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Monte Carlo renormalization-group study of the impure Baxter-Wu model
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We have used a Monte Carlo renormalization-group method to study the Baxter-Wu model with
random, quenched, nonmagnetic site impurities. The results clearly show that the impurities change
the critical exponents from the zero-impurity exact value of v= 3 to v=0.97+0.04. The magnetic

and crossover exponents do not change measurably with the addition of the impurities. We also find
that the fixed point for the model with quenched impurities is further from the starting Hamiltonian
than it was for the pure model.

I. INTRODUCTION

The effects quenched impurities have on the critical
behavior of d =2 magnetic systems have been the subject
of several studies in recent years. ' One motivation for
these studies is that in experiments some measure of fixed
impurities is always present. Hence the theoretical study
of quenched (fixed) impurities is of importance to the
understanding of physical experiments. Using general
arguments Harris' suggested that the effects of quenched
impurities were determined by the value of the specific-
heat exponent a of the pure system. If a&0 then the
quenched impurities should change the critical tempera-
ture T, but should not change the critical exponents. If
a & 0 then the addition of random quenched impurities
should change the critical exponents as well as T, . Stud-
ies of an m-component continuous spin model using
renormalization-group (RG) methods showed that if
ct & 0 (and not if a & 0) the addition of random quenched
impurities make a new "random" fixed point stable. Ex-
act work using transfer matrices on the rectangular Ising
model (a=O) showed that quenched, periodic point de-
fects changed T, but not the critical exponents. Monte
Carlo (MC) simulations for d =2 Ising models with
quenched random site impurities found no change in the
critical exponents. A study of the Baxter-Wu model
(a= —,

'
) used finite-size scaling to analyze MC data and

demonstrated that the static critical exponents did change
with the addition of random quenched site impurities. A
recent MC study of the dynamics of the Baxter-Wu model
provided evidence that the dynamic exponents also change
when random quenched site impurities are present. In
this paper we report, on a Monte Carlo renormalization-
group (MCRG) study of the Baxter-Wu model with
quenched random nonmagnetic site impurities, and obtain
the associated critical exponents.

The rest of the paper is organized as follows. Section II
contains background information with a brief introduc-
tion to the Baxter-Wu model in Sec. IIA and a descrip-
tion of the MCRG method in Sec. IIB. Section III con-

tains our results. Discussions and conclusions are present-
ed in Sec. IV.

II. BACKGROUND

A. The Baxter-Wu model

The Baxter-Wu model is a simple model consisting of
Ising spins with three-body interactions on a triangular
lattice. The Hamiltonian is given by

where o.; =+1 and the prime on the summation indicates
that the sum is over all triangles made from nearest-
neighbor spins on the lattice. In the locations of a ran-
dom quenched (fixed) nonmagnetic site impurity, o.=O.
In the absence of any applied field, the ground state is
fourfold degenerate. A triangular lattice is composed of
three triangular sublattices, and in the ground state all
spins on a sublattice are either up or down. One ground
state is ferromagnetic with all spins up, and the other
three are ferrimagnetic which have spins on one sublattice
up and spins on the other two sublattices down (see Fig.
1). An exact solution by Baxter and Wu for the pure
model (where the fraction of random quenched site im-
purities x =0) gave the critical temperature
kT, (0)/J =2/ln(v 2+1)=2.2692 and the critical ex-
ponents v=v'=a=a'= —'. Hence the exact value of the
thermal exponent for the pure model is yT ——1/v= —,'.
Series expansions gave the magnetic susceptibility
y~ ——1.17 (Refs. 10 and 11) and a conjecture for the spon-
taneous magnetization M with exponent PM ——+, ."
Hence series analysis and scaling yield a magnetic ex-
ponent for the pure lattice of yH ——1.875. For the pure
system, Barber' has shown that corrections to the asymp-
totic power-law behavior require a third relevant expo-
nent y3 ———, (Barber assumed yH

———, as in the d =2 Ising
model and used the exact value yT ———', ). Real-space RG
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methods have also been used to study the pure Baxter-Wu
model and have found three exponents, ' but the values
obtained for the exponents are not in good agreement with
the exact solutions and series estimates. A MCRG study
of the pure Baxter-Wu model' obtained three relevant
eigenvalues which were in good agreement with the exact
and conjectured values.

A MC study of the Baxter-Wu model for the pure case
(x =0) and for different fractions x of nonmagnetic ran-
dom site impurities has been reported previously. This
study used finite-size scaling to analyze the data, and
showed a dramatic change in the critical exponents to
v=1.00+0.07 and yM

——1.95+0.08 for all nonzero im-
purity concentrations studied (values of x between 0.028
and 0.222 were included). In Sec. III we will present our
MCRG study of the Baxter-Wu model with x =0.111
which will confirm the exponent values obtained from
finite-size scaling. First we briefly describe the MCRG
method.

X 4 ~ X ll 4 ~ X A

{b)
FIG. 1. (a) Ferromagnetic and one of the ferrimagnetic

ground states are shown, together with the seven spins that are
used to obtain a block spin for the b =V 7 transformation. {b}
The three triangular sublattices are indicated by &&, 4, and O.
The block spins that snake up the renormalized lattice are indi-
cated by the circled symbols.

urations on I./b XI./b lattices which are governed by the
exact renormalized Hamiltonian. Further RG transfor-
mations reduce the lattice size by additional factors of b
and yield block spin configurations on these lattices. The
critical exponents are obtained from the linearized
transformation matrix

ave'"'a
Tlap =

~ ]aic "- (2)
P

where X~"' is the coupling constant corresponding to the
spin operator S~ following the nth RG transformation.
(The K~ include factors of 1/kT. ) From the chain rule

a[(s',"')] a[(s',"')]
az'" -" as&'"' (3)

I3 a CX

where the angular brackets indicate a thermal average for
a particular distribution of quenched impurities and the
square brackets indicate the average over all different im-
purity distributions. The partial derivatives can be calcu-
lated from the canonical ensemble for a system with
quenched variables

a s'"'
'r [(S(n)S(m} ) (S(n})(S(m) )] (4)r ~ r
a

The quantities on the right-hand side of Eq. (4) are calcu-
lated from the spin and block spin configurations in the
normal MC fashion. ' In particular, the thermal averages
( ) are first calculated by averaging over all spin sites and
all MC spin configurations, and then the quenched aver-
ages [ ] are calculated by averaging the thermal averages
over a number of different distributions of the quenched
variables.

To yield accurate critical exponents the RG transfor-
mation should preserve the symmetry of the Hamiltoni-
an. For this reason, we have used a transformation with
a scale factor of b =V 7. This transformation uses a ma-
jority rule to form a block spin from a center spin and its
six nearest-neighbor spins on the same triangular sublat-
tice. If the sum W is zero, an impurity (o =0) was placed
on that lattice site. Note that the first transformation
yields a rotated lattice with skew boundary conditions,
and the next transformation gives an unrotated lattice
with normal periodic boundary conditions. This real-
space RG transformation is illustrated in Fig. 1. (Other
transformations placing an impurity on the renormalized
lattice if the sum with

I

~
I
&»nd

I
~

I
&2 gav«e-

sults comparable to those presented below. )

III. RESULTS

B. The MCRG method

We use the MCRG method's' which was successful in
reproducing the critical exponents in the pure Baxter-Wu
model. ' %'e perform MC simulations on I.&I. triangu-
lar lattices with periodic boundary conditions using the
method outlined elsewhere. On the I.)&1. spin configu-
rations generated using the MC, a real-space RG with a
scale factor b is performed to obtain a block spin from
each distinct set of b spins. This gives block spin config-

This MCRG study was performed at three tempera-
tures on a 147& 147 triangular lattice with periodic boun-
dary conditions. The simulations were performed only
with a fraction x =0.111 of random, quenched, nonmag-
netic site iinpurities. The thermalization for each tem-
perature and impurity configuration was accomplished by
initially throwing away 15000 Monte Carlo st'eps per spin
(MCS) from a starting configuration of random spins.
The MCRG analysis then used 10 MCS, with the RG
transformation performed on spin configurations separat-
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Iteration
Coupling
constants

1

2
3
4
5
6
7
8
9

10

0;400
0.670
0.671
0.705
0.720
0.682
0.677
0.676

ya

1.746
1.763
1.763
1.765
1.764
1.764
1.762
1.762
1.762
1.760

TABLE I. The thermal, magnetic, and crossover exponents
obtained from the MCRG are shown. The simulation was per-
formed at k T/J = 1.62 for two different distributions of
quenched impurities on a 147X 147 lattice.

Iteration
Coupling
constants

1

2
3
4
5
6
7
8
9

10

0.337
0.646
0.652
0.696
0.718
0.648
0.622
0.622

1.762
1.771
1.771
1.771
1.770
1.771
1.769
1.769
1.768
1.763

0.125
0.123
0.132
0.110
0.153
0.161
0.124
0.173

TABLE II. The thermal, magnetic, and crossover exponents
obtained from the MCRCx are shown. The simulation was per-
formed at kT/J = 1.60 for one distribution of quenched impuri-
ties on a 147&(147 lattice. The RG flows show that this tem-
perature is below T, .

1

2
3
4
5
6
7

9
10

1

2
3
4
5
6
7

9
10

0.051
0.982
1.091
1.106
1.081
1.071
1.034
1.029
1.025

0.772
0.965
1.051
0.989
0.945
1.053
1.057
1.047

1.774
1.848
1.843
1.838
1.839
1.840
1.826
1.825
1.827
1.828

1.627
1.841
1.853
1.843
1.851
1.847
1.816
1.814
1.808
1.813

0.271
0.550
0.633
0.662
0.671
0.749
0.754
0.751
0.714

0.288
0.458
0.585
0.655
0.657
0.678
0.747
0.740
0.680

1

2
3

5
6
7
8
9

10

1

2
3
4
5
6
7
8
9

10

0.759
0.958
0.989
0.964
0.951
0.887
0.884
0.884

0.001
0.522
0.575
0.510
0.510
0.512
0.469
0.461

1.820
1.883
1.891
1.888
1.894
1.892
1.885
1.885
1.886
1.887

1.756
1.999
2.027
1.977
1.991
1.990
1.966
1.964
1.929
1.915

0.172
0.547
0.647
0.678
0.644
0.751
0.753
0.724
0.708

0.176
0.354
0.400
0.443
0.579
0.620
0.500
0.490

ed by 20 MCS. Tables I—III show 3 RG transformations
between lattices with linear dimensions: 147~21v 7,
21' 7~21, and 21~3V7. Another RG transformation
to a 3 && 3 lattice was also performed, but on this small lat-
tice finite-size effects were very apparent. Hence this last
RG iteration is not shown in the tables. The nine even
operators (which have [(S ) ]&0) and the ten odd opera-
tors (which have [(S ) ]=0) used in the RG analysis are
shown in Fig. 2. The first even operator is a "fugacity"
for the quenched impurities, while all other operators in-
clude the signs of the spins. Only one distribution of the
site impurities was used for kT/J =1.60 and 1.65, while
two different random distributions of the site impurities
were used at kT/J=1. 62. Both impurity distributions
for kT/J =1.62 were also analyzed separately, and gave
results comparable to those obtained using two distribu-
tions. Thus for this lattice size, it is more important to
have adequate thermal averages than to average over a
number of different distributions of the impurities. (How-
ever when this MCRG was performed on 42X42 lattices
it was found that averaging over at least 20 different dis-

tributions of the site impurities was necessary. This
should be expected since for larger lattice sizes a larger
number of local impurity distributions are sampled than
for a smaller size lattice. )

The convergence of the eigenvalues obtained from the
MCRG for our best estimate of kT, /J =1.62 are shown
in Table I. For the first RG iteration all three exponents
have significantly different values than they do for the
last two iterations. In fact y3 is absent entirely in the first
iteration. This shows that the RG is not yet within the
linear region about the fixed point after the first iteration.
Consequently the first iteration should not be used to ob-
tain eigenvalue estimates. This contrasts with the MCRG
study of the pure Baxter-Wu model' where the exponents
after the first iteration had already converged. Conse-
quently the "impure" fixed point is further from the start-
ing Hamiltonian than is the pure fixed point. For the
thermal exponent yz the eigenvectors of T~~ showed that
the "impurity fugacity" did not have an important contri-
bution to the RG flows. We also found that operators 2,
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TABLE III. The thermal, magnetic, and crossover exponents
obtained from the MCRG are shown. The simulation was per-
formed at kT/J = 1.65 for one distribution of quenched impuri-
ties on a 147X147 lattice. The RG flows show that this tem-
perature is above T, .

(b)

Iteration
Coupling
constants

1

2
3

5
6
7
8
9

10

0.394
0.696
0.697
0.715
0.725
0.650
0.649
0.651

1.744
1.756
1.756
1.755
1.754
1.754
1.752
1.750
1.751
1.748

1

2
3
4
5

6
7
8
9

10

0.715
0.937
0.961
0.933
0.912
0.881
0.890
0.892

1.755
1.804
1.803
1.804
1.804
1.806
1.802
1.806
1.812
1.817

0.328
0.489
0.528
0.539
0.535
0.541
0.546
0.516
0.486

1

2
3
4
5
6
7

9
10

0.103
0.331
0.391
0.267
0.271

1.586
1.720
1.738
1.734
1.744
1.744
1.717
1.719
1.714
1.711

0.322
0.391
0.391
0.390
0.402
0.291
0.264
0.218
0.211

3, and 4 all had significant (greater than 10%) contribu-
tions to the eigenvector associated with yz. Thus the
values for yr should only be considered when at least four
even operators are included, We thus obtain a value of
yr —1.03+0.04 from the MCRG results. This result is in
agreement with finite-size scaling analysis of MC data
which found yz ——1/v=1. 00+0.07. Finite-size scaling
analysis of MC data and a MCRG study' of the pure
model both found thermal exponents consistent with the
exact pure lattice value of yz. ———', . Hence the dramatic
change in the thermal exponents when quenched impuri-
ties are present is seen in both studies. Thus the transition
remains second order, but the presence of the quenched
impurities changes the thermal exponent. The eigenvec-
tors of T~p associated with the magnetic exponent yH
showed significant contributions only from the first two
odd operators, which are associated with the two order
parameters of the model. " Table I gives a value for y~
which is smaller than the pure model of 1.875. However,
the value of y~ is extremely sensitive to the simulation

FIG. 2. {a) The 9 even and (b) the 10 odd spin operators used
in the study are shown.

temperature, as we will demonstrate below. Consequently
the impure value for yH may be unchanged from the pure
lattice value. A third relevant operator y3 associated with
the odd operators is clearly evident in the last two itera-
tions in Table I. y3 is significantly below the pure model
value of 0.875 found from corrections to scaling, ' a value
also consistent with the MCRG study of the pure lattice. '

Table II shows the eigenvalues at a temperature of
kT/J =1.60 and Table III shows the eigenvalues at
k'r/J =1.65. These tables are used to support the tem-
perature kT/J = 1.62 as being near T„ndato provide es-
timates of the errors for the exponents. The first iteration
in both Tables II and III is not within the linear regime of
the "impure" fixed point and should be ignored. Table II
shows that T =1.60 is below T, . The second iteration
has come close to the linear region of the "impure" fixed
point, but the next iteration flows toward the trivial T =0
discontinuity fixed point (y~ ——d =2). Table III shows
that T=1.65 is above T, . The flows are first attracted
toward the impure fixed point, but then flow toward the
trivial T=oo fixed point. In fact, yr ceases to become
relevant in the last iteration once more than six operators
are present. The flows for these three temperatures are
shown schematically in Fig. 3. Note that y~ increases as
T decreases, while y~ and y3 both go through a max-
imum at T, . This shows that if T, were slightly below
T =1.62 the value of yH found might correspond to the
infinite lattice value of 1.875. Thus we find

yH ——1.85+0.04, which includes the pure lattice value.
The systematic error due to the uncertainty in T, is not as
large for yr or y3. Hence the errors in the value of yr ob-
tained at T =1.62 do not have to be increased due to the
error in T, . For y3 the largest error is from biased es-
timation due to the nature of the functions which must be
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kT
FIG. 3. RG flows for each of the three temperatures simulat-

ed are shown schematically. The horizontal axis represents the
J/kT axis (the spin operator in the simulated Hamiltonian), and
the vertical axis is the RG iteration number. The region inside
the dashed curve is the linear regime about the fixed point ( + ).
Q, &, and O indicate schematically the position on the flow
lines after each application of the RG transformation for tem-
peratures of 1.60, 1.62, and 1.65, respectively.

calculated from the MC data. This source of error in y3
was evident when we analyzed only a portion of the MC
data, and when we performed a b transformation. These
warning signs make it impossible at present to give a
value for y3.

The RG flows discussed above give a value of
1.60& kT, /J ~1.65, which is consistent with the value
from finite-size scaling of MC data ( kT, /I
=1.60+0.05). We tried to obtain T, from the extended
MCRG method. ' This method compares spin operators
on same size lattices which have undergone a different
number of RG transformations. We used this method on
lattices with initial linear dimensions of 42 and 6V7.
Since after the first iteration the RG flows are still not
within the linear regime of the impure fixed point, v~e

were only able to obtain accurate estimates for T, on the
6X6 lattices. This gave estimates of T, consistent with
T, =1.62, but which had error estimates larger than those
we could determine using the RG flows. Use of larger
lattices within the extended MCRG method could not ob-
tain thermal averages accurate enough to obtain better es-
timates for 1, with reasonable amounts of computer time.

Consequently, we have obtained T, from the RG. flows
indicated in the three tables.

IV. DISCUSSION AND CONCLUSIONS

This MCRG study illustrates that the presence of ran-
dom, quenched, nonmagnetic site impurities in the
Baxter-Wu model dramatically changes the thermal ex-
ponent. The pure Baxter-Wu model has v= —', , and we
find the impure model to have v=0.97+0.04. This
MCRG study was performed only at a fraction x =0.111
of impurt'ties. However, the concentration of quenched
impurities have been found to not change the critical ex-
ponents, ' but only to change the width of the crossover
region. ' A parallel MCRG study of the d =2 Baxter
model has found that the critical exponents for the pure
model with positive values of a in the presence of
quenched impurities are pure d =2 Ising exponents
within the errors. (The Baxter model was studied at pure
model values of a =0.372 and 0.491. ) There exists an ex-
act mapping between the Baxter-Wu model and the
Baxter model. (The mapping is exact except for boun-
dary conditions and the site impurities. ) Hence the
present study can be interpreted as an additional data
point for the Baxter model which has the particular cou-
pling which has a pure model value of a= —,. In con-
clusion, we have presented additional evidence that for all
d =2 pure models that have o, & 0 the addition of
quenched random impurities changes the magnetic and
thermal exponents to close to, if not equal to, those of the
pure d =2 Ising model.
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