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Experiments on the change of thermodynamic properties with impurity concentration in indium
are presented, which cover the temperature range from 30 mK to the superconducting transition
temperature T, . From an analysis of the T, depression with impurity concentration and the tem-
perature dependence of the thermodynamic critical fields in terms of Eliashberg theory, we conclude
that the electron-phonon coupling anisotropy is large in indium. The mean-square anisotropy pa-
rameter (a ) of the usual separable pairing potential is found to be 0.035—0.040. Particular atten-
tion is paid to the influence of various experimental error sources and the role of input parameters
on the theoretical analysis. It is shown that the concept of coupling anisotropy and anisotropy re-
moval by impurity scattering provides the only consistent description of the experimental results.

E. INTRODUCTION

Anisotropy effects in the superconducting state have
been a challenge to theorists as well as experimentalists
for many years. Starting from the "isotropic" BCS theory
of superconductivity, Anderson' and, in more detail, Mar-
kowitz and Kadanoff introduced a separable pairing po-
tential V(k, k') = ( 1+a k ) VBcs( 1+a k ), where a k is the
temperature independent anisotropy parameter and VBcs
is the constant potential of the BCS theory. According to
their definition, the average of the anisotropy parameter
over the entire Fermi surface is zero, the mean-square an-
isotropy parameter ( a ), which denotes the average of a k
over the Fermi surface, expresses the average deviation of
the coupling from the isotropic case. Therefore (a )
comprises in a rather simple way anisotropies of the elec-
tron system, the phonon spectra, and the electron-phonon
interaction. An immediate result of this theory is the
enhancement of the transition temperature T, by a few
percent due to the anisotropy of the energy gap. This re-
sult refers to the clean limit (electron mean free path
I = Oc); the addition of small amounts of nonmagnetic im-
purities continuously reduces the anisotropy effect and,
hence, T, by the introduction of additional scattering
centers, which provide new k states and, therefore, tend to
smear out the original distribution of states.

An extension of this work was made by Clem, who cal-
culated the influence of anisotropy effects on the thermo-
dynamic properties of superconductors, in particular the
thermodynamic critical field H, (T) and the deviation
function D(t). Of course, all of these calculations are re-
stricted to the weak-coupling limit only. Strong-coupling
effects, which also change T, and H, (T) in a significant
way, were treated in a more phenomenological way ' by
introducing a second "fit" parameter 5, in order to
separate the competing effects of anisotropy and strong
coupling in the case of the deviation function.

A full theoretical treatment of anisotropic superconduc-
tors with arbitrary coupling strength based on the solution
of Eliashberg theory became available only fairly recent-
ly. Although the numerical solution of these equations
in their anisotropic form requires a significant amount of
computer capacity, the theory in the present form (in par-
ticular, if combined with the Fermi-surface harmonics no-
tation introduced by Butler and Allen' ) represents an
ideal tool for the analysis and interpretation of experi-
rnents on the thermodynamics of anisotropic supercon-
ductors.

Considering the experimental situation, two distinctly
different approaches are feasible. In the first approach,
experimental techniques are applied, which map directly
the direction dependence of certain superconducting prop-
erties in single crystalline materials (e.g., H, 2, flux line
lattice, ultrasound absorption, tunneling characteristics,
etc.), whereas in the second approach the integral effect of
anisotropy on the superconducting properties is deter-
mined [e.g. , the T, depression by impurity or boundary
scattering, the thermodynamic critical field H, (T) and
the electronic specific heat in the superconducting state].
For an overview of experimental techniques and their
evaluation we refer to the paper by Bostock and Mac Vi-
car." Clearly, all of the experiments belonging to the first
group have the advantage of providing direct access to the
magnitude of the anisotropy effect. However, because the
theoretical situation is not satisfactory yet (cf., e.g., Ref.
12), the interpretation of results in terms of electron-
phonon coupling anisotropy is difficult or impossible at
the present stage. On the contrary, if careful experiments
on the thermodynamics of superconductors are combined
with the full analysis in terms of Eliashberg theory, an
unambiguous determination of the mean-square coupling
anisotropy seems to be feasible (concerning a first attempt
of this type, cf. Ref. 13).

In the following we wish to present an analysis along
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these lines for the type-I superconductor In and a series of
InT1 alloys. The experimerits are presented in Sec. II and
a brief outline of the theory is given in Sec. III. Section
IV deals with the analysis of the experimental. data, where
particular attention is paid to the influence of various in-

put parameters on the results obtained from Eliashberg
theory. Finally, the conclusions of our analysis are
presented in Sec. V.

II. EXPERIMENTAL

Our choice of In as the superconducting system to be
investigated with respect to the T, depression by the addi-
tion of impurities and the temperature dependence of the
thermodynamic critical field relied on several considera-
tions: ' ' First, indium —if alloyed with Tl—remains a
type-I superconductor up to fairly high Tl concentrations
(-20 at. %), which greatly facilitates the experimental
determination of the thermodynamic critical fields;
second, because of their similar electronic structures the
differences in electronegativity between In and Tl are
minimal (1.7 and 1.8, respectively' ), which allows one to
neglect valence effects on the change of T„' third, low-
temperature specific-heat and electron-phonon interaction
data calculated from tunneling experiments are available
for'several alloys, which provide information on the den-
sity of states N(0) and the spectral function a F(co) need-
ed for the theoretical analysis; fourth, the spectral func-
tions a Ii (co) of In and In9QT1&o are almost identical (cf.
Fig. 6); and fifth, both indium and thallium can be ob-
tained readily at a very high-purity level.

The polycrystalline samples were prepared from
99.9999%%uo-purity (In) and 99.999%%uo-purity (Tl) starting
materials, respectively, whose content of magnetic impuri-
ties was checked by x-ray fluorescence analysis and found
to be smaller than 1 ppm in both cases. The alloys were
prepared by carefully weighing the desired amounts of
material, etching them several times to remove oxide
layers and melting them under an overpressure of argon at
temperatures between 160'C and 300 'C. Then the sam-
ples were cast to their final cylindrical form (3 mm cross
sectional diameter, 20 mm length) and stored under an ar-
gon atmosphere. The Tl content of the lowest-
concentration samples was checked again by x-ray fluores-
cence analysis and found to agree with the nominal com-
position to within +0.1 at. %.

The experiments were made in a conventional bath cry-
ostat in the temperature range from 1.6 K to the transi-
tion temperature and in a dilution refrigerator from 30
mK to about 2 K. In both cases the ac susceptibility of
the samples was measured by superimposing a small ac
ripple field (10—100 pT) on a transverse dc field, which
was provided either by a superconducting magnet in the
bath cryostat or by an electromagnet in the dilution refri-
gerator, and by detecting the pick-up voltages with a
lock-in amplifier. The transverse geometry was chosen in
order to avoid the formation of a superconducting surface
sheath for samples with ~ ~ 0.42.

The transition widths at T„which were determined by
sweeping the temperature in the absence of an external
field through T„were found to be very small (-3 mK) in
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FIG. 1. Recorder tracing of a magnetization cycle in In96T14.
( Up represents voltage from the pick-up coil after arnplification
by an EG&G 128A lock-in amplifier, U~ represents voltage
across a precision resistor in the current loop of a superconduct-
ing magnet. )

all samples indicating a truly homogeneous distribution of
Tl atoms in the alloys. Concerning the determination of
H, (T) extremely slow sweep times of the external field
had to be used (1.5—35 pTs ') in order to obtain repro-
ducible, i.e., sweep-time independent, results on the transi-
tion field. At constant temperature (+0.5 mK) the data
in either increasing or decreasing fields could typically be
reproduced to within 10 p T, the difference between these
two branches varied between 100 and 500 p T (cf. Fig. 1).
For all further evaluations the transition in increasing
fields was used.

Whereas the relative accuracy of the temperature as
well as the field measurement is clearly satisfactory, some
considerations on the absolute values of temperature and
field seem to be appropriate. For the temperature mea-
surement calibrated Ge resistors were used, whose max-
imum error according to their specification was about 4
mK near 4 K. Calibration of one resistor against a stan-
dard lead sample yielded T, =(7.2018+0,0018) K, which
agrees with the standard T, value of 7.200 K within the
error limits, but is too high by 1.8 mK. Measurements of
H, (T) near T, with this resistor as the temperature sen-
sor, and identical experiments in another cryostat using a
different resistor and magnetic field supply agreed to
within 4 mK with respect to the result on T, . Similar
agreement was obtained for H, (T) between the experi-
ments in the bath cryostat and the dilution refrigerator in
the overlapping temperature range (1.6—2.0 K), where
again another Ge resistor and magnetic field supply were
used. From these crosschecks we believe, that the tem-
peratures and, in particular, the T, values are accurate to
better than +2 mK on an absolute scale. Concerning the
magnetic fields, calibrations with a high-resolution
temperature-stabilized Hall probe were made at the posi-
tion of the sample. Again excellent agreement on H, (T)
between the two setups was obtained, but a quantitative
estimate of the absolute accuracy is difficult. From a
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TABLE I. Material parameters.

Sample

0
1

2
3
4
5

Tl concentration
(at. %%uo )(+0. 1)

0.7
2.0
4.0
6.0

10.0

T, {K)
(+2 mK)

3.424
3.388
3.350 .

3.315
3.290
3.281

poH, (0) (mT)
(+50 pT)

28.08
28.12
27.92
27.75
27.68
27.80

(Ref. 17)

0.805

0.850

large number of experimental runs on the same sample we
estimate the accuracy of H, (T) data to be +50 pT. A
summary of material parameters is listed in Table I.

where the

co„o co„+m T——QA, (m —n)sgnco~ +n(t+ + t )sgnco„,

III. THEORY

In this section we wish to summarize briefly the equa-
tions needed for the present analysis and use the formal-
ism developed in Refs. 9 and 19—23 (6=k~ ——1). In order
to calculate the thermodynamic properties of a supercon-
ductor the full nonlinear Eliashberg equations have to be
solved. In the isotropic case they have the following form
on the imaginary axis: H, (T)=

' 1/2

[bF(T)]' (9)

are the renormalized normal state frequencies and X(0) is
the electronic density of states at the Fermi surface.

From Eqs. (7) and (8) the thermodynamic critical field
H, (T) and the deviation function D(t) are obtained in the
following way:

co~ = co~ +7TTQA, (m —n)
~m

(
—2 +g2 )1/2 and

+~(t++t )
(g2 +g 2 )1/2

H, (T) TD(T) = —(1—t'),
H, (0) T,

(10)

b,„=rtTQ[A, (m n) p'—]- ,

(io +b, )'/

On the other hand, the critical temperature T, can be cal-
culated from the linearized Eliashberg equations:

co„=co„+vrT,+k(m —n)sgnto +~(t++t )sgnco„,

+~(t+ t )—+
(
—2+F2)I/2

where the to„'s represent the Matsubara frequencies,

co„=aT(2n+1) with n =0, +1, +2, . . . ,

A(m —n) =2J dto,
~ +(to~ —~~)

p' is the Coulomb interaction pseudopotential, and

1
t+ =

2~~.

1

2mi-

(3)

(4)

(5)

h„=n T,+[A(m —n) —p*] +~(t+ t )—
(12)

In order to introduce anisotropy effects we use a separable
model for the pairing interaction

[a (to)F(co)]kk ——(I+ak)a (to)F(co)(1+ak )

and obtain for the critical temperature T, the anisotropic
form of Eqs. (11) and (12) in the following way: '

to„k——co„+(1+a k )vr T,gA, (m —n )co

~„and w& are the mean lifetimes of the electronic excited
states due to normal and spin-flip scattering, respectively.

The difference in free energy between the superconduct-
ing and the normal state is given by

b F( T) =m TX(0)g[(to „+Z„)'/ co„]—

+rt(t++t )sgnco„,

(1+ak)b,
b,„k= (1+a k )m T, QA, (m n)—

,.T.y(
'"" )+-(i, -i )(

'"—"
m

I ~m, k I I ~n, k I

x 1—
(~ „'+~„')'/2 (15)
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where the large angular brackets denote averages over the
Fermi surface. Equations (14) and (15) are solved using
an iteration procedure and the following simple ansatz for
the gap function Z„~.

~.,k= ~.,O+&~~., » (16)

where h„o and 5„] are assumed to be isotropic. To
characterize aj„a simple distribution function P(a) is
used,

3.40-

Tc(K)

3.35-

3,30-

P(a) = —,
'

5( —a)+ —,
' 5(a), (17)

where P(a)da denotes the probability for ak to lie be-
tween a and a+da. Equation (17) essentially divides the
gap function into two parts differing by +ah, „~.

Concerning the free-energy difference and, hence,
H, (T) the full nonlinear anisotropic Eliashberg equations
have to be solved. In order to do that, the formalism of
Fermi-surface harmonics (FSH) was introduced into Eqs.
(1), (2), (4), and (7). However, because of our simple
model for the anisotropy, an equivalent description to
Eqs. (16) and (17) is obtained by restriction to zeroth-
order FSH in any Fermi-surface subregion. As a final re-
mark we wish to point out that throughout the analysis
the parameter t characterizing spin-flip scattering
events was set equal to zero because of the absence of
magnetic impurities.
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IV. RESULTS AND ANALYSIS

A. Transition temperature T,
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The experimental results on the change of T; with Tl
concentration show a continuous decrease of T, (Fig. 2).
In order to analyze the data within the theoretical frame-
work outlined in Sec. III, the following problem has to be
overcome. ' Equations (11) and (12) for the transition
temperature contain (in addition to A, , which is taken from
tunneling results' ) two unknown quantities, viz. , p* and
t+ (t =0). p is obtained in the usual way by fitting the
results to the experimental transition temperature in the
clean limit (t+ ——0) and keeping it constant further on.
Unfortunately, t+ which is inversely proportional [Eq.
(5)] to the lifetime r„of electronic excited states due to
momentum scattering at the impurity sites, is inaccessible
to experiment. However, based on the reasonable assump-
tion, that ~„ is proportional to the transport scattering
time ~„and, hence, t+ is. proportional to the impurity
concentration at low impurity contents, one normalization
point of T, for an impure sample [e.g., In2 in Fig. 2(a)] is
sufficient to determine the constant of proportionality.
Thus, the entire dependence of T, on the impurity con-
centration can be calculated for different values of the an-
isotropy parameter (a ). Results of this analysis are
shown in Fig. 2(a), the best agreement between theory and
experiment is obtained for (a ) =0.04.

Because the choice of the normalization point is some-
what arbitrary, one has to check how the result is influ-
enced by this choice. There are two possibilities: First,
T, of the sample with the lowest impurity content (Inl) is
used for the normalization and the best agreement is
found for (az) =0.035 rather than for 0.040 [Fig. 2(b)].

3.40-
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FIG. 2. Change of transition temperature T, with Tl concen-
tration. The solid lines represent solutions of the linearized an-
isotropic Eliashberg equations for different values of the aniso-
tropy parameter (a'). (a) Normalization point, Inl; (b) In2; (c)
average of samples In 1, In2, In3, and In4.

Second, constants of proportionality are calculated for
four samples (Inl, In2, In3, and In4) and their average is
used for the analysis [Fig. 2(c)]. In this case the standard
deviation of all the experimental data (except. for In5) is
only 3 mK for (a ) =0.035 and 2.8 mK for (a ) =0.04.
(In5 is not included in this analysis because of the known
change of coupling strength and possible nonlinearities of
the scattering potentials due to the relatively high-
impurity content. )
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In summary, the analysis of the T, depression in indi-
um by the addition of Tl impurities in terms of the linear-
ized anisotropic Eliashberg equations and using the model
potential (13) for the electron-phonon coupling anisotropy
yields an anisotropy parameter 0.035&(a ) &0.040 for
pure indium.

B. Thermodynamic critical fields H, ( T)
and deviation function D(t)

(a) OO

D(t)(%)

-1.0

-2.0

-3.0 I

0.25 0.5
I

0.75 1.0

0
(b)

Thus, having established the magnitude of the
electron-phonon coupling anisotropy (a ) in the pure
material from the T, depression, no free parameter is in-
volved in the solution of the full anisotropic Eliashberg
equations to calculate the temperature dependence of the
thermodynamic critical field p~, (T) and the deviation
function D(t) for pure indium. The results of these cal-
culations for the deviation function with (a ) =0.035
and 0.040 as well as for the isotropic case ((a ) =0) and
the weak-coupling BCS limit are shown in Fig. 3(a) to-
gether with the experimental data, which were obtained in
a t™perature range from 30 mK (t —1&& 10 ) to T, .
Clearly, the experiments are incompatible with either the

isotropic calculations or the BCS approximation. Unfor-
tunately, the experimental error bars for D(t) are too
large to enable a distinction between different values of
the anisotropy parameter (a ) in the range of interest, a
problem which seems to be inherent to the evaluation of
D(t). For example, for the minimum of D(t) we obtain
—0.0253+0.0033, i.e., an error of + 13%, in spite of the
rather accurate experimental determination of tempera-
tures and fields [ET=+3 mK, b.T, =+2 mK,
by~, (T)=+80 pT, bp~, (0)=+50pT]. Still, the
agreement between theory and experiment is very good, if
the (a ) values deduced from the T, depression are used.
This good agreement is further emphasized by considering
the results on the 10% Tl alloy presented in Fig. 3(b),
which, based on the concept of anisotropy removal, were
obtained by solving the isotropic Eliashberg equations us-
ing the appropriate a E(co) spectrum (see Table 1 and Fig.
6) for In9oT11o.

As a final consistency check the absolute value of
p~, (0) for pure In, which was measured directly and
found to be (28.08+0.05) mT, can be compared with
theory for different values of (a ). The corresponding
results for (a ) =0, 0.035, and 0.040 are 28.75, 28;21, and
28.13 mT, respectively, which show again best agreement
for (a ) =0.04. We wish to point out, however, that the
absolute values of p~, (T) according to Eqs. (7) and (9)
depend directly on the density of states at the Fermi level,
which has to be calculated from the Sommerfeld constant

y of the electronic specific heat. The values p,~,(0)
quoted above were obtained with )'=1.69(+0.5%)
mJ mole ' K—,' which is, according to our knowledge,
the most accurate y value for pure indium obtained
calorimetrically. Nevertheless, the small experimental er-
ror of +0.5% in y produces an uncertainty of +70 pT in

@AH, (0).
In summary, both the analysis of the deviation function

and of the thermodynamic critical field at T =0 for pure
indium support the conclusion of Sec. IVA, viz. , that the
anisotropy parameter (a ) in pure indium lies between
0.035 and 0.040.

Starting from this value the smearing out of anisotropy
in the other samples can be represented in the following
way. From the solution of the anisotropic Eliashberg
equations for the gap parameter the rms value of the gap
anisotropy (R )'/ is obtained,

D(t) ('l.) nep Tlap IO

0/
(g2) 1/2

y((~, g) (~,g) )

g(~'.,k)

-2.0
0

I I

0.2 0.4 0.6 0.8 1.0
2

FIG. 3. Deviation function of (a) pure In and (b) In9oT1)0.

which is related to the parameter (a ) of the coupling an-

isotropy according to our calculations for pure In by

(g2) I/2

( 2)1/2

Assuming that this ratio remains constant, the results for
(a ) are shown in Fig. 4, which demonstrates that aniso-
tropy effects become negligibly small for Tl concentra-
tions exceeding about 6 at. % in this system.
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FIG. 4. Assignment of (a ) values to each sample via the
anisotropic gap function starting from the (a') range
0.035—0.040 for pure indium.

C. Influence of experimental uncertainties
in T,oand cT~

From the analysis presented in the preceding sectioris
we note that some experimental quantities are needed as
input parameters for the theory, in particular, the transi-
tion temperature of pure indium T,o to determine p*, and
the impurity concentration cTI (and the corresponding T, )

to determine the proportionality constant between ~„and
In order to check the influence of experimental uncer-

tainties in T,o, T„., and cT~ on our conclusions concerning
the anisotropy parameter (a ), several theoretical runs
were made using extreme values of our error limits for
one input parameter and keeping the others constant. For
instance, if we reduce T,o by 3 mK, the maximum in-

crease of the calculated transition temperatures occurs at
high Tl concentrations and amounts to 2.5 and 3 mK for
In4 and In5, respectively. The effect of AcTI, which is
shown in Fig. 5, has the same order of magnitude. In

summary; we find that changes of these input parameters
within the experimental error limits do not affect our con-
clusions on (a ).

D. Functional derivatives

In order to further analyze the influence of input pa-
rameters on our results, the basic input parameter of the
Eliashberg equations, viz. , the spectral function a F(ro), is
discussed in terms of functional derivatives. The spec-
tral functions for pure indium and In9oTlto, which were
taken from Ref. 17 and were available in the form of 80
(82) data pairs in the energy range 0&fico(15.8 (16.2)
meV are shown in Fig. 6. It will be noted, that no
dramatic shifts of the functions with impurity concentra-
tion occur, which again demonstrates that the system InTl
is very favorable for the present analysis.

The functional derivative of the transition temperature
for pure In is similar to results obtained on other super-
conductors and has been calculated previously by Daams
and Carbotte. It shows a peak at about 2.5 meV and de-

creases slowly towards higher energies. In order to deduce
specific results on the change of transition temperature
with impurity concentration (as shown in Fig. 2) includ-

ing variations of the spectral function, three cases were

considered. First, we assume that one data point at the
first peak (6.6 meV) of the spectral function is too low by
1%. Using this "new" spectrum the whole procedure
described in Sec. IV A was repeated. The data show, that
the changes of T, in the whole concentration range are al-

ways smaller than 0.1 mK. In the second and third case,
we assume that the entire spectrum is wrong by 1% and

5%%uo, respectively. The corresponding changes of T, are
(0.7 and &3.0 mK, respectively, which is in both cases
smaller than the experimental uncertainties and, hence,
does not affect our analysis.

Another point of interest is the choice of the cutoff fre-

P3-

3.45 n2F(Ccc}

3.40- 0.2-

3.35-

3.30-
0.1-

3.25
ca c 004

0 1 2 3 4 5 6 7 8 9 10 11 12 13
0 (at.%TI}

FIG. 5. Influence of experimental uncertainties in the Tl con-
centration cT~ on the theoretical analysis for various values of
(a').

0 I

50
I l

t0 15
f1 etc (mev)

FIG. 6. Spectral functions a I'(co) for In and In9oTl~o (Ref.
17).
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quency co, used in the T, calculation from the Eliashberg

3' re
equations. An increase of co from th 1

co,„reduces the rms difference between theory and ex-
periment [Fig. 2(c)] from 2.8 to 2.4 K (( )=
which isw ic is considered to be insignificant and not worth the
considerably increasing computing times.

Similar calculations of functio 1 d
'

na envatives were
e results aremade for the deviation function D(t). Th

wi e energy or thes own in Fig. 7 as a function of t with th
spectral function, where the change in a F(co) occurs as a
parameter. It will

7

the
e er. t wi e noted, that pronounced mini f' imao

rgies on y in a mosterivatives occur at very low ener
'

1

t e entire temperature range. However b Fi
i se is extremely small at these low energies we immedi-

wi be negligibly small. In order to prove this con-

the changes of D(t) evaluated at t=0.7, i.e., near the
minimum of D(t). Changing a F( ) by 1% and 5%,
respectively, and repeating the entire calculation (includ-

variations of the minimum of D(t) by less than 2)& 10
, respectively. Similarly, functional d

tives were
a eriva-

ere calculated for the thermodynamic critical field
at zero temperature, the corresponding results affect
poH, (0) by less than 10 and 30 pT, respectively. Clearly,
all these changes are much smalle th ther an t e experimental
error bars and can, therefore, be neglected.

Finally, the influence of the cutoff frequency co, on the
was investigated in one case.theoretical result for @OH (0) was in t' t d

'

n increase of co from
b 0.1 rnT w

'
c rom climax to 6com» increases @OH (0)

y . , hich is comparable to the experimental error
fHBX C

0.2

bar. Har. However, because of the prohibitively long comput-
ing times all of the calculations h d t b
~c = ~max.=3

a o e made with

E. The function p

All of the
of a rather lar e

results presented as yet confirm thee existence
a ra er arge electron-phonon coupling anisotro in

pure indium annd the concept of anisotropy removal due to
ropy in

impurity scattering in a very clear and consistent wa .
emphasize this conclusion even further we wish

to discuss in thiin is section alternative mechanisms, which
could lead to changes of T, and (0) in p, in our samples,
in particular, variations of the Coulomb intu orn interaction pseu-

opotentia p and the electron-phonon couplin t h
xperimentally, a F(co) spectra are available for pure

indium and the alloy In90T1,0 (cf. Fi . 6) the

0.850 '
c anges m these two materials from 0 805 t0

In order
' a, variation,In order to analyze the experimental T

severa possibilities for the change f the o e coupling

which re ro
strength were tested and used t 1 1o cacu ate p values,
w ic reproduce the experimental T, curve (Fi . 2). Th
resultss of these calculations are shown in Fig. 8 and ma
be summarized as follows.
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result for the 10% alloy is erroneous, because the spec-
trum is not reproduced correctly by this procedure.

(3) Using again (a ) =0, each data point of the a E(ro)
spectra was interpolated linearly according to the impuri-
ty concentration and the calculation repeated with these
individual spectra. In this case, p' increases by 13.8%.

(4) Using these interpolated rr F(ro) spectra and the an-
isotropy parameters (a ) assigned to each sample accord-
ing to the discussion presented in Sec. IV 8 [Eqs. (18) and
(19), and Fig. 4], p varies within 1.8% only. The cor-
responding p' values for the pure sample and the 10% al-
loy, respectively, which are not affected by interpolation
errors, but contain our results on (a ), viz. (a ) =0.040
and 0.003, are 0.1263 and 0.1278, respectively.

In view of the physical meaning of p", which describes
the long-ranging part in the Coulomb repulsion, and con-
sidering the small changes in the a F(m) spectra (Fig. 6),
a variation of p* by as much as 10% is extremely unlike-
ly. On the contrary, the almost constant p* values ob-
tained from the anisotropic calculations comply very well
with the physical meaning of p*. We believe, that the ini-
tial slight drop of p* in the anisotropic calculations is ar-
tificial and caused by our linear interpolation scheme for
a F(co), because changes of the spectral functions at low
impurity concentrations are very unlikely also. An addi-
tional uncertainty comes from the error bars related to the
(a ) assignments (cf. Fig. 4).

As a final consistency check the thermodynamic criti-
cal fields at zero temperature pcH, (0) were calculated for
the following cases. (i) The anisotropic Eliashberg equa-
tions were solved for all the samples using the interpolat-
ed spectral functions, an (a ) value of 0.04 for pure indi-
um, and the assigned (a ) values for the other samples
according to Eqs. (18), (19), and Fig. 4. (ii) Because of the
uncertainties associated with the interpolation of the spec-
tral functions and with the assignment of (a ) values to
the impure samples the anisotropic Eliashberg equations
were solved for an anisotropy parameter of 0.040 and
0.035 for pure indium, respectively, and with the original
spectral function for pure indium, but using the appropri-
ate lifetimes of the electronic excited states according to
the impurity concentration. (iii) The isotropic Eliashberg
equations were solved using again the interpolated spec-
tral functions and the p' values shown in Fig. 8 [assump-
tion (3)]. In all the calculations the Sommerfeld constant
y of the electronic specific heat was kept constant [which
could lead to small errors in the absolute values of H, (0)
as a function of impurity concentration, but cannot be
avoided because of the lack of experimental data]; further-
more, a constant correction term of 0.1 mT was included
to account for the influence of the cutoff frequency co,
(cf. Sec. IVD). A summary of these results is shown in
Fig. 9, the relatively large uncertainties in the calculations
are introduced by the experimental error bar for the Som-
merfeld constant (+0.5%., Ref. 16). Again, the general

'

agreement between the anisotropic calculations and exper-
iment is very satisfactory, especially at low-impurity con-
centrations where the differences between isotropic and
anisotropic calculations are largest. Concerning the aniso-
tropic calculations we find the best agreement for the
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FICx. 9. Thermodynamic critical field poH, (0) as a function
of Tl concentration. y is kept constant throughout the calcula-
tions, a correction for ~,=6',„ is included.

cases (i) and (ii) (with (a ) =0.035), where the standard
deviation of all the data up to an impurity concentration
of 6 at. % amounts only to 0.11 and 0.13 mT, respective-
ly. Furthermore, the close agreement between the theoret-
ical results based on calculations for "clean" superconduc-
tors with varying anisotropy parameter [case (ii)] and for
an anisotropic starting material with increasing impurity
concentration [case (iii)] is considered again as evidence
for the consistency of the anisotropy removal concept.

V. CONCLUSIONS

We wish to thank H. Niedermaier for his expert techni-
cal help, J. Schmiedmayer and H. Wiesinger for their par-

From the experimental results on the thermodynamics
of the type-I superconductor indium and several InT1 al-
loys, which were obtained in the temperature range from
30 mK to T„combined with an extensive analysis in
terms of Eliashberg theory, we were able to show, that a
consistent description of results is achieved only, if aniso-
tropy effects of the electron-phonon coupling are includ-
ed. Using a separable model potential and a simple distri-
bution function for the coupling anisotropy, an anisotropy
parameter 0.035&(a ) (0.040 has to be invoked for
pure indium. The analysis shows that the T, depression
with increasing impurity concentration is the most sensi-
tive tool for the determination of (a ), together with a
direct comparison of the thermodynamic critical field at
zero temperature. The analysis in terms of the deviation
function suffers from the comparatively large experimen-
tal error bars and is not too sensitive to small changes of
the anisotropy parameter (a ).

A thorough discussion of the effect of input parameters
on our theoretical analysis as well as attempts to ascribe
the experimental data to alternative physical mechanisms,
e.g., variations of the coupling strength and the Coulomb
repulsion, show consistently that the concept of coupling
anisotropy removal due to impurity scattering is valid in
the present system.
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