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An analytical formula for the first-subband energy level of the two-dimensional electron gas was
derived using the variational method. Two different trial envelope wave functions were used: an
Airy function with one variational parameter and an exponential-power function with two variation-
al parameters. Solutions were obtained in the spherical effective-mass approximation with the en-
velope wave function assumed to vanish at the surface (or interface). In both cases we obtained
quantitative agreement with the numerical self-consistent results within accuracies of 1% to 2% not
only for the values of the first-subband energy but also for the average characteristics of the wave
function. The accuracy of these solutions is several times better than the well-known variational
solution proposed by F. F. Fang and W. E. Howard [Phys. Rev. Lett. 16, 797 (1966)]. Exchange-
correlation energy is calculated in the local-density-functional approximation. Analytical form of
this energy is obtained to first order of the perturbation theory using exponential-power variational

wave function.

I. INTRODUCTION

Studies of the energy levels of the two-dimensional elec-
tron gas 2DEG) using analytical'~® and numerical’~’
approaches have been published in a number of papers.
In spite of the fact that analytical methods have less accu-
racy because of the need to make some simplifying as-
sumptions, they are more important, because they can be
used in a number of other problems, such as those of elec-
tron scattering and optical transitions.

In the effective-mass approximation the simplest
analytical solution of the problem can be obtained when
the potential energy of the electron is considered as a tri-
angular well. In this case the wave function of an electron
is described by the Airy function Ai(£) in the form

W(r,z)=u(r,z)l(z) explik'r) , (1.1)
where
§(z>=§t,(z)=a‘/2———‘°iiié)~—— (1.2)

[AI'(—y) |
is the envelope part of the wave function (tr indicates that
it is triangular),

Y

z— 4
a

E=a , (1.3)

z is the coordinate along the axis perpendicular to the
two-dimensional layer (z>0), r is the two-dimensional
coordinate vector, and k the wave vector, both vectors be-
ing in the plane of the 2DEG, u(r,z) is the Bloch func-
tion at the bottom of the conduction band, Ai'(§) is the
derivative of Ai(§), and v is a root of the equation

Ai(—y)=0. (1.4)

Equation (1.4) follows from the boundary condition
¥ =0 at the surface of the vertical wall of the potential
well located at z=0.

The parameter a and the energy of the bottom subband
E are related to the electric field Fy=F,(0+) by the
equations

a=a,=(2meF, /#)'/? ,
(1.5)
E=E. =y(#/2m)"*(eFy)*",

where e and m are the electron charge and the effective
mass, respectively, and y=2.338 is the smallest root of
Eq. (1.4).2 As can be seen from Eq. (1.5), this root defines
the lowest energy level E which will be the main interest
of this paper.

Other properties of the solution, no less important than
the energy, are the average separation of carriers in the
subband from the surface of the vertical potential well
(Z,), defined as the average value of the coordinate z as-
sociated with the wave function £(z) and the average
value of z? (Z,) given by Ref. 3

Z\=Zyu= [ z|82) |%dz=2y /30,
(1.6)
ZZ :Zz,u‘—‘ %(y/atr)z .

In practice the electric field is not constant in the re-
gion of the 2DEG. Nevertheless, if the surface concentra-
tion of the 2DEG, n; is substantially less than the number
of impurity charges per unit area in the depletion layer
Ngepi (in the case when the two-dimensional gas forms
near the heterointerface, Ngep is the number of impurity
charges in the depletion layer on the side of 2DEG locali-
zation) the electric field can be considered constant for
distances of the order of the size of the wave function
(1/a) and equals Fo=F(0+)=(4m7e/€)(N gepi+n;),
where € is the dielectric constant in the region of the
2DEG.

Then we have
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@y=27""(Naep1 +7,)'"*,
_ _ (1.7)
E, =47/77'2/3(Ndep1 + 7 )2/3 .

In Eq. (1.7) and below we will use the tilde to indicate en-
ergy in units of the effective Bohr energy Ep =#°/2mR}
and other values for which the unit length is the effective
Bohr radius Rp =e#?/me?.

The main shortcoming of the triangular approximation
is that it does not take into account the influence of the
self-consistent field of electrons on the single-particle po-
tential.

A more accurate solution for the lowest subband of the
2DEG was derived by Fang and Howard' using the varia-
tional method with a trial envelope eigenfunction of the
form

172
(ra(z)=a % zexp |——= |, ' (1.8)
where «a is the variational parameter.
To first order in the parameter
A=RL3N /(N g, (1.9)

where N is a volume concentration of ionized impurity
centers in the depletion region, Ng=N, depl—f——%ns,
Ngyepi=NL and L is the depletion-region width (on the
side of the 2DEG); the value of a is given by’ (FHS
denotes the Fang-Howard-Stern approximation)

&= Epps =2 67N )1 P — N

. (1.10)
3]veff

The parameter A describes the influence of the potential
curvature of the depletion-charge density. As was pointed
out in Reg. 3, A will be small in a Si inversion layer be-
cause the latter is generally much thinner than the
depletion-layer width. The same will be true in the case
of the AlGaAs-GaAs 2DEG.

In Eq. (1.10) and below it is assumed that only the first
subband is occupied.

Within the same accuracy as in Eq. (1.10) the energy of
the bottom of the first subband is given by3

~ ~ ~ 557,
Erns =37%36 /N )3 lNdep, + 761 }
— Ngep + (1177 /96)
—2(6m) AN — (1.11)
Neff
The values Z; and Z, in this case are equal to
ZI,FHS=3/aFHS’ Zz’FHS=12/a%:HS . (112)

In Figs. 1(a) and 2(a) the ratios E,; /Erus, Z1,: /Z1 s
are plotted as functions of n; /Ng4,. At low concentra-
tion of the 2DEG the value E,. /Egys approaches 0.944;
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FIG. 1. Ratios of self-consistent (E,.), triangular-potential
approximation (E;), Airy trial function (Eg;), and trial func-
tion (4.1) (Eg,) values of the energy of the lowest subband to the
energy Egys which follows from the trial function (1.8), as func-
tions of the ratio of the two-dimensional electron-gas concentra-
tion (n) to the depletion-layer impurity concentration (N gep; ).

however, with the increase of n; it exceeds Egyg by more
than 15% as can be seen from Egs. (1.7) and (1.11). The
average separation of the electron charge is also different
for these two solutions. At low n the value Z, ,, /Z| pys
goes to 0.94, but for n; >>Ngep it is equal to 0.66. We
will see which wave function gives a better approximation
by comparing them with the numerical self-consistent re-
sult given by Stern.’

Section II gives the basic equations that have to be
solved in the variational approach. In Sec. III we calcu-
late the subband energy using the trial function (1.2),
where a is an undetermined variational parameter. In
Sec. IV the same problem is solved with the trial function
that contains two variational parameters. In Sec. V the
latter function is used to calculate the exchange-
correlation effect. The Appendix gives some integrals of
powers of z times the fourth power of the Airy functions
and their derivatives, which are needed to evaluate the
variational integral.
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FIG. 2. Ratios of the average electron distances Z, s, Z .,
Z, 1, and Z,g, from the surface to Z;pys as function of
ns /Naep. Values for Z, o were taken from Ref. 3.

II. BASIC EQUATIONS

In the region of the two-dimensional electron gas, the
charge density is the sum of the ionized-impurity (eN)
and the electron charge densities:

plz)=—e[N+n, | £z)|?]. @.1)

Integrating Poisson’s equation with the charge density
(2.1) yields

dV(z)/dz=—F(0+)+(4me /eNz+F,(z),  (2.2)
where
F,(z)=(4men, /e) [ | &(z) |%dz 2.3)

is the part of the total electric field which is proportional
to ng.

Because the wave function {(z) extends over a distance
much less than the depletion-layer width L, it follows
from (2.2) that

F(0+)=(4me /€)(N gep1 +1y) (2.4)
"A second integration of Eq. (2.2) gives the potential
V(z)=V(0)+(2meN /e —2Lz+2z*)+V,(z), (2.5)

where

V,(z)= —(4men, /€) [fo""z|§(z)[2dz

b ’ N2,
+ [ =26 % | . 26
Substituting Eq. (2.6) into the Schrodinger equation we
obtain a single-particle Hartree equation
[—(#/2m)d*/dz? —eV(2))E(z)=EE&(z) . 2.7

To use the variational principle it is necessary to write the
equation for the full energy of the 2DEG. This energy di-
vided by the number of the electrons is given by

o d2 © ©
(E)=—(#/2m) [ §;;§dz—(21re2N/e) NG DAL T AL S (2.8)

Parameters of the trial function are determined from the condition of minimum (E ) and the subband energy is found

from Eq. (2.7).

III. EVALUATION OF THE ENERGY WITH THE TRIAL FUNCTION {~ Ai(¢§)

If we take the trial function in the form of Eq. (1.2), but assume that « is the undetermined variational parameter then

4men
V. (z)=

Ai(E)AT'(E) +2E[AT'(£)*—28%Ai% (&)

3ea [AI'(—7)]?

Substituting (3.1) in (2.8) we find

(B(@)=ya?/3+(16my /3@)

~ 2N 37
Vo= + 7% ) |
(3.2)

For the relevant integrals of the second power of the Airy

| 3.1

f

functions see Ref. 3 and for the fourth power see the Ap-
pendix.

The condition for the minimum (E(a)) gives the equa-
tion for «,

@3 — 87N ey + (37, /8)—(4Ny /56)]=0, (3.3)
and from Eq. (2.7) we find the bottom-subband energy
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Egy =y /30 @416 /@) N gep1 + (371 /4)

—(2Ny/5a@)1} . (3.4)
Within the same accuracy as that of Eq. (1.10), we have
1/3
S - 31
a=aG1=2 o Ndepl+—8—
ANy : (3.5)
15[ N gep1 + (3725 /8)]
B 4723y [N gep1 + (5715 /8)]
G1= =
[N gept + (37 /8)]'7?
873y N[N gep1 + (725 /8)
_ 87y NN gepi + (7 /8)] (3.6

15[N gept + (37 /8)1°7

If we neglect the terms of order A in Egys [see Eq.
(1.11)] and in Eq. (3.6) then the ratio of these energies is

> YIN gepr + (57, /8)]

[N gep1 + (5575 /96)]
1/3

- 2
Eg, /EFHS:?

2

9

[N gep + (117 /32)]

. (3.7)
[N aept + (37, /8)]

This ratio is plotted in Fig. 1 as function of n; /Ngep,i. As
can be seen, Eqg; is less than Egyg at all values of n;,. To
compare it with the numeric self-consistent calculation of
the E . we plotted the ratio E,. /Egys using the data tab-
ulated in Ref. 3. Figure 1 shows that our result is only
1.2% larger than the exact result at the larger values of
ng. In the region ng < 5Ny it diverges from the exact
solution by less than 1%.

The values Z; g, and Z, g, are defined by Egs. (1.6)
where a;, must be replaced by ag;. Ratios Z; g /Z rus
and Z, . /Zrus are plotted in Fig. 2 as function of
ns /Ngep- The difference of these values is close to 2% at
low concentration n; and it decreases with increasing n;
going to O at n; /N4,~10. At larger concentrations it
changes sign [see Fig. 2(b)]. We see that both the trial
functions (1.2) and (1.8) overestimate the value of Z; in
the region where the ratio ng /Ngep <10 but at larger
values n; /Ngep we have Zy oo >Z, gi.

IV. ENERGY EVALUATION WITH THE TRIAL
FUNCTION ¢ ~z"exp(—az /2)

In this section we consider the problem of evaluating
the energy with a trial function of the form

a(2v+1)/2

e —az/2
T2y 1) az/2)

§(z)= 4.1)

z¥exp(

having two variational parameters v and a. I'(x) is the T’

function. The function (4.1) is a generalization of the

function (1.8) and it coincides with (1.8) when v=1.
Substituting (4.1) in Eq. (2.8) we have

4031

=, a 87N . _~
(EFa,v)) 3Gv—1) " [(&L —v—1)2v+1)]
™ Qv D[1—fW)], 4.2)
where
1 S (k+1DT(4v+k+3)

(v)= 43
S T(v42)2++3 ,EO 2T (2v+k+3) “3)
Note that f(1)= .

The function (4.3) could be written in the form

(v)= I‘(2&+%) (k+1)A(k), 4.4
T = AT v+ 3) ¢ 2 M -
whére
— __Av+k+2 o
A0)=1, A(k)= 2(21/_|_k_'_2)A(k 1). 4.5)
The minimum condition 3¢ E(a,v)) /3a=0 gives
@3 —16m(4v* — D[N *(v)+ (2N /@) (v+1)]=0, (4.6)
where
N*W)=Nyep++[1—f N7, .
Using Eq. (4.6), Eq. (4.2) could be rewritten
(E(@w)=a?/22v—1)+@r/a)2v+1DN*(v) 4.7

and the expression for energy subband takes the form
E=a/22v—1)+ 41 /@) 2v+ D[N gop + 37, (1 —f ()] .
(4.8)

Within the same accuracy as in Eq. (1.10) we find from
Eq. (4.6)

a=2[2m(4*— DN *(V)]*—2(v+ 1)N/3N*(v). (4.9

Below we shall neglect the correction term in (4.9).

Then substituting a in Eq. (4.2) we obtain
(E())=[3/2v—D][2m(4*—1)N *(v)]*/* . (4.10)

To find the minimum of { E(v)) we note that the func-

tion f(v) could be approximated by the function
f(v)=5(5—v)/64 4.11)
in the interval v=1-—1.6 with an accuracy of 0.6%. Then

using (4.11) we find that the minimum of (E(v)) occurs
for

V=V, =+ —8+ [82+§+— , (4.12)
43
where
5= |64Nyey L3 / 15n, . 4.13)
As can be seen from Eq. 4.12) v,—+ when

ng /Ngep—0 and v, —1.223 when ng /Ngep— 0. The
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FIG. 3. Dependence of the parameter v,, in the wave func-
tion (4.1) on the ratio 7, /Ngep-

dependence of v,, on the ratio n; /Ny, is displayed in
Fig. 3.

From Eq. (4.8) it follows that the bottom-subband ener-
gy is given by

- [217'(41/,,, — 1N *(v,,) 1?7

E=Eq= 2 —1
1—
——--—————-[ fvm)] (4.14)
3N *(vy,)
The values Z; and Z, are equal in this case
Z] =Zl,G2=(2vm +1)/a »
(4.15)

Zy=2Z3G3=2(Vpp +1)2v,, +1)/a?

Ratios EGZ /EFHS and ZI,GZ /ZI,FHS are plotted in Flg 1
and Fig. 2. At low values of n; /Ny, a better result for
the energy is obtained when we used Airy trial function;
however, in the whole interval of the n, the difference be-
tween them does not exceed 1.5%. The value Z; g, is 2%
larger than the corresponding exact value Z ..

V. EXCHANGE-CORRELATION ENERGY

In this section we calculate the exchange-correlation
correction to the energy by using the local-density-
functional approximation.’~!! This method has been suc-
cessfully used by a number of authors!>~'* in the numeri-
cal calculations of the subband energy.

The exchange-correlation potential energy V. (z) has
been parametrized by a number of authors. We will use
the analytic parametrization proposed by Hedin and
Lundqvist:?

Vex(z)=Vo[y+0.77341n(1+y)] , (5.1)
where

Vo=2/7(127H)173 | (5.2)

y(z)=21(4mwRpi1, | £(z) | 2/3)1/3 . (5.3)
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In the practical range of the parameter values the poten-
tial V., (z) can be considered as perturbation to the main
Hartree potential. Therefore we can calculate a change of
the energy level in the first-order perturbation theory us-
ing the variational wave function as the wave function of
the zero approximation. Then the exchange-correlation
correction of the energy is

AE, = f Voz2)|Ez) | %z . (5.4)

The function y(z) goes to zero on the both sides of the in-
tegration interval as |£(z)|?/3 i.., considerably slower
than |£(z)|% In the main region of the integration the
function y(z) is much larger than unity. Therefore we
can neglect the unity in comparison with y(z) under the
sign of the logarithm in V,(z). The numerical calcula-
tion shows that the error of this approximation does not

exceed 3%. Using the wave function (4.1) we obtain
AE _3— 8v,, /3 F(SV,,, /3)
= 4 r'(2v,,)
2 1
4+0.7734 | InQ — —v—'”;——
2v,,
+TW(2vm +D]|, (5.5
where

Q =21[4ran, /3T(2v,, +1)]'/3 (5.6)
and W(y) is the logarithmic derivative of the I" function.
In Fig. 4 the ratio |AE,, | /( EG2+AECX) is plotted as
function of n; /Ngep for Ngepp=10'" cm™2, electron ef-
fective mass m =0.07m, and dlelectrlc constant e=13.
As can be seen the importance of the exchange-correlation
correction decreases with increasing surface concentration
ng. In Fig. 5 we plotted AE., as the function of the ratio
ns /Ngepi for the same values of the parameters as for Fig.
4. One of the curves is plotted for v,, =1, which corre-
sponds to the Fang-Howard wave function. It gives the
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FIG. 4. Relative value of the exchange-correlation correction
as a function of n; /Ngep.
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*

EXCHANGE-CORRELATION ENERGY (Ry )

-1.0

-1.5

Ng/ Ndepl
FIG. 5. Exchange-correlation correction of the energy level
as the function of n; /Ngepn. Ry* is the effective Rydberg, 5.6
meV. Solid curve, v=vp,; dashed curve, v=1.

smaller absolute value of the AE,,, and therefore the
difference in the values of the energies that are calculated
by these functions increases.

VI. CONCLUSION

As can be seen from the above, both proposed solutions
lead to fairly close results. From a practical point of view
one should prefer the second solution [i.e., the case
described by Eq. (4.1)] because the Fourier transform of
this wave function can be expressed in a simple analytical
form

4033

£(g)= fow §(z) exp(—igz)dz
. 2v+1a’v+1/2r\(v+1)
T [Tv+ DIV a+2ig)+t

This allows one to use it in quantum-mechanical calcula-
tions.

The dependence of the parameter v,, on n, /Ny
shown in Fig. 3 demonstrates that the deviation of v,
from unity plays an important role. This ratio for the in-
version layer at the semiconductor/insulator interface
may be close to unity. In this case v,, approaches 1.5
which should substantially affect the probability of pro-
cesses with the momentum change g larger than a. For
the two-dimensional electron gas in AlGaAs-GaAs het-
erostructures the unequality n; >>Ngep is practically al-
ways fulfilled. In this case v,,~1.2 and, hence the correc-
tions related to the use of the function (1.8) are less im-
portant. In spite of this, the calculation of the exchange-
correlation energy shows that, at a large value of the ratio
ns /Ngepi» the correction mentioned above is still impor-
tant.
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APPENDIX: INTEGRALS OF AIRY FUNCTIONS

In connection with the calculation of the average energy of the electron gas for the Airy trial function we note the fol-

lowing indefinite integrals:

[ xAif(x)dx =[3x2Ai* + 3(Ai)*+2 APAi' — 6x AiX(AI)?]/8 ,

f x2Ai%x )dx =[ —7 Ai*+ 12x3Ai* +28x APPAI'—24x 2Ai%(AI') — 12 Ai(Ai')’ + 12x(AT')*] /64,
f x Ai2(x )(Ai)2(x )dx =[ —3 Ai*/4—x3 Ai*+ 3x APAT +2x2Ai%(AQ')* + Ai(AQ')® —x(Ai')*] /16,
JAL)3(x )dx =[ —x2Ai* 42 APAL' +2x Ai%(AQ')* —(AQ')*]/8 ,

fAl

[ x AiGx)(A)(x)dx = (Ai")* /4,
[ Ax)Ai(x)dx =Ai*/4,
where Ai=Ai(x) and Ai’

(AD
(A2)
(A3)
(A4)
(AS)
(A6)

= Ai’'(x) denotes the derivative of Ai with respect to x.
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