and Eq. (34) is recovered. If
/&0, then it is clear that P(Q, Q;a) &P(Q), and 1/T2
will be larger.

To obtain a quantitative description in the case of par-
tial correlation, we assume that the inhomogeneous
broadening is Gaussian, so that'

1

T2
=2mf[P(Q,Q;a )/P(Q)] g'(J J ) (37b)

Performing the sum for dipole-dipole interactions on a cu-
bic lattice we then obtain

1 Aco
P(co)=, exp

(2~cr ) 2cr

where b,co=co —(co ), o = ( hco ), and

(39)

1
P(co,co'; r ) = &, exp

2~o (1—e "
)

Aco +Aco' —2Am) Aco'e

2o2( 1 e 2r/g)— (40)

We have assumed that the site-energy correlation function
is given by Eq. (1).

In the limit r/g~ (x),

With Eqs. (38) and (40) we can write for the dephasing
rate

P(co,co';r ) =P(co)5(co co') . — (42)

P(co, co';r) =P(co)P(co'),

and the sites are uncorrelated; in the limit r/$~0 they
are completely correlated:

1
=27T(13.3)fJ P(Q)2 . 1

( I e
—2a/g)1/2

(bQ)(e '&—e '&)
Xexp —

2 ~/o(1—e )
(43)
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In the limit a/g'~ &x& we recover Eq. (34), while in the
limit a /g —+0 we obtain

(44)

It is interesting that this is no longer frequency dependent.
This is because dephasing only depends on loml environ-
ments, which in the limit of large g are well correlated.
Therefore the effective concentration argument of Sec.
III 8 is no longer appropriate.

One should note that it is not possible to recover the
macroscopic-broadening result of Eq. (22) by setting
g= oo in the above —indeed, if this is done one obtains a
divergent result. This is because the limit g= oo is incon-
sistent with the requirement that the integrand in Eq. (25)
decay. However, a simple calculation shows that as long
as g/a «o /fJ (which can be very large indeed), Eq.
(44) is valid. If, in fact, g is infinite, then 5;~ =0 in Eq.
(25) and K2(t~ )-t ~. This is the first term in an infinite
cumulant expansion, which when summed leads to Eq.
(22).

D. Additional remarks

Our results for complete or partial site-energy random-
ness from Secs. IIIB and IIIC, Eqs. (33b) and (37b), are
not particularly sensitive to the range of the interaction.
This is, for an interaction that falls off as 1/r or faster,
the lattice sums are dominated by the first shell, and the
resulting dephasing rates differ only by a numeriml fac-
tor. This insensitivity to the interaction range might seem
surprising in view of Anderson's prediction" that for in-
teractions falling off as 1/r or slower, some of the eigen-
states. are always extended, while for shorter-range in-
teractions, all states are localized if the interaction
strength is much less than the width of the site-energy
distribution (as assumed in Secs. IIIB and IIIC). Thus
one might expect that the dephasing rate for long-range
interactions should be substantially larger than that for
short-range interactions, or at least should be less sensitive
to the correlation length. This puzzle can be understood
by distinguishing between transport and dephasing experi-
ments. In a transport experiment one measures popula-
tion migration, which is sensitive to the nature of the
eigenstates. (If the eigenstates are all localized, there is no
long-range transport. ) On the other hand, dephasing can
occur without any substantial population transfer, and is
primarily sensitive to the loml environment and not to the
asymptotic character of the eigenfunctions. We should
also reiterate, however, that our results are only valid for
intermediate times. It is, in fact, quite possible that the
asymptotic form of the photon echo decay is sensitive to '

the range of the interaction. Finally we remark that for
the case of macroscopic broadening discussed in Sec.
IlIA, the results are sensitive to the range of the interac-
tion. Our result of Eq. (22) was derived for the case of
dipole-dipole coupling. Other multipolar interactions pro-
duce somewhat different time dependences for the photon
echo decay.

IV. APPLICATION TO EXPERIMENTS

Y&0&'. Eu (2%)$+

X1
Ia

p I

-20 -10 0
v (6Hz)

h

10 20

FIG. 1. Absorption spectrum of Y203.Eu + ( 2 at. %%uo) . The
experimental data is given by the solid line ( ), which we
approximate by a Gaussian ( ———).

A. Y203.Eu + (2 at. %)

In narrow-band photon echo experiments on
Y203.Eu + (2 at. %%uo ), Macfarlan ean dShelby ' foun d that
the dephasing rate varied with position in the inhomo-
geneous line, being larger near the center of the line than
in the wings. This is the behavior predicted by the present
theory for the case in which the correlation length is not
infinite.

Since inhomogeneous broadening greatly exceeds homo-
geneous broadening in this system, the absorption spec-
trum reflects the inhomogeneous distribution. The ab-
sorption spectrum of this crystal is approximately Gauss-
ian (Fig. 1). ' Thus we can apply the results of Sec. III C
for the case of partial site-energy correlation, which as-
sumed a Gaussian inhomogeneous distribution. We can
then obtain an estimate of the correlation length g in this
crystal. Figure 1 shows the absorption spectrum and the
Gaussian by which we approximate it, with a =2.4)& 10'
sec

Figure 2 shows the experimentally measured dephasing
rates with the theoretically predicted rates for various
values of g/a (a is the lattice constant). The squares are
the photon echo data, and the curves are from Eq. (43)
with J determined by the best least-squares fit to the data.
The baseline is given by I/(2nT&)=185 Hz. ' Although
there is appreciable smtter in the data, the curves for
g/a= 1 or 2 seem the most reasonable, the curve for
g/a =0 seems a little narrow, and the curve for g/a =5
seems too broad. For g/a &5 the theoretical curves are
even broader and clearly do not represent the data well.
Thus we can place an upper bound of several lattice spac-
ings on the correlation length g in this crystal. The
present theory also yields a value for J, the nearest-
neighbor coupling strength. From Eq. (43) with f=0.02,
for the fits shown in Fig. 2, we find J=1.5X10 sec
for g/a =0, J= 1.4X 10 sec ' for g/a = 1, and
J=1.2X10 sec ' for g/a=2.

In the above fit, we have assumed that except for the
lifetime contribution, all of the observed dephasing is due
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(kHz)

— 5
-2
= 1

=0

for by quasiresonant Eu +-Eu + interactions. Further-
more, we find that the inhomogeneously broadened transi-
tion frequencies in this crystal are only correlated over
distances of a few lattice spacings or less. To test further
the validity of our model, it would by very interesting to
have experimental results on Y203-.Eu + in which the con-
centration dependence, as well as the frequency depen-
dence, of the dephasing rate is investigated.

B. EuP5O)4

I

-10
I

0
v (GHz)

I

10
I

20

FIG. 2. Experimental points (Ref. 15) (Q) and theoretical
curves ( ) for 1/mT2 in Y203.Eu + (2 at. %). The theoreti-
cal curves for different values of ~~/a were calculated from Eq.
(43}. The baseline was taken to be the lifetime-limited value of
1/(27TT] }=185 Hz.

to Eu +-Eu + interactions. In fact there may be an addi-
tional frequency-independent contribution from several
possible sources including hyperfine interactions and laser
jitter. ' To examine this possibility we simply put the

' baseline through the data point with the smallest 1/T2,
which assumes that 760 Hz of the dephasing is due to
some (unknown, except for the lifetime) frequency-
independent mechanism. Again we consider several possi-
ble values of g/a; for each, the best fit to the data is
shown in Fig. 3. Here we see that really only g/a=0
gives a reasonable fit to the data. The value obtained for
Jis 1.2&(10 sec

In summary, we find that the frequency-dependent de-
phasing observed in 2 at. %%uoY203.Eu +canb eaccounted

Shelby and Macfarlane'" also measured the photon echo
decay rate as a function of position in the inhomogeneous
line in the stoichiometric compound EuP50~4. . In this
crystal the absorption spectrum, and hence the inhomo-
geneous distribution, is clearly not Gaussian (Fig. 4), and
therefore our general results for partial correlation are not
applicable. Nonetheless, we can still determine if the
model in the limit of uncorrelated site energies is con-
sistent with the'data. We first assumed that all of the ob-
served dephasing is due to Eu +-Eu + interactions. [The
lifetime contribution of 1/(2~T&) =32 Hz is negligible in
this system. ] We fit the photon echo data' with Eq. (34),
adjusting J and using the normalized experimental
lineshape I'(Q). The results are unimpressive and are not
reproduced here. We then examined the possibility that
part of the observed dephasing is due to some other
frequency-independent mechanism. We simply set the
baseline at the data point with the smallest dephasing, and
again fit the data with Eq. (34) using J as a free parame-
ter. Figure 4 shows that the experimental results agree

Y20&: Eu (2'/o}
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FIG. 3. Experimental points (Ref. 15) (Cl) and theoretical
curves ( ) for 1/mT2 in Y203..Eu + (2 at. %%uo) . Th e theoreti-
cal curves for different values of g/a were calculated from Eq.
(43). The baseline was chosen at the data point with the. lowest
dephasing {760Hz).

FIG. 4. Experimental points (Ref. 14) (U} and theoretical
curve ( ) for 1/n. T2 in Eup50~4. The theoretical curve is
determined from Eq. (34) and is proportional to the absorption
line shape. The baseline was chosen at the data point with the
smallest dephasing.
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reasonably well with the theory. Of course it is quite like-
ly that some of the "residual" broadening in Fig. 4 is ac-
tually due to quasiresonant interactions, and as in the case
of Yq03.Eu + could be accounted for by partial site-
energy correlation. We can again obtain a value for J
from the proportionality constant which gives the best fit.
From Eq. (34), with f= 1, we find J=5.7)& 10 sec

In the case of EuP50~4, as a consistency check we
evaluate J by an independent method. Since J=p /fia,
we can calculate J from the transition dipole p and the
lattice constant a. The photon-echo measurements were
made on the Do~ Fo transition. From a knowledge of
the Do lifetime and the relative intensity of the Do~ Fo
transition one finds that the lifetime of this transition is
3.36 sec. Then since "

3hc
p

8&CO '7
(45)

0

where co is the frequency of the transition (A, =5785 A)
and r is the lifetime, one finds p =1.83&&10 D . We
also note that Shelby and Macfarlane determined the os-
cillator strength of the Do~ I'&& transition directly from
the absolute absorption intensity, leading to a value of
p =9.00)&10 D . The parameters of the EuP50&4 unit
cell are a=8.7443, b=12.949A, c=8.9253, and y
=90.46', and there are four Eu + ions per unit cell. If we
assume a simple cubic lattice with the same density of
Eu + ions as the actual crystal, we find that the lattice
spacing a of this equivalent lattice is 6.322. Using the
above values for p and a we find J=6.87&&10 sec ' or
3.38~ 10 sec '. This should be compared with
J=5.7&& 10 sec ' obtained from the best fit to the data.

C. Concluding remarks

While the agreement (for EuP50&4) between the values
of J determined from the echo dephasing data and in-
dependent estimates is not spectacular, it is certainly
reasonable considering the several approximations in the
model. For example, the theory assumes a standard
(m/2)-m pulse sequence, whereas in the experiments of
Macfarlane and Shelby (~/2)-m pulses were not at-
tained. ' ' The time dependence of the photon-echo de-
cay is known to be highly dependent on the pulse areas,
but in the absence of a theory of photon echoes in mul-
tilevel systems for arbitrary pulse areas, we cannot deter-
mine the effect of this discrepancy on our results. We
note, however, that the echo intensity was observed to de-
cay exponentially, ' ' in agreement with the predictions

of our model. Thus it seems that the assumption of
(n/2) ir -pulses does not qualitatively affect our results.
Another rather drastic approximation in our theory is the
assumption of a square excitation profile, with sites for
which

~
co; —0

~

(X/2 assumed to be exactly on-
resonance and other sites assumed to be completely off-
resonance. Again we cannot estimate the effect of this as-
sumption, but it seems to be a qualitatively reasonable
description of the excitation profile. Optical density ef-
fects were found to be important in some experiments on
concentration-dependent dephasing. Macfarlane and
Shelby established' that the crystals used in experiments
on Yz03:Eu + (2 at. '%) were optically thin. Although
they do not report' whether optical density effects can be
similarly ruled out experimentally in the case of EuP&O&4,
one can argue on theoretical grounds that since T~ &&T2
these effects should be negligible. The simplifying as-
sumption of a cubic lattice with all dipoles aligned paral-
lel is another approximation in the model. Evaluation of
the lattice sum in Eq. (33b) using the actual crystal struc-
tures is straightforward, and would only change the nu-
merical coefficient in Eq. (34). In Yz03. Eu + (2 at. %)
only three quarters of the Eu + sites are excited and in-
volved in the dephasing process this again merely
changes the numerical coefficient in Eq. (34).

It is not surprising, in view of the considerations dis-
cussed above, that agreement between theory and experi-
ment is not strictly quantitative. The important point is
that the predictions of the present model are in semiquan-
titative agreement with experimental results for both
rare-earth crystals investigated. Thus we may conclude
that the frequency-dependent dephasing observed by Shel-
by and Macfarlane can be accounted for by quasiresonant
int'eractions among Eu + ions. Further, we have estab-
lished that inhomogeneous broadening in these crystals is
predominantly microscopic rather than macroscopic; for
the case of Yz03.Eu + we have been able to place an
upper limit of several lattice spacings on the value of the
correlation length g.
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