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wi use o a corn' enation ofSurface-state occurrence on low-index faces of metals is analyzed th f b
elementary multiple-reflection theory and elementary nearly-free-electron (NFE) theory. Five NFE
gaps on Cu are considered in detail, three associated with the bulk L ga at I:Cu(111) 7;C {110)

X:Cu(001), and two associated with the bulk X gap at F:Cu(001) and X:Cu(110). The predicted
surface states, of both the image-potential-induced and crystal-induced kinds, are all intimately re-
lated through the phases of the multiple-reflection approach, and their energies are in reasonable ac-
cord with photoemission and inverse-photoemission measurements. An empirical curve for the en-

ergy dependence of the barrier phase change spanning the changeover region between steplike and
imagelike behavior is proposed. Effective masses, surface corrugation, and the effects of work-
function variation are also discussed.

I. INTRODUCTION A. Barrier phase change P~

The recent spectroscopic detection of image-potential-
induced surface states using inverse photoemission' has
aroused new interest in the multiple-reflection theory of
surface-state formation. The attractive feature of this
model is that is generates both the image states and the
"crystal-induced" surface states, and that the connection
between them is displayed as a simple phase relation.

The aim of this paper is to examine the systematics of
surface-state occurrence in bulk band gaps on different
crystal faces of metals The p. rocedure is to combine ele-
mentary multiple-reflection theory with elementary
nearly-free-electron (NFE) theory. ' These basic in-
gredients are far from new, but they have not been assem-
bled before in quite this way or for this particular pur-
pose. As examples, we shaH consider ten surface states as-
sociated with five nearly-free-electron gaps distributed
over the three low-index faces of copper: Cu(111),
Cu(001), and Cu(110). The paper will include also discus-
sion of effective masses, surface corrugation, and the ef-
fects of varying the work function.

For a pure image potential, the barrier phase change
may be written ' as a simple function of the vacuum en-7, 14

ergy Ev and the perpendicular energy e:

Pg/rr =[(3.4 eV)/(Eye)]j' .—1, —
e=E A k II/2m =I' ~ /2m

(2)

(3)

BA RR IER

E is the electron energy measured from the bottom of the
inner potential well, and k~~=(k„+k~)' is the parallel
wave vector For sa.turated barriers (i.e., those which join
continuously to the crystal potential), P~ is generally ob-
tained by integrating Schrodinger's equation along the z

14axis. The expression of Eq. (2) will suffice, however, for
much of the approximate discussion of this paper. In Sec.

II. MULTIPLE-REFLECTION APPROACH

The essence of the .multiple-reflection approach is illus-
trated in the energy diagram of Fig. 1. The crystal poten-
tial is taken to terminate at some plane. Beyond this
plane the potential will be barrierlike and must have an
asymptotic image form. We shall take the z axis along
the outward surface normal and the z=O origin at the
outermost atomic layer. Adopting the nomenclature of
Echenique and Pendry, we denote by rce and rze
the respective electron reAectivities. Bound surface states
occur when
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where n is an integer. This is a Bohr-like quantization
condition on the round-trip phase accumulation P.

f
FIG. 1. Schematic potential in the vicinity of a crystal s

ace. Surface states arise through multiple reflection between
the terminating plane of the crystal and the surface barrier.
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IVC we shall consider an empirical, and more physical,
form for Pii.

The form of pii for an abrupt step-potential barrier is

tan(02i/2) = —f «v —&)/&)'" . (4)

Note that on approaching Ei, the phase for a step barrier
varies as (Ei —e)', whereas that for an image barrier
diuerges as (Ei e) —', permitting Eq. (1) to be satisfied
ad infinitum, generating a Rydberg series converging on
the vacuum level. Herein lies the fundamental physical
difference between a short-range step potential and a
long-range image potential.

P=eg'cos(pz+5) . (13)

e
—lKz+ r e ce + lKzip

(14)

we obtain rc ——1 and

We sha11 be interested primarily in the Shockley-inverted
case, where the gap is p-like at the bottom and s-like at
the top. Since we take the origin of coordinates on a sur-
face atom, this case corresponds to Vg & 0, and the phase
parameter 5 varies from —m. /2 at the bottom to 0 at the
top of the gap. ' Matching to a wave function on the
z &zc side of the terminating plane of the form

B. Crystal phase change Pc
a. tan(gc/2) =p tan(pzo+5) —q . (15)

If Pc can be treated as constant over the range of the
Rydberg series, the energies are given by

E=Ei e„+A' —k(~/2m,

e„=(0.85 eV)/(n+a), n =1,2, 3, . . .

a= —,'(1—Pc/ir) .

(5)

III. NEARLY-FREE-ELECTRON BAND GAPS

Electron energies in the NFE two-band model are given
by

In conformity with hydrogenic terminology, the number-
ing sequence of the image states is taken to start at n =1.
For the infinite-crystal-barrier case (a =0), the wave func-
tion of the n =1 state has no node beyond the image
plane, the n =2 state has one node, and so on.

Over the energy range of a band gap, it becomes neces-
sary to take explicit account of the variation of Pc with
E. This topic is the subject matter of Sec. III. In particu-
lar, it will be shown that in that case of a Shockley-
inverted gap there can exist an additional (n =0) surface
state lying at an energy below the lowest state (n =1) of
the image-potential Rydberg series.

We now have the explicit E dependences of pii and pc,
and we can solve Eq. (1) for the energies of the surface
states. Two principal input parameters are required: the
band-gap parameter Vg and the position Ev of the vacu-
um level. Results for P are shown in Fig. 2 for the case of
the L2 ~L ~ band gap at I (k, k» =0) on Cu(111).

The n =0 solution occurs at —0.3 eV relative to the
Fermi level EF, a result in good agreement with a surface
state observed at —0.39 eV in angle-resolved photoemis-
sion experiments. ' ' The n =1 state is predicted to
occur at —0.8 eV relative to E~, in reasonable agreement
with k-resolved inverse-photoemission data. For n & 2,
Pc has the constant value of ir, so that the energies fall on
a Rydberg series with a =0.

B. Step-potential comparison

It is instructive to establish the connection between the
results for an image potential and those for the more stan-
dard step potential. Using Eqs. (4) and (15), it is easy to
show that the n =0 condition (pc ———pii) is identical to
Eq. (23) of Cxoodwin's paper' and leads to all the stan-
dard results of that paper. In particular, the gap must be
Shockley-inverted ( Vg &0) in order for a surface state to
exist. "

(A' /2m)k —E Vg

(A /2m)(k —g) —E (8)

On the zone boundary associated with the reciprocal-
lattice vector g, there is a gap of magnitude 2

~ Vg ~.
Within the gap, solutions with real E are still possible,
provided we set k, =p+iq, corresponding to wave func-
tions which decay away from the surface into the bulk. '

A. "One-dimensional" case

The easiest case occurs when g is along the surface nor-
mal. The real and imaginary parts of Eq. (8) immediately
yield the standard results

p =g, /2,
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(R2/2m)q2=(4EEg+ Vg2)1/2 (e+Eg), —

Eg (fi /2m )(g,/2)——
sin(25) = —(iri /2m )(pq/Vg ) .

The corresponding wave function inside the crystal is

(10)

PHASE

FIQ. 2. Energy variation of the reflection phase changes p~
and Ps+Pc for the L gap in Cu(111).



32 PHASE ANALYSIS QF IMAGE STATES AND SURFACE. . . 3551

Numerical values for Pz and P for a step barrier are
compared in Fig. 2 with those for the image barrier. This
figure illustrates the two basic effects of inclusion of an
image-potential barrier: the energy of the existing state is
lowered, ' and additional states are introduced. ' The
n =0 solution is the only solution in this step-barrier case,
and this serves to sharpen the distinction between crystal-
induced and image-potential-induced surface states. We
may define the n =0 solution as the crystal-induced state
since it is the state which persists even in the absence of
the image-potential asymptotic form for the surface bar-
rier. The expressions "Shockley state, " "crystal-induced
state, " and "n =0 state" may be used interchangeably.

The original paper of Johnson and Smith' employed a
hydrogenic numbering scheme in which the Shockley
state (actually a resonance) was designated as the n =1
state. The choice between the two numbering schemes is
largely a matter of personal taste, provided that all states
in the gap and the number of wave-function nodes beyond
the image plane are satisfactorily accounted for. The vir-
tues of the present scheme are (1) it recognizes that the
condition n =0 reproduces standard NFE theory of sur-
faces states at a step barrier, and (2) the n = 1 and higher
image states are compressed into a narrower energy range
so that it is more reasonable to treat Pc, and hence the
quantum defect, a, of the Rydberg series as a constant.

C. Zone-boundary case

It is frequently found that a band gap associated with a
reciprocal-lattice vector g can support surface states on
surfaces whose normal is not necessarily parallel to g.
The procedure is still to set k, =p+iq and to solve Eq. (8)
for p and q. The algebra is more cumbersome, but we do
retrieve Eqs. (9)—(12) at the points of high symmetry at
the edge of the surface Brillouin zone where k~=g„/2
and k„=g~/2.

In expressing the wave function in the region z (zo, 1t
is conventional to invoke the symmetry operation
k

~ ~

~—k
~ ~

and to form the even and odd combina-
tions

~ tan(Pc/2) =p tan(pzo+5) —q,
x. tan(Pc/2) = —p cot(pzo+5) —q .

(18)

(19)

There are thus two branches of the Pc curve, and we have
the possibility of two n=0 surface states in the same
gap. o'2' Since we place the origin on a surface atom, the
wave function 1tj is s-like within the surface layer (s~~-
like) in the sense that it places its amplitude on the surface
atoms, whereas P is p~~-like in that its amplitude lies be-
tween surface atoms. Perpendicular to the surface layer,

(p ) is p1-like (s1-like) at the bottom and s1-like
(p1-like) at the top of the gap.

Surface states derived from the two branches will differ
in energy because of the surface corrugation po-tential. In

P+ =e e'cos( k
~ ~

r
~ ~

)cos(pz+ 5),
=e'1'sin(k~~r~~ )sin(pz+'5) .

The corresponding expressions for the phase change on re-
flection at the crystal are

the present model, the parameter Vz plays two roles.
Firstly, it brings about, at the boundaries of the bulk Bril-
louin zone, the energy gaps which can support surface
states. Secondly, since g has a component parallel to the
surface, there is a contribution 2 Vz cos( k

~ ~

r
~ ~

) to the
surface-corrugation potential which creates a gap at the
boundary of the surface Brillouin zone between the wave
functions of s~~ and p~~ symmetry In. cases where two
such surface states are actually observed —and these cases
do occur in practice —their energy separation is a measure
of the surface-corrugation potential.

D. Alternative crystal termination

Instead of terminating the crystal at z=zo, an alterna-
tive procedure would be to terminate at z =0 and then al-
low the electrons to propagate freely in the range
0 &z &zo. The crystal phase changes associated with re-
flection at z =zo are now rewritten:

4c =4'co+ 2&zo

~ tan(/co/2) =p tan5 —q,
~ tan(/co/2) = —p cot5 —q .

(20)

(21)

(22)

Since both terminations are artificial, there is no com-
pelling reason to prefer one over the other. Both methods
have been used here in the calculation of Pc. Comparison
between the results provides some estimate of the quanti-
tative credibility of the phases. Differences arise through
the distinction between ~ and p on traversing the gap.
Since we shall be taking zo at half an interlayer spacing
beyond the outermost atomic layer, we shall refer to the
previous termination as the "half-layer termination. " %'e
shall refer to this alternative termination as the "in-layer
termination. "

IV. APPLICATIONS AND DISCUSSION

A. The L gap in copper

The L z ~L
~ band gap in bulk Cu is Shockley-inverted

and is associated with g vectors of the (1,1,1) type. It
occurs at 1 on Cu(111), at Y on Cu(110), and at X on
Cu(001). An ample amount of experimental data is avail-
able on both occupied and unoccupied surface states on
these surfaces, thus providing an opportunity to test the
systematics of the phase-analysis model. A reasonable
simulation of the experimental band structure along the
I (A)L direction is obtained with V~=2. 55 eV and with
the Fermi level at 0.85 eV above I 2. The other needed
parameters are Ex (=10.3 eV) (Ref. 24) and the work
functions of Cu(111), Cu(110), and Cu(001), which are
4.94, 4.48, and 4.59 eV, respectively. Taking zo at half
an interlayer spacing beyond the outermost atomic layer,
we have pz0=1T/2 fol I:Cu(111) and pzo ——~/4 for both
Y:Cu(110) and X:Cu(001).

The behavior of Pc and Pc and a graphical solution for
the energies of the n=0 surface states in the various L
gaps are shown in Fig. 3. Solutions are shown for both
image and step barriers and for both the half-layer and
in-layer terminations, Horizontal arrows marked "X" in
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FIG. 3. Graphical solutions (indicated by open circles and squares) for the energies of the n =0 surface states associated with the
L gap on Cu(111), Cu(110), and Cu(001). Solutions are shown using both the pure image and step forms for —Pa and for values of
Pc derived from both the half-layer termination (solid curves) and in-layer termination (dashed curves) of the crystal wave functions.
Horizontal arrows marked "X"indicate the experimentally determined energies.

Fig. 3 indicate the experimental surface-state energies
measured in photoemission' ' ' ' and inverse-
photoemission ' experiments. There is reasonable ac-
cord between theory and experiment for both the existence
and approximate energies of surface states.

The I"Cu(110) and X:Cu(001) gaps contain two n =0
states. As noted above, the energy separation between
these states provides an estimate of the amplitude of the
surface-corrugation potential. See Sec. IVE for further
discuss) on.

B. The X-gap in copper

The X4 —+X& band gap in bulk Cu is Shockley-inverted
and is associated with g vectors of the (0,0,2) type. It
occurs at I on Cu(001) and at X on Cu(110). The X gap
is larger and lies higher in energy than the I, gap. A
reasonable simulation of the experimental band structure
along the I (b, )X direction is obtained with Vs =3.05 eV,
E~ =13.45 eV, and with E~ at 1.8 eV below X4. %'e
have pzo ——m/2 for I:Cu(001) and pzo vr/4 for——
X:Cu(110).

Experimental ' and theoretical energies for the n =0
surface states associated with the X gap are compared in
Fig. 4. Conclusions are- essentially the same as for the I.
gap. One minor difference, concerns the crystal-induced
state at I:Cu(001). Since E~ lies at midgap, the n=0
solution occurs below X4, implying a surface resonance
rather than a surface state. ' The different relative posi-
tion of E~ also implies, through the different values of
Pc, that the n =1 image state will have a lower binding
energy at I:Cu(001) than at I:Cu(111). This is in agree-
rnent with available inverse-photoemission data.

The predicted energies of surface states (n=0 and
n= 1) X and I. gaps of Cu are summarized in Table I,

where they are compared with the experimental values
and the values obtained in various slab calculations. '
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FIG. 4. Graphical solutions for the n=0 surface states
and/or resonances associated with the X gap on Cu(001) and,
Cu(110). Terminology is the same as in Fig. 3.

C. Empirical barrier phase

A common assumption is that the surface barrier is one
dimensional in that it is a function only of z, implying
that P~ is a function only of the perpendicular energy e.
This can be tested to some. extent by taking the experi-
mental energies of the surface states in Table I and plot-
ting the presumptive values of (e E~) versus —the
presumptive values of 2mn —Pc.. One thereby generates
the "experimental" data for Pz shown in Fig. 5.
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F. Work-function variation

C5

UJ

O

O
UJ

One of the principal parameters of the model is the po-
sition of the vacuum level E~. Angle-resolved photoemis-
sion measurements show that the position of the surface
state at I:Cu(111) moves to lower energy as the work
function is lowered by the adsorption of alkali metals.
The energy shift, however, is only -20% of the work-
function change. This is just what one expects from the
present model if one assumes that the only effect of ad-
sorption is to change the work function. In the energy
range near the bottom of the I. gap, Pc varies much more
slowly with E than does Pz. A large change in E~ there-
fore brings about a relatively small change in the
Pc+(t g ——0 energy position.

V. CX.OSING REMARKS

0
k))~ /7r

FIG. 6. Dispersion with k~~ of the n =1 image state and the
n =0 Shockley state near I on Cu(111}. The cross-hatched area
is the projection of the bulk band structure. The dashed curves
are the predictions of the phase-analysis model. The solid and

open circles represent, respectively, the photoemission and
inverse-photoemission data of Refs. 17 and 6.

E. Surface corrugation

It has been proposed that the effective masses of the
image states are enhanced by surface corrugation. Such
effects should be rather small, however, since the wave
functions for n ) 1 are well removed from the surface
atomic layer so that they feel a much smoothed surface
corrugation.

The wave function of the n =0 state, on the other hand,
can place its amplitude on the outermost atomic layer,
and therefore feel the full surface corrugation. As stated
in Sec. III C, when two surface states (one p~~-like and one
s ~~-like) are observed in the same gap at the boundary of
the surface Brillouin zone, their energy separation is a
measure of the surface-corrugation potential. Inspection
of Figs. 3 and 4 shows that the measured energy separa-
tions in the Y'.Cu(110) and X:Cu(110) gaps tend to be
smaller (by -30%) than those predicted by the simple
NFE approach. This suggests that in the outermost sur-
face layer some smoothing of the surface-corrugation po-
tential can already be detected.

The degree of quantitative agreement seen above is
surprisingly good for such a simple model. Part of it is
presumably due to a fortunate choice for the free parame-
ter zo. It is well established that surface-state energies
and the work function are correctly reproduced only in
calculations which have been performed self-consistently.
The real value of the present model lies in the insight it
offers into the systematics of surface-state formation and
in the scheme it offers for the codification of such states.

The model can be made reliable quantitatively from an
empirical point of view. Specifically, the empirical form
for Pz (dashed curve in Fig. 5) combined with the in layer-
termination values for Pc reproduces the energies of all
ten surface states considered here with a rms accuracy of
0.2—0.3 eV and a maximum deviation of 0.5 eV. The
model could therefore be quite useful in predicting the
probable energy locations of surface states or resonances
in cases where first-principles self-consistent calculations
are not available.

The perpendicular energies of the ten surface states
and/or resonances discussed here span the entire range of
the inner-potential well. The need to reproduce the ener-
gies of these states should impose severe constraints on
any acceptable form for the surface barrier, especially in
the interesting changeover region between steplike and im-
agelike behavior.
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