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Applicability of the sine-Gordon model to the magnetic heat capacity of (C6HiiNH3)CuBr3
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The field dependence of the magnetic heat capacity of (C6H»NH3)CuBr3 (CHAB), which is an

ideal ferromagnetic S= z chain system with XF anisotropy, is compared with predictions based on

the sine-Gordon (sG) model and with transfer-matrix calculations on a chain of classical spins. A
detailed analysis of the excess heat capacity in the region 1.5 & T &7 K and 8 &7 kG reveals sys-
tematic deviations from sG behavior. It is demonstrated that the spin components out of the XF
plane have a rather pronounced effect. The importance of quantum effects in this S= 2 system

seems less than for CsNiF3 and (CH3)4NMnC13 (TMMC), which is related to the relatively small

(5%) XY anisotropy, together with the ferromagnetic intrachain interaction.

I. INTRODUCTION

Nonlinear effects have been shown' to play an impor-
tant role in the static and dynamic properties of one-
dimensional magnetic systems. Exact solutions, however,
have only been obtained for a few special cases and, in
general, yield hardly any information about the charac-
teristics of the specific elementary excitations. An exten-
sive theoretical and experimental effort was prompted by
the observation that, in the continuum limit, the equation
of motion of both a ferromagnetic and an antiferromag-
netic chain of classical spins with easy-plane anisotropy in
a transverse field can—under certain approximations —be
mapped to a sine-Gordon (sG) equation. Apart from
linear excitations (magnons), this equation has solutions
which are known as kink solitons.

'

A variety of experiments on quasi-one-dimensional
magnetic systems with easy-plane anisotropy have been
interpreted in terms of the sG model. In particular, neu-
tron scattering experiments, nuclear spin-lattice relaxation
(NSLR), and heat capacity (Cz) measurements on both
CsNiF3 (S=1) (Refs. 4—6) and (CH3)4NMnC13 (TMMC,
S = —, ) (Refs. 7—9) yielded indications of the existence of
solitonlike excitations in these compounds in a certain
field and temperature region. Recently, NSLR and Cz
measurements on the S= —,

' system (C6HiiNH3)CuBr3
(CHAB) (Ref. 10) were also interpreted in terms of soli-
tons.

In general, the experimental results have been compared
with predictions based upon an ideal-gas phenomenology,
in which the solitons are assumed to behave as a dilute gas
of noninteracting quasiparticles. " Although a satisfacto-
ry description of most of the data could be obtained, at
least with a certain renormalization of the soliton rest en-
ergy, the validity of the sG approximation to real magnet-
ic systems has been questioned by several authors. ' ' In
fact it is far from obvious whether the available data actu-
ally support evidence for the presence of solitons in the
experimental systems, since in some cases the observed ef-
fects can also be explained in terms of other elementary
excitations. On the other hand, it is not clear to which ex-

tent the various approximations involved with the map-
ping of the original magnetic system to a sG system affect
a meaningful comparison of the latter model with the ex-
perirnental data. In this paper we will analyze in detail
the effects of these approximations on the interpretation
of our heat capacity measurements on CHAB in terms of
a sG model.

The organization of the paper is as follows. In Sec. II
we discuss the implications of the ideal-gas phenomenolo-
gy. The influence of out-of-plane spin components and
the continuum limit will be considered in Sec. III by com-
paring the sG model with several appropriate classical
model systems. In Sec. IV we estimate the influence of
quantum effects, and compare some results from calcula-
tions on corresponding classical and S = —,

' systems. A
comparison of various predictions for the field depen-
dence of the magnitude and the location of the heat capa-
city maximum in CHAB with the data will be presented
in Sec. V, together with a discussion, in which we briefly
consider comparable data on CsNiF3 and TMMC.

II. IDEAL-GAS PHENOMENOLOGY

We will start this section with a brief review of the
most essential features of the magnetic propertres of
CHAS. Next, we will compare the available predictions
for the heat capacity of the sG model and confront them
with the experimental data on this compound.

Several investigations' ' revealed that CHAB is a sys-
tem built up from very loosely coupled S = —,

' ferromag-
netic chains, which to a very good approximation can be
described by the Hamiltonian

H = —2JQ [S; S;+i+(J~/J —1)S S+i j

gp&QB S—; .

The intrachain interaction J/k amounts to 55 K;
J~/J=0. 95. In this Hamiltonian the small anisotropy
within the XY plane (J~—J~y)/J=10 (Ref. 16) is ig-
nored. The y axis coincides with the crystallographic c
axis of the orthorhombic system, ' whereas the x axis is
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located in the ab plane at an angle g from the b axis.
Two symmetry-related sets of chains are present with
y=25' and y= —25', respectively. In this paper we con-
fine ourselves to measurements with the external field 8
parallel to the c axis, which is located in the easy. plane
for both sets of chains. The interchain interactions, which
are three orders of magnitude smaller than J/k, give rise
to a three-dimensional long-range ordered state below
T, =1.50 K at 8=0. In the paramagnetic region, the
coupling between the chains can be neglected. '

The excess heat capacity AC for 1.5 & T& 7 K, obtained
by subtracting the zero-field data on CHAB from the data
for 8~ ~c, has recently been interpreted in terms of a sG
model. ' In close analogy to CsNiF3 (Ref. 6) and TMMC
(Ref. 9), this interpretation was based upon the ideal-gas
phenomenology introduced by Krumhansl and
Schrieffer, " in which the soliton contribution to the free
energy per spin is proportional to the soliton density n, :

1/2
8F = kTn, —with n, = — mat ' e '~'. (2)

In this equation m denotes the soliton mass, a is the lat-
tice spacing between adjacent spins, and t =k T/E, ,
where E, is the soliton rest energy. For a system
described by the Hamiltonian (1) with B in the XF plane,
m and E, are given by

m = (gp~—B/2JS)', E, =8S(2glJ~BJS)'~

From Eq. (2) the soliton contribution AC, to the excess
heat capacity per spin can be obtained by straightforward
differentiation as

mat (1—Bt —(28t + ) (5)

Comparison of this equation with Eq. (2) reveals the pres-
ence of finite-temperature corrections to the density of
kink solitons. The corresponding prediction for b,C/m,
including the magnon part, is given by the dotted curve
labeled ST1,tot in Fig. 1, and is in much better agreement
with the numerical results than the original prediction. '"
Moreover, since the magnon contribution obtained by
Sasaki and Tsuzuki is monotonically increasing for
t&0.3, their results suggest that the maximum in AC cal-
culated by Schneider and Stoll originates from the pres-
ence of kink solitons. The bare soliton contribution ob-

formed, these results show universal behavior, i.e., a plot
of the total excess heat capacity b, C/m against kT/E,
yields a universal curve. In Fig. 1 this curve, labeled SS,
is plotted, together with the total excess heat capacity
based upon the ideal-gas phenomenology, *" which is re-
flected by the dotted curve labeled KS,tot. The dashed
curve labeled KS,sol represents the corresponding soliton
contribution b,C, given in Eq. (4). From this figure one
might conclude that the ideal-gas phenomenology leads to
incorrect results for t & 0.15, in which region the m'ajority
of the experimental data have been collected.

More recently, Sasaki and Tsuzuki' calculated the
thermodynamic properties of the sG model within the
ideal-gas phenomenology using a modified WKB method.
The resulting expansion for the free energy can be associ-
ated with a magnon part, given by a power series in t, and
a soliton part —kTn, with

1/2
8

1/2

b, C, = — kmat ~ e '~'(1 t —,'t ) . ——(4) KS, tot

In comparing the sG model with experimental data on AC
usually only the soliton contribution is considered. The
magnon contribution to AC, which in this model is
represented by a power series in t multiplied by kma, that
should be added to Eq. (4), is neglected or replaced by its
quantum-mechanical counterpart based on linear spin-
wave theory.

At this point a comment on the ideal-gas phenomenolo-

gy seems appropriate. In contrast to the evaluation of,
e.g., the dynamic form factors S(q, co) of the sG model,
where explicit use is made of a formalism in which the
solitons behave as an ideal gas of quasiparticles with den-
sity n„ the calculation of the heat capacity only requires
an expression for the total free energy F of the system. In
this case the ideal-gas phenomenology may serve to identi-
fy the various contributions to the heat capacity, but, for-
mally, has no effect on the calculations.

Some static properties of the sG model have been ob-
tained more directly by Schneider and Stoll' from a nu-
merical solution of the transfer integral equation of a
discretized chain. The resulting prediction for AC is gen-
erally believed to be exact, ' ' as was proved rigorously in
the low- and high-temperature limits. In the so-called
strong-coupling regime, ' where the experiments on
CHAB (J/k=55 K, S = —,, B&7 kG) have been per-
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FIG. 1. Excess heat capacity of the sG model according to
various theoretical approximations. The drawn curve reAects
exact numerical results, whereas dotted curves denote estimates
within the ideal-gas phenomenology. Dashed curves represent
the bare soliton contribution. The first two letters of the labels
of the various theoretical predictions refer to the corresponding
authors, see the text.
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FIG. 2. Experimentally observed excess heat capacity of CHAB for B~ ~c plotted in reduced form. Drawn curves are obtained by
smooth interpolation of the data. The inset shows the orientation of the easy plane for the two symmetry-related sets of chains.

tained from Eq. (5) is represented by the dashed curve la-
beled ST,sol.

In a more detailed calculation, Sasaki and Tsuzuki in-
cluded the effect of interactions between kink solitons. '

The resulting total excess heat capacity is depicted in Fig.
1 by the dotted curve labeled ST2,tot. Although the in-
clusion of these interactions seems to yield a more accu-
rate description of the heat capacity maximum itself, it is
obvious that a somewhat irregular behavior occurs at
t -0.3.

%'e will now compare our experimental data on the ex-
cess heat capacity of CHAB with the predictions outlined
above. For this purpose we plot the data which have al-
ready been reported before' in reduced form, i.e.,
b, C/V B against T/~8. If the magnetic behavior of
CHAB in the experimental field and temperature region
can perfectly be represented by a so model, this procedure
should yield an universal curve, since for a ferromagnetic
system both m and Z, are proportional to v B [cf. Eq.
(3)]. Inspection of Fig. 2, where the experimental excess
heat capacity is plotted in reduced form, clearly shows
that the data collected at different fields do not collapse
onto a single curve. For higher fields, the magnitude of
hC/~B increases significantly, whereas the location of
the maximum shifts to somewhat lower values of T/V B.
Apart from this, the excess heat capacity becomes nega-
tive at low t, in contrast to the theoretical predictions out-
lined above. We will return to this point in Sec. IV.

The drawn curves in Fig. 2 are obtained by smooth in-
terpolation of the various sets of data. For sake of clarity,
only these curves are depicted in some of the following
figures. In Fig. 3 the data are represented by dotted
curves. In this figure we included several theoretical pre-
dictions, which will now successively be discussed. The

dashed curve labeled 1 represents the soliton contribution
to the excess heat capacity b.C, given by Eq. (4). In this
equation we inserted the values of m and E, obtained
from Eq. (3) with J/k=55 K, g=2, and 5 = —,'. The cor-
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FIG. 3. The excess heat capacity of CHAB plotted in re-
duced form together with several theoretical predictions for a
st model. Dotted curves denote experimental data, whereas the
drawn curve reflects exact numerical results. The dashed curves
are explained in the text.
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responding soliton rest energy E, /k amounts to 10.85~B
K (B in kG). The dashed curve labeled 3 denotes the pre-
diction for b,C which has been used in an earlier analysis'
of the present data. Analogous to the original interpreta-
tion of the data on CsNiF3 (Ref. 6) and TMMC (Ref. 9),
that analysis was based on an expression for AC, in which
the properties of the system only enter through the pa-
rameter E, . In fact, this expression is obtained directly
from Eq. (4) by eliminating the soliton mass using the re-
lation m =E, /(16a JS ) [cf. Eq. (3)]. A fair overall
description of the data was obtained with a renormaliza-
tion of the parameter E, /k by 20% to 8.4~B. It is obvi-
ous that such a procedure implicitly yields also a reduc-
tion of the soliton mass by 20%. The effect of a renor-
malization of the soliton rest energy in Eq. (4) to 8.4V B
without changing m is reflected in Fig. 3 by the dashed
curve labeled 2. Although accurate quantitative predic-
tions for the renormalization of E, and m are not avail-
able (cf. Sec. IV) the previously reported fair agreement of
the theory with the data seems rather fortituous, since the
corresponding expression for the excess heat capacity [cf.
Eq. (4)] is not valid in the present temperature region, as
was demonstrated above.

A much better quantitative description of the data is
provided by the numerical results of Schneider and Stoll, '

which are represented in Fig. 3 by the drawn curve labeled
SS. As we already mentioned above, these results include
all contributions to the excess heat capacity of the sG
model, in contrast to the other theoretical predictions
plotted in this figure, which only represent the contribu-
tion from kink solitons within the framework of the origi-
nal ideal-gas phenomenology. It is obvious that the (ex-
act) numerical results, corresponding in Fig. 3 to
E, /k=10. 85@B [cf. Eq. (3)], agree fairly well with the
"average" data. Hence we conclude that a correct
description of the excess heat capacity of CHAB in terms
o'f a sG model does not require a significant renormaliza-
tion of the soliton rest energy. Our data even suggest a
small increase of E, with respect to the "classical" value
rather than the decrease inferred above. We will return to
this point in Sec. IV. On the other hand, inspection of
Fig. 3 reveals that the sets of data collected at different
fields show systematic deviations from the numerical re-
sults for the sG model. In the next section we will
demonstrate that this nonuniversal behavior, which was
already noted above, most likely originates from the effect
of spin components out of the easy plane.

summarized as follows: the spins are treated as classical
vectors, the anisotropy is large enough to confine the
motion of the spins to an easy plane, and the limit of zero
lattice spacing is taken.

Recently, several corrections for the static and dynamic
properties predicted by the sG model have been pro-
posed " in order to account for the out-of-plane spin
components. ' As the calculation of the heat capacity for-
mally does not require a knowledge of the properties of
the individual elementary excitations, we will confine our-
selves here to a direct approach, in which the excess heat
capacity is compared with exact numerical results for b,C
obtained from transfer-matrix calculations on a chain of
classical spins in a transverse field I.n these calculations
the known exchange and anisotropy parameters of CHAB
are used. The results are represented by the drawn curves
in Fig. 4, in which we also plotted the smoothed experi-
mental data (dashed curves). Inspection of this figure
shows that the magnitude of b.C obtained from the
transfer-matrix calculations is too high by about a factor
2. Nevertheless, the systematic deviations of the data
from "universal" behavior, i.e., the increase of the magni-
tude of the maximum of b,C/v B and the shift of the
maximum towards lower values of T/~B at higher
fields, are predicted correctly. Hence we conclude that
these features very likely originate from out-of-plane spin
components.
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III. OUT-OF-PLANE SPIN COMPONENTS 0

In the foregoing section we have shown that the experi-
mental data on CHAB exhibit systematic deviations from
the exact numerical results for the excess heat capacity of
the sG model. Since these results, in principle, are ob-
tained without any additional assumptions, such as the
ideal-gas phenomenology, it is evident that the observed
deviations originate from the various approximations in-
volved in the mapping of the original equation of motion
of the spins to a sG equation. However, the effect of each
'individual approximation on the theoretical prediction for
hC is far from obvious. These approximations can be

I

3
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FIG. 4. The excess heat capacity of CHAB plotted in re-
duced form, together with numerical results of transfer-matrix
calculations on a classical spin system. Drawn curves, charac-
terized by the magnitude of the magnetic field, represent calcu-
lations on a system in which the spins have three components.
The shaded area represents calculations for 1.25 & 8 & 6.5 kG on
a planar system, in which the spins have only two nonzero com-
ponents.
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The present approach, however, has the formal draw-
back that it may be somewhat obscured by the effects of
the continuum limit, since the transfer-matrix calculations
are performed for a discrete chain. To discriminate be-
tween the effects of out-of-plane spin components and the
continuum limit, it would be useful to compare the exact
numerical results for the excess heat capacity of the sG
model with transfer-matrix calculations on a chain of
classical spins in a transverse field, in which the impor-
tance of the out-of-plane spin components is varied by the
value of J~ (0(J (J), especially in the limit J =0.
Unfortunately, such calculations give rise to numerical
problems at low values of kT/J 'if J~ differs significantly
from J. Therefore, we have to resort to transfer-matrix
calculations on a planar (n=2) system, i.e., a chain of
classical spins which are fully confined to the XY plane.
Note that this system is essentially different from the
n=3 model in the limit J =0 mentioned above, where
the spins still can have an (energetically unfavorable) out-
of-plane component. The results of these n=2 transfer-
matrix calculations for J„„/k =J~„/k=55 K are reflected
by the shaded area in Fig. 4, bounded by broken curves,
the upper and lower curve corresponding to 8=6.5 kG
and 8=1.25 kG, respectively. %'e like to note that
inclusion of the small in-plane anisotropy
(J~ —J~~)/J=IO has no significant effect on the re-
sults for b,C, which conclusion also holds for the n=3
case.

The numerical results of Schneider and Stoll for the ex-
cess heat capacity of the sG model are located within the
shaded area in Fig. 4, and coincide with the n =2
transfer-matrix results for 8=4 kG within a few percent.
The good agreement between the results for these two
model systems indicates that the influence of the continu-
um limit on the excess heat capacity is rather small in the
present field region. Of course, the small deviations of
the n =2 results from universal behavior might be associ-
ated with lattice discreteness effects, but such a con-
clusion should be considered with some reservations, since
the best agreement of the numerical results for the
discrete n=2 system with those for the sG model does
not occur at the lowest field, where the influence of the
discrete lattice spacing should be minimal, because in this
region the kink solitons have their maximum length.
Nevertheless, the evidence presented in Fig. 4 strongly
suggests that the influence of the continuum limit is rath-
er unimportant compared with that of the out-of-plane
spin components. The quantitative effect of these spin
components on hC seems to increase dramatically at
higher fields, as can be inferred from a comparison of the
numerical results for the discrete n=3 and n=2 systems.
In the next section we will consider the influence of quan-
tum effects on the present analysis.

IV. QUANTUM EFFECTS

Especially at low temperatures, the heat capacity is very
sensitive to quantum effects, since it directly probes the
location of the energy levels of the system. A trivial
demonstration of this fact is the heat capacity of the 1d
classical spin model, which approaches the value Nkz at
T=O instead of zero, thus violating the third law of ther-

modynamics. On the other hand, the kink solitons
occurring in a sG system behave as quasiparticles with a
finite rest energy. Since these solitons are not present in
zero field, it is not a priori impossible that the classical sG
model —despite its inadequacy to describe the total heat
capacity of a quantum system —may give a fair descrip-
tion of the excess heat capacity b, C, at least in that field
and temperature region where the solitons have sufficient
statistical weight. This assumption is supported by the
experimental evidence presented in the preceeding sec-
tions.

In the remaining part of this section we shall first con-
sider the effect of several quantum corrections that have
been proposed for the sG model, especially for the range
of parameters appropriate to CHAS. Next, we will illus-
trate the potential influence of quantum effects by com-
paring the excess heat capacity of the classical and S = —,

'

anisotropic XF systems.
The inclusion of quantum effects in the sG model has

been considered by several authors. Their calcula-
tions reveal that the importance of quantum effects is re-
lated to the magnitude of the coupling parameter
g =co/Eo, where for the present system Eo ——2JS a and
co is the so-called magnon velocity. This parameter is
often rewritten as g =Sm '/E, , where m * is the magnon
gap and E, is given by Eq. (3). If g is small compared to
unity, the behavior of the system can be described by
semiclassical statistics, and only a renormalization of the
soliton energy and the mass parameter is required. For a
ferromagnetic system described by the Hamiltonian (1),
g =v 2/S(1 —J /J)'~, yielding the value g =0.62 for
CHAB.

If we use the expressions given by Maki, we obtain a
reduction of both E, and m by about 10% in the field re-
gion of interest. This renormalization shifts both the
magnitude and the location of the predicted maximum ex-
cess heat capacity to lower values, thus increasing the de-
viations between the numerical results for the sG model
and the experimental data presented in Fig. 3. One should
note, however, that in the mapping of the spin system to a
sG model (cf. Sec. II) the length of the classical spin vec-
tor is taken equal to the spin quantum number S. If, al-
ternatively, one starts from the semiclassical value

S=&S(S+1) the "initial" predictions for E, and m
would be substantially higher, and hence the proposed
quantum corrections would improve the description of the
data.

Mikeska has analyzed the quantum effects in a sG
model allowing small deviations from idealized planar
behavior. For anisotropies that are characteristic for the
experimental systems investigated up till now, he obtains
a reduction of the soliton rest energy which only depends
on the value of S. In his analysis, the classical estimates
for E, and m are given by expressions similar to Eq. (3),
where S has been replaced by S. The net result of the in-
clusion of quantum effects on the numerical results for
the sG. model plotted in Fig. 3 'is a decrease of b, C/V8
and the value of T/v 8 at which the maximum excess
heat capacity occurs by about 30% and 5%, respectively.
This renormalization does not result in a better descrip-
tion of the experimentally observed excess heat capacity,
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H = —2J g [(I+y)S;"S,"+)+(1 y)SfSf+(]—(6)

except for the lowest fields. Probably, the better agree-
ment at lower fields is related to the smaller influence of
the out-of-plane spin components in this region (cf. Sec.
III), which very hkely improves the description of the ex-
perimental system in terms of the sG model, but, actually,
the available evidence does not permit any quantitative
conclusions about the validity of the suggested quantum
corrections.

Riseborough has shown that, in principle, the quan-
tum effects in a discrete lattice may differ considerably
from those calculated within a continuum approximation.
However, his analysis reveals that the various corrections
involved with lattice discreteness cancel in numerical esti-
mates based on parameter values that have been extracted
from the spin-wave dispersion relation. It is not clear,
however, whether this conclusion also holds for the
present system, where the estimates for the various pa-
rameters are partly based on heat-capacity measurements
in the paramagnetic region.

We wish to emphasize that the good description of the
average excess heat capacity of CHAB by the exact nu-
merical results for a classical sG modd does not necessari-
ly imply that the bare quantum effects in this experimen-
tal system are small. In fact, these effects significantly
reduce the excess heat capacity, as can be inferred directly
from Fig. 4 by comparing the experimental data with the
n=3 transfer-matrix results, which are calculated for the
same Hamiltoman and the same parameters' * ' that
describe the chains in CHAB, except for the fact that the
spins are represented by classical vectors. The good
description of the average data by a sG model most likely
arises from a compensation of the influence of out-of-
plane spin components, which tend to increase the excess
heat capacity, by the influence of quantum effects, which
result in a decrease of b,C. Within the framework of the
sG model, the predicted quantum corrections are rather
small for the range of parameters corresponding to the ex-
periments on CHAS, as was shown above. This suggests
that also in these theoretical calculations the potential
quantum nature of the present S = —,

'
system is to a large

extent "neutralized" by the relatively small XF anisotro-
py, which is reflected by the small value of the coupling
parameter g =0.62. This view is supported by the results
obtained by Wysin et al. from a numerical simulation
of the soliton dynamics. They conclude that the deviation
of the behavior of CHAB from sG theory originates from
finite excursions of spins away from the easy plane,
whereas, because of the small XI anisotropy, the quan-
tum effects are weaker than in the S= 1 system CsNiF3.

The rather crucial influence of the amount of XI' aniso-
tropy can be illustrated by a theoretical comparison of the
classical and S=—,

' anisotropic XF systems. Both sys-
tems are described by the Hamiltonian

—O.l

I
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the easy plane is broken by an orthorhombic anisotropy
characterized by y, which actually replaces the action of
the usual transverse magnetic field. In the classical case,
the system described by Eq (.6) can be mapped on a sG
system, in which m. solitons are allowed. The excess heat
capacity AC=C(y) —C(y=O) is plotted in Fig. 5 for
both the classical and the S = —, model. The dashed curve
reflects the numerical calculations by Schneider and Stoll
for a sG model. Their results agree very well with those
for the classical system described by Eq. (6); the small de-
viations are most likely due to lattice discreteness effects.
A comparison of the classical and S = —, systems present-
ed in Fig. 5 reveals that, although the maximum excess
heat capacity occurs at comparable temperatures for both
systems, the magnitude of b,C differs up to a factor of 40.
This discrepancy must be related to the large XI'ani'sotro-

py of the system described by the Hamiltonian (6).

and can be solved rigorously. The static properties of the
classical system are calculated by a transfer-matrix
method, whereas the S = —, system can be mapped on a
system of noninteracting fermions by invoking the
signer-Jordan transformation. ' The symmetry within

FIG. 5. Excess heat capacity of a classical and an S =
2 XF

linear chain system, plotted in reduced form. The curves are
characterized by the relative anisotropy within the XF plane.
The dashed'curve represents exact numerical results for a sG
model.
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Within the framework of the theoretical calculations of
the quantum corrections for a sG model discussed above,
the value of the coupling parameter g of these systems
amounts to SV2, which indeed invalidates the use of
(semi) classical statistics.

We conclude this section with the remark that the small
magnitude of hC in the S=—,

' XF case might already
have been anticipated fr'om the magnetic entropy of the
system. It is well-known that the presence of a field or
anisotropy enhances the magnetic order, i.e., it gives rise
to an increase of the correlations between some of the spin
components and a shift of the entropy S towards higher
temperatures. Since S is equal to the integral of C!T, a
positive excess heat capacity in a certain temperature re-
gion in fact results from the fraction of entropy removed
at lower temperatures. In the S = —,

' isotropic XY system
the amount of entropy below the temperature region of in-
terest (kT/J&0. 05) is very small. This limits hC to
low values, in contrast to the classical system, where for-
mally an infinite amount of entropy is present at T=O.
The shift of entropy produced by a field or anisotropy
also explains the fact that the experimental excess heat
capacity plotted in Fig. 2 becomes negative at low tem-
peratures, as was already noted in Sec. II. The same holds
for the S = —,

' XF system presented above.

V. DISCUSSION

In the preceeding sections we have shown that the
overall behavior of the excess heat capacity of CHAB in
the region 1.5& T&7 K and 1.25&8&7 kCx can be

described fairly well by the exact numerical results for the
sG model. ' In the present section we will focus our at-
tention to the location and the magnitude of the max-
imum of hC/v B, and compare the experimental evi-
dence with several theoretical predictions. Next, we will
compare the results of our analysis of the data on CHAB
with those for two other potentially soliton-bearing sys-
tems, CsNiF3 and TMMC.

In Fig. 6 the reduced maximum excess heat capacity
5C /V B and the temperature T /VB at which this
maximum occurs are plotted against the external field 8.
The experimental data are denoted by open circles; the
dotted curves are guides to the eye. We first discuss the
field dependence of AC~ /~8.

The horizontal line labeled KS,soll reflects the soliton
excess heat capacity of the sG model given by Eq. (4).
This prediction is systematically higher than the data, as
was noted already in Sec. II. The effect of the renormali-
zation of the soliton rest energy as reported in our previ-
ous analysis' is indicated by the line labeled KS,so13. A
much better description is obtained by, alternatively, the
exact numerical results for the sG model (SS) or the n=2
classical model. All these theoretical approaches, howev-
er, do not predict a significant increase of hC /V B with
field, as displayed by the data. In Sec. III we pointed out
that this increase originates from out-of-plane spin com-
ponents. This is demonstrated very nicely by the curve la-
beled n=3 in Fig. 6. This prediction, which is obtained
from transfer-matrix calculations on a classical spin
model, actually gives an almost perfect qualitative
description of the observed field dependence. Within the
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FIG. 6. Field dependence of the reduced maximum excess heat capacity b, C /V B (left) and the reduced temperature T /VB at
which this maximum occurs (right). Open circles are the experimental data on CHAB; the dotted curves are guides to the eye. The
various theoretical predictions are discussed in the text.
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ideal-gas phenomenology, the out-of-plane spin com-
ponents have been included in the theory by Fogedby (F)
and by Leung and Bishop (LB), using a steepest descent
method and a path-integral method, respectively.

' Al-
though these approaches yield a correct field dependence
of hC /~8 at low fields, the resulting magnitude of the
excess heat capacity is far too high.

A comparison of the field dependence of T /~B with
the available theoretical predictions leads to largely simi-
lar conclusions. Predictions based on the sG model all re-
sult in horizontal lines. We wish to note that the dashed
line labeled KS,sol3 describes the data almost within ex-
perimental inaccuracy. In our original interpretation,
where hC at a fixed temperature was plotted against 8,
the systematic deviations which seem evident now were
not observed, due to the limited number of data in these
plots. A correct qualitative description of the observed
field dependence is again only given by the n=3 classical
spin model, in which the out-of-plane spin components
are fully taken into account. The difference between this
prediction and the experimental data on CHAS actually
reflects the bare influence of quantum effects on the ex-
cess heat capacity in this compound, as was already noted
in Sec. IV.

In view of the results of the analysis of the excess heat
capacity of CHAB, it seems interesting to analyse the
behavior of hC of two other potentially soliton-bearing
systems, CsNiF3 and TMMC, in a similar way. In Fig. 7
we therefore present the re orted excess heat capacity of
CsNiF3 as a plot of hC/ 8 against T/v 8. In this fig-

0.3

ure we also included the numerical results for the sG
model, based on the reported value of the intrachain in-
teraction J/k=11.8 K. Although the scatter of the data
is rather large, the sets of data collected at different fields
seem to display only small deviations from universal
behavior. In particular, the maximum value of b,C/V8
is almost independent of the applied field. As we demon-
strated in Sec. III, this indicates that the influence of out-
of-plane spin components is rather small, which is not in-
consistent with the relatively large value of the easy-plane
anisotropy in this compound [A /J=0.2; classical value of
A (Ref. 4)]. As a result of this large anisotropy, the quan-
tum effects in this system might be rather important.
Within the framework of the sG model, the decrease of
hC due to quantum effects (cf. Sec. IV) may be substan-
tially larger than the increase resulting from out-of-plane
spin components. This is corroborated by the evidence
presented in Fig. 7, which shows that the magnitude of
the experimentally observed excess heat capacity is lower
than the numerical results for the sG model by about a
factor 2. Such a reduction is considerably larger than the
theoretical predictions, which yield a renormalization
of both E, and the mass parameter by 10—20% for this
system. This discrepancy suggests that CsNiF3 cannot
properly be described by semiclassical statistics. A more
or less similar conclusion has recently been drawn by Pini
et al. '~ from a comparison of the excess heat capacity of
this compound with the results of n =3 transfer-matrix
calculations for a chain of classical spins.

Next, we will consider TMMC. For an antiferromag-
netic system, both E, and m are proportional to 8.
Therefore we presented the data collected by Borsa as a
plot of hC/8 against T/8 in Fig. 8, where we also in-
eluded the exact numerical results for a sG model, ' based
on an intrachain interaction J/k = —6.7 K. Inspection
of this figure shows that the reduced temperature at
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FIG. 7. Experimentally observed excess heat capacity of
CswiF3 according to Ramirez and Wolf (Ref. 6) plotted in re-
duced form. The drawn curve represents the corresponding ex-
act numerical results for a sG model.

FIG. 8. Experimentally observed excess heat capacity of
TMMC according to Borsa (Ref. 9) plotted in reduced form.
The drawn curve represents the corresponding exact numerical
results for a sG model.
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which the maximum experimental excess heat capacity
occurs decreases significantly at higher fields. As we
pointed out in Sec. III, such a decrease may arise from the
presence of out-of-plane spin components. For TMMC
this is not unlikely, given the very small easy-plane aniso-
tropy (~2%) in this compound, compared to CHAB
(5%) and CsNiF3 (20%). However, the magnitude of
AC/B does not increase with field, as expected (cf. Sec.
III), but it decreases dramatically at the highest field. Ac-
cording to Borsa et al. , this indicates the inadequacy of
the sG model in this field region, although they obtain a
better quantitative agreement with theory if the experi-
mental excess heat capacity is corrected for the magnon
contribution, which may be as large as —0.2J/mole K in
TMMC. Nevertheless, the maximum excess heat capacity
is systematically lower than the numerical results for the
sG model, suggesting that the decrease of b, C/B due to
quantum effects is so large that it "overcompensates" the
increase expected from out-of-plane spin components.

The importance of quantum effects in this system is
also reflected by the temperature at which the maximum
excess heat capacity occurs. For a correct description of
this temperature within the framework of the sG model,
the soliton rest energy has to be renormalized by about
20%. This value agrees very well with the renormaliza-
tion of 21% inferred from neutron scattering experi-
ments, suggesting that the quantum effects are indeed
rather pronounced. Given the spin quantum number
5 = —,

' for TMMC and the small value of the easy-plane
anisotropy, this must be related to the fact that this com-
pound is built up from antiferromagnetic chains. These
chains have a large zero-point spin reduction, which
gives rise to a renormalization of the magnon gap and
hence the parameters in the sG model with respect to
their classical values. Within the framework of the sG
model, a renormalization of the magnon gap by about
30% is predicted for TMMC. This renormalization has
about the same magnitude as that inferred from detailed
antiferromagnetic resonance experiments" on this com-
pound.

We conclude this discussion on TMMC by noting that
the importance of out-of-plane spin components is also
demonstrated by Fowler et a/. , who calculated the ex-

cess heat capacity of this system from quantum-sine-
Gordon thermodynamics. Their prediction for AC is
about a factor 2 lower than the experimental data, sug-
gesting that the rest of the energy goes into out-of-plane
modes. They also report that, in contrast to the sG pre-
diction, no significant renormalization of the magnon gap
occurs. Although this conclusion seemed justified by the
neutron scattering results of Heilmann et al. it disagrees
with the antiferromagnetic resonance results mentioned
above. The reason for this discrepancy is not clear.

Finally, we would like to comment on the implications
of the present analysis for the interpretation of experi-
ments on the dynamic properties within the framework of
the sG model. In contrast to the theoretical evaluation of
the dynamic form factors S(q,co), the calculation of the
heat capacity does, formally, not require a detailed
knowledge of the individual elementary excitations, as we
already noted in Sec. II. Nevertheless, a comparison of
the predictions of Sasaki and Tsuzuki for the heat capaci-
ty of the sG model with the numerical results of Schneid-
er and Stoll reveals that kink solitons have a statistical
weight comparable to that of the other excitations in the
field and temperature region where the majority of experi-
mental data have been collected. This is corroborated by
neutron scattering, nuclear spin-lattice relaxation, and
Mossbauer experiments, which reveal contributions to
S(q, co) that can be attributed to solitons. All these exper-
iments, however, have been interpreted in terms of an
ideal-gas phenomenology using expressions for n, [Eq.
(4)] that are only valid at kT/E, &0.15. Although our
analysis indicates that the applicability of the sine-Gordon
model to the actual experimental systems is limited by
out-of-plane spin components and quantum effects, it
may be worthwhile to reanalyze the data using expressions
for n, in which finite temperature corrections are includ-
ed.
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