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In this paper we investigate the motion of quasiparticles in superfluid *He. The Bogoliubov—de
Gennes equation is generalized to an arbitrary type of pairing. For the case of a unitary p-wave
state, the ballistic description of Greaves and Leggett is shown to follow when the spatial variation
of the order parameter is slow on the scale of a coherence length. We also investigate the equation
of motion of the excitation spin in this case. We apply our equations to investigate the transport of
energy across the JHe A-B phase boundary, where in particular we show that a Kapitza resistance
exists. The feasibility of measuring this resistance is discussed.

I. INTRODUCTION

The motion of quasiparticle excitations in a superfluid
has already been discussed in s-wave singlet pairing by
Andreev.! The case of p-wave triplet pairing appropriate
to superfluid *He has been discussed by Greaves and Leg-
gett? when the textural variation is slow enough that
ballistics applies. More recently, Kieselmann and Rainer
study this more generally, using the quasiclassical ap-
proach.® This approach, though powerful, is much more
difficult and less transparent than the work by Andreev.
In this paper, we shall generalize the “Bogoliubov—de
Gennes” equations used by Andreev to an arbitrary type
of pairing, though we shall quickly specialize to super-
fluid 3He. It is then shown that the ballistic description
of Ref. 2 follows if the spatial variation of the order pa-
rameter is slow. We shall also investigate the question of
branch conversion, in particular the equation of motion
for the excitation spin, in which we obtain results contra-
dicting Ref. 3.

It is known that the two superfluid phases 4 and B of
3He coexist at a particular temperature Tz, which is a
function of the pressure and applied magnetic field.* We
shall apply our genrealized equation of motion to the
phase boundary. In particular we investigate the trans-
port of energy when there is a temperature difference be-
tween the two. phases. We show that owing to the “An-
dreev reflection” of excitations by the variation of the or-
der parameter, a Kapitza type of resistance arises. This
resistance is calculated at low temperatures assuming the
order parameter of Kaul and Kleinert.> We finally dis-
cuss the experimental feasibility of measuring this resis-
tance, and show in particular that the arrangement of
Osheroff and Cross® is a potential candidate.

II. GENERALIZED BOGOLIUBOV—DE GENNES
EQUATION

In the first part of this section we shall generalize the
Bogoliubov—de Gennes equation to arbitrary pairing of a
superfluid. Our derivation parallels the evaluation of the
quasiparticle energy by Balian and Werthamer in momen-
tum space:” We shall transform their calculation back to
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relative space p=r;—r, while taking appropriately the
dependence on  the  center-of-mass  coordinate
r =(ry+r,)/2 into account (see also Ref. 1).

First, we consider a uniform system. We take a unit
volume and simplify our notation for spatial integration
by putting the dummy variable as a subscript on the in-
tegral sign. Recall first that, in a uniform system, the gap
matrix A::B is related to the order parameter
Fap=(ay,a_yg) by

k k'
Ag= — SV, F¥y
kl

where V., is the Fourier-transformed pair-interaction
potential V(p), ay, annihilates a normal-fluid excitation
of momentum Kk, spin a, and the angular brackets denote
an average over the ground state (or, more generally, the
thermal average). On transforming back to relative coor-
dinate space p=r;—r, (recall that we are in a uniform
system), we get

Foplp)= S Fkpe’™ P=(o(r)Ug(ry) ,
B pe
k,

Boplp)= Atge ™ P=—V(p)Faglp) ,
N k

where 9,(r;) annihilates a normal-fluid excitation of spin
a at 1.

In the case of a non-uniform system, then, we have to
give the dependence on the center-of-mass coordinate as
well as on the relative coordinate p. Thus the order pa-
rameter at r=(r;+1,)/2 for relative distance p is

F,,B(r,p)s(¢a(r,)¢5(r2)) , (1)

and the gap is therefore

Agp(1,p)=—V(p)F 4p(1,p) . 2

We note that generally the “gap” is a nonlocal object.

We next consider the motion of an excitation. Let
| @), | ®,) denote the superfluid ground state and the
state with an excitation in which we are interested, respec-
tively. The excitation is uniquely specified by the values
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Fa(x,)=(D | Po(x,2) | ®;) ,
)={( Dy | Yl(x,1) | D) .

The equation of motion for f,(x) can be obtained by us-
ing

8a(x,t

ihg;t,ba(x):[%(x),H] , 3)

with the reduced Hamiltonian H given by
- V2 —u

H= [ ylx) Valx

+%fx x,1/}2(x)tﬁE(x’)V(x—x’)¢3(x’)¢a(x) , @

where m is the effective mass, and by also using the usual
mean-field-theory results

1ﬁ~—fa ﬁz —u | falx
+praB x—“zl,p gp(x—p), )

a:g"(‘) ~2ﬁ—;V§+M 8a(X)
_pr;B x_lep falx—p) . ©)

Usually the gap varies slowly on the scale of its range
(this assumption will be justified below); we can then ex-
pand the gap in a Taylor series in the c.m. variable, keep-
ing only the first two terms. We do the same thing for
Sp(x—p) and gg(x—p), but now do not restrict the num-
ber of expansion terms (see below) and obtain the last
term of (5) as

f[AaB (x,p)— 2~ a(AaB(x,p))]

X gﬁ(x)_P#augﬁ(X)+%aualgﬁ(x)—l—"‘ , (D)

where 0,=09/0x".
HsVy ooy A,

Doy 1,af®)=(= D" [ Aagxp)ouoy - pr  (®)

and thus rewrite (5) as

We define, with »n the number of

P
it f= [— - f+Dog

+{(D1),0,8 +3[3,D1),]g}

+{%(DZ)uAayaAg+%[av(DZ)uv]apg} + 0,
(9)

Vi-u

—1(V-D})—D}-V

1 #
5(V-D;)+Dy'V —V?
2 1)+Dy m Votu
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where we have dropped the spin indices a and 3, and po-
sition x for easier notation. An analogous equation for g
is obtained by interchanging f and g, changing the sign of
the right-hand side and complex conjugating all D,’s.

There are a number of simplifications to the seemingly
complicated Eq. (9) For singlet pairing, F and A are pro-
portional to (_,° 0) and are even under p— —p. Thus
all D, for n odd vanish. If we further keep only the D,
term we obtain

1 # 0 1 1

f ~_V2—I'L _DO —1 0 f

5.0 Sl 2m fl
YRS .|l o1 7, g’

gt |7Po|_1 0| .Vt |[8¢

which decomposes into the two sets of equations of An-
dreev.! For triplet pairing, F and A are symmetric ma-
trices and are odd under p— —p, so only D, for odd n
remains.

As soon as the gap varies only slowly on the scale of its
range, we can define the gap AX(r) for wave vector k at
position r by

Aqgr,p)=F Akgr)e’kP (10)
k
analogous to the uniform case. D, then becomes
(D,.)W.‘.;‘z—l— 9 0 ... 0 \k , (11)

i" ok, ok, ok, X —0
and hence the right-hand side of (8) is essentially an ex-
pansion of gap as a polynomial in k. The order of deriva-
tive of g to be kept in (8) depends thus on the form of gap
chosen. For the form chosen by Greaves and Leggett:?

A*=i(0;0,)d;k, /kp (12)
then only D; need be kept. For the “cutoff” version
i(o;0,)d;k, if k “on shell”

k__
A'= 0 otherwise

(13)
our formula still applies for those (physical) momentum
values well within the cutoff, to lowest order in
|k —kg | /kp.

If Ak spreads over k values of thickness Ak, then the
range of the gap, from (10) is roughly #/Ak. Even for the
form (13) it is #ivy /& where @ is the cutoff energy, and is
much less than #ivg /Ay~ &, where Ag is the maximum of
gap and &, the coherence length. Thus, except when the
gap varies appreciably in a distance of the order of a few
angstroms, we can say that the gap varies slowly on the
scale of its range. This justifies the argument given before
in Egs. (7) and (10). If we confine ourselves to the case
(12), as will be done in Sec. III, the equation of motion has
the simple form

f

=X
g

(14)
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Note that the operator % is Hermitian.

Before we proceed, we shall discuss the spin of the
quasiparticle. The simplest way to find the necessary spin
operator would be to use the operational definition
p=v/2s, with p the “magnetic moment” s the “spin,”
and where ¢ is the gyromagnetic ratio of 3He. This is
well defined (by considering a fictitious magnetic field)
and clearly reduces to the ordinary definition when the
fluid is normal.

Under a magnetic field H, the Hamlltoman H in (4)
then acquires an additional term- (yﬁ/Z)lllaaaBt/zﬁ H. The
equations of motion for i and gb then have extra terms-

(v#/2)H 0,55, (y#/2)H- aaﬁtpﬁ, respectively. Hence
(14) becomes
i £ = |- Zu | . £ ,as
from which we identify the spin-density vector
o O
~ {0 —o*

This result can also be obtained by the more conventional
but less , easy approach of calculatmg the expectation value
(D, |¢aaa5¢ﬁ | D) — (D | 1/)aaa3¢3| ®,), as we show in
Appendix A:

It may be of interest to note some of the properties of
the spin-density operator. We consider the possibility of
an energy eigenstate being also an eigenvector of a com-
ponent of . Writing

H, Hj,
T |Ha Hxyp

where
—Hypy=H,=—(#/2m)V*—pu,
—H3 =H;;=5(V-D;)+(D;V),
we easily compute the commutator
0 ~(0*Hy +Hy0)

[2’%]= (O’H12+H120'*) 0

Hence [2,57]=0 if M=+(oD;+D0*)= O Consider in
particular the 4 phase, where d,#—A 4d; (¢ +l¢(2) ) with
d, ¢'V, ¢? specifying the spin and orbital parameters,
respectively, hence D;«i(o0,):d. We can easily show
that 2-d commutes with 5 but not with = —(=-d)d. We
can understand this physically as follows: if d is in x-y
plane (not necessarily constant) then we have pairing be-
‘tween k1t and —k 1 (similarly for down spins). An excita-
tion in the occupation number representation of these two
states, say | 10), can be regarded as creating a k1, there-
fore of spin up character (amplitude f,) or anmhxlatmg a
—kt from |11) ( amphtude g1), therefore of spin down
character. Thus, =, is not a good quantum number.
However, if d=%, k1 pairs with — k |; then both ways of
creating the | 10) state would have spin up, and =, is a
good quantum number. This is related to an interesting

- We shall be
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result for the excitation spin in a A-phase texture, as we
shall see in Sec. IITE.

III. QUASIPARTICLE BALLISTICS

It has already been argued by Greaves and Leggett,? in
the context of *He- 4, that when the relevant spatial varia-
tion of the order parameter is on a scale long compared
with the zero-temperature coherence length &, we can
speak of an excitation of wave vector k at position T,
whose equation of motion, from the Hamiltonian formal-
ism, is

1 3E* - QEk

=% ok ' 'K
where EX(r)=[el+ Ak(r)AkT(r)]l/ 2 is the quasiparticle en-
ergy and €,=(#’k2/2m)—pu. It can be realized immedi-
ately that (16) is valid for any other unitary states and for
nonunitary states as well if we replace A*AKT by the
relevant one of its elgenvalues, provided the direction in
spin space diagonalizing A*AX" is uniform and the spin is
along that direction.

As expected, the ballistics must follow from the gen-
eralized Bogoliubov—de Gennes equation derived under
the slow-variation condition. This will be shown below.
For simplicity we confine ourselves to the unitary case,
though the argument can be readily generalized to the
aforementioned nonunitary case, since then we can
decompose (14) into two sets of equations (cf. the singlet
case mentioned) with D; becoming diagonal by perform-
ing a rotation. Note for the general nonunitary case, (16)
is incomplete, even for slow variations.®® First we obtain
some preliminary results which will be useful to our
demonstration.

, (16)

A. Uniform solutions

Assuming a uniform gap linear in k of the form (12),'°
we obtain from (11)

(Dl)[,t=(0iay)dip./k1’ . a7

interested in the A phase where
diy=A4d;®,, V,=¢."+i¢? as already described, and
the B phase, where d —ABR Riu is the rotation
matrix of angle ®@= cos —I(— 4) along @ and ¢ is the
phase angle.

In this case an eigenfunction of (14) can be easily ob-
tained in the form

f(r,t) _ Sx R 18)
g(r,t) 8k
with o*=EX/#, where, by observing A¥=ik-D,
- Sx & A% | [fu kfk i
8k Ax —e | |8 | 8k (19)

We see that

Sfx

4%




2918

is proportional to a column of the unitary matrix U¥ of
Balian and Werthamer,” which diagonalizes the Hermi-
tian matrix &* and transforms from superfluid excita-
tions to normal-fluid excitations. E¥> 0 solutions for (19)
are physical excitations (| ®;) has higher energy than
| ®0)) and E* <0 solutions correspond to lowering of the
energy when an excitation is destroyed [obtamed by con-
sidering f'=(®, | 1//|(I>0) and g'=(®, | ¢’ | D), note the
resulting equation is identical to (14)].
We can solve for gy from (19)
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then
1 €
flfk=3 H—E—l:‘] , (21a)
1 €
gle=- ’1 Ek; (21b)

We shall show in the next section that f S Tf +ng is a
constant in time, thus the above normalization is possible.

Kkt
8x= E“+ A fx (20a)
. . B. Density, current, and momentum density
whence, in the unitary case
¢ Tg E ekfkf (20b) Consider the quantity p
k= gk /W piry=fr+glg . (22)
If we normalize our solution, for unit volume, by Application of (14) yields
, |
., 0 to2 2 to2
zﬁap(r,t)z—-—[(f Vi —fVif*)—(gTvig
+L (D V)g +8(Dy-V)f* + 1 /(V-Dy)g + 18(V-D))f* —c.c.] . 23)
I
Hence S(r,)=flof —glo*g . 27)
%p(r,t): —V-Gi+ia) 24) Using (14), we can easily show that
d .
where 5;5,~(r,t)= —Vejitoo, (28)
ji1= __-ani [« fTV F—FVf*)—( gTVg —gVeg")], (25a) where the ellipsis reﬁresents source terms, and where
Aot t
=510V —(VfNof—Vg'lotg +g'0} Vg)
PR %Im(f*n,g) . (25b) 2mi :

Equation (24) is in the form of a continuity equation and
allows us to interpret p as an excitation density (a con-
served quantity), and j;+ j, as the excitation current. j is
as in the singlet case of Andreev’s whereas an additional
term j, arises for higher-l pairing. The presence of the j,
term need not surprlse us (if one recalls Dirac’s treatment
of relativistic spin-4 particles), and, as we shall show in
the subsection D, it is a term which arises from the depen-
dence of E¥ on k through AX.

The currents (24) should be distinguished from the real
3He-partic:le current associated with the excitation, which
is given by (m /my.)ji, where my, is the mass of (bare)
3He, and

mii(r= %[(fTVf—fo"' +(g'Vg—gVe")].  (26)

Such an identification is justified by the fact that for the
normalized plane-wave solutions (18), mjj=7#k is the
momentum of the particle [cf. (34) below]. Note ji=j;
(because of the sign).

C. Spin density and spin current

We have already seen in Sec. II that the spin density of
the excitation is

= S0V VS o + (VEIoig* —Fo,VE")
29

is the i-direction spin-current density (Appendix A). The
second equality follows by taking the transpose of the last
two terms. The source terms are given by

;%[%f*(a,-(v-m—(v-])l)a;‘ g
+(fTo;D;'Vg—Vfi-Diofg)—c.c.]. (30)

This is the reaction due to the Cooper pairs. For the total
spin of the excitation, we integrate (28). After integration
by parts, we get

4 gy—-L [rLrty. M-
2 (8)=—2 [13/'V-Mg+/™™M-Vg

+gl3v-Me s +g' M s, G
where the tensor M= %( oD;+D,0%) is as defined previ-
ously and the dot products with V are always understood
to be between the spatial parts. [This, in fact, could have
been obtained by using i#(d /dt){S)=([Z,H]).] (31)is
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the same form as (23) when the latter is integrated, if M is
replaced by D; and M* by —D}. This sign difference
prevents us from putting the expression in square brackets
equal to a divergence and integrating it to zero. It
represents the action of the superfluid on the excitation
spin (Sec. III E for further discussions).

D. Derivation of ballistics

We now demonstrate that ballistics in unitary states fol-
lows from our general formulation. We consider wave
packets of the form

f(r’t)zszei(k-r—-wkt) ,
Ak
(32)
g(r’t):zgkei(k-r—wkt) ,
Ak

where sum is over a momentum range Ak for k,,k,.k,
near the average wavevector k. When the typical
textural-variation scale R is large compared with &, then
it is possible to choose the size of the wave packet
Ar ~(#/Ak) such that Ry>>Ar >>Ey~(fivp/Ag), where
Ay is the maximum of the gap. This allows us to speak of
the position of the excitation. The uncertainty in energy,
AEX, is then AEX ~#vp(Ak) << Ag<< typical energy scale
in which A¥ varies. This allows us to speak of the gap A¥
and energy EX appropriate to the excitation. Hence the
wave packet (well) defines a quasiparticle in ballistics.
With this, the rest is just simple algebra. The mean po-
sition of the quasiparticle is (the angular brackets shall
henceforth denote expectation values for the excitation)

(0)=[x(f'f+&'e),

whose rate of change is
d d .
E‘t‘ﬁ) = frfap= fr(11+12)

=(j;+iz) (33)

where we have substituted (23), integrated by parts, and
dropped the surface term due the fact that the wave pack-
et is localized in space. This is in fact just the Ehrenfest
theorem in quantum mechanics.

The average momentum for the wave packet is, follow-
ing (26),

() =2 [11r )+ gV gV . (39
Taking the time derivative and noting that we have a

wave packet so that we can integrate by parts and drop
surface terms, we get

A iy ty ;490 | _7v |;1230%
dt(hk)~—fr fv[mat] fvlzh atl

+ |g'v —gv

., 0g*
i% o

598
tﬁat

(14) is now substituted, and further integrated by parts.
The terms involving only f and g cancel exactly. We are
left with

%(ﬁk,, )=— [{L/"V,(+(V-D))g +(Dy-V)g)

—gV,(3(V-D)f* +(D"V)f*)]
+c.c.} .

Thus all terms involve two derivatives. We recall our as-
sumption that the order parameter, thus D, varies only in
a distance Ry>>&y>>1/kr. Thus we can ignore second
derivatives of D; when compared with other terms. The
third term combines with the first to yield
f f T(V-Dl)Vyg, whereas the second one, integrated by

parrts twice, combines with the fourth to yield

SV 1(V.D1,)g —8(V,D1,)V,f*]

=— [1/1(V'D)V,g +&(V,D1,)V,f*] .

Hence
%(ﬁk,‘)zfr[g'(V,;Dl,,)V,f*—i-c.c.] )

Here we can substitute our wave-packet form (32) since
V.D,, is already a first-order gradient. Since the order
parameter is slowly varying, R >>Ar, we can take V,D;,
to be the value at the position of the wave packet, and get,
with Ay the amplitude of the k wave,

d .
27 ku) =2Re3 | Ay | 201V, DY) ryik S -
k

The relation (20)
ik-D(r)=AXr) we get

can be substituted, and using

1
+6k

d
o () =—23Re | LKV, AN fy | ] 4y |2
k

1
z_zmﬂvﬂwwm | Ay |2
k k i .

and when the state is unitary and the wave packet normal-
ized, with (21) we get

d (k)
< Fku) =—V,E K,

which is just the second of (16).

To complete our demonstration of (16) we have to
evaluate j,;+j,. j; can be evaluated easily by our wave
packet (31) for unitary states, using (20) and (21) and re-
placing averages of products by products of averages

7k €k

h=""7"

mEk

where we have just written k for (k) for simpler nota-
tion. Note this is just

JE" e
aEk ok
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For j,, we have
. 2 t
jo=—7 [ Im/T(Dg

We can evaluate D, at the position of the wave packet
and substitute our plane-wave expansion (32), and more-
over use (20) and replace the products of functions of k by
products at (k), we obtain

Akt _Ak(DI)
E¥+e, E¥+¢

1
—Efl (D)

k»

where we have again used k for (k), D;=D;({r)),
A¥=AK((r)) for the sake of a simplified notation. Using
the identity

(0','0"‘, )(O'yO'J)ZSU +ieijm0m 5

we find

ik

;

Dy, A _A%D], = — k; (dipdiy+dppdsl,)
P

+ ) (diydjv‘“diydjv)eijmo-m . (35)
F

If the state is unitary, the condition that AXAKT js propor-
tional to an identity matrix can be written as
kydi k€m0, =0 . (36)
We can differentiate this with respect to k, and find
(dikdpy) +kydid}), €ijm o, =0,

which implies that the last term of (35) is identically zero.
Thus

Dy, A —AD], = Lir(D,,A¥ —AKD],) (37)
and so, with the help of (21)

S | kt_ Akpt

= 2ﬁEk tr(DmA —A Dll") .

(€ +AkAK)1 2,

1 3E* 3A%g
% 9Ak, Ok

Now, since EX=

1 3E*  QJEk 3¢
# dk  d¢ #dk

1 aE* 3Akh
7% 3AK, ok

The first term has already seen to be j;. The last two

terms are

1
# 2Ek

[A};ﬁ(Dx)ﬂa—Aﬁa D, aﬂ]

2Ek tr(D, A% —A¥D])=j, .
This completes our proof.

We also see that if the state is not unitary, then (36)
fails and DI“AI‘ AkDL is no longer proportional to an
identity matrix. j;,j, then depend directly on the ampli-
tudes f; and f, i.e., on the spin of the excitation.

Before concluding this section we should mention that
we have implicitly used the plane-wave solutions for the
stationary condensate in our expansion (31). More pre-

cisely, if v;5£0, the plane-wave solutions should be of the
form .

f ei(k+mv3/ﬁ)'r
k —i[EXv =0)—#ik-v, ]t
i(k—mvg /#i)r |€ ' (38)
8xe

as one may verify explicitly on substitution into (14) when
Dl(r)le(o)eQimvs'r/ﬁ) )

But our procedure is valid provided £3/Ro << 1. This has
already been pointed out be Greaves and Leggett in the
ballistic case. We have thus shown that ballistics is true

. in unitary phases (or nonunitary phases with restrictions

mentioned before) in lowest order in £,/R, in which case
the Hamiltonian equations (16) hold.

E. Comments on branch conversion

In the Sec. IIID we only considered the position,
momentum, and energy of the excitation and left out
completely comments on the internal degrees of freedom.
This we shall now turn out attention to.

The internal degrees of freedom correspond to the pro-
duct space of (superfluid) particle-hole system, character-
ized by whether the group velocity is parallel or anti-
parallel to the momentum, and the spin degree of free-
dom.? Since A¥ usually has a much weaker dependence
on k than €, except very close to the Fermi surface,? we

shall simply distinguish particles and holes by p 2 p.

Consider first the particle-hole degree of freedom of an
excitation of (mean) energy E and momentum p. If the
typical textural length is R, we saw at the end of the Sec.
III D that the texture will mix the plane-wave solutions of
different momentum, the range of momentum being
~mvs ~#i/Ro. Thus unless E is very close to |A| such
that the difference between the particle and the hole
momentum is <7#/R,, there is no appreciable mixing of
particle and hole. In other words, for Ry>>&, in the
ballistic case, particle-hole conversion occurs only when

~ |A], i.e., where Andreev reflection occurs; in other
situations the particle-hole degree of freedom follows adi-
abatically that of the texture,> as implicitly assumed in
Ref. 2. If Ry~§&, then the range of momentum is
~(#/&y) and corresponds to an energy ~A,. In this case
detailed solution of (14) is necessary and particle-hole con-
version occurs appreciably.

However, the spin internal degree of freedom behaves
entirely differently, since for given E,p, there is nothing
to prevent the conversion between the two spin directions,
at least for the unitary case. Looking at the formula for
d(S)/dt in Sec. III C, in general we expect that probably
we have to specify the amplitudes and phases of f and g,
or equivalently the expectation values of (S) in order to
know its evolution in time (cf. Ref. 3).°

We can do this explicitly, first in a uniform system, for
our wave packet (31), for which we must now demand
that it has an average spin (S). Ignoring now the V-M
terms as they are of higher order, we obtain from (30),
since A=ik'Dy, A= ik D7,



£ 1 Lt A AT
<s> - ﬁ E pr A LT
where we have dropped the 1mphclt k dependences. For a
general nonunitary state with A*=Aqid(k)-00,, with d
now complex and d-d*=1 and A, the root mean square
of the gap, we easily find

=A}1+io-(dxd*)],
[o,AAT1=—2A%dxd*) X0,

and so
2

——< y=— 2 20 (axd*)xflof .

i#i E+e€

On the other hand, if we use f =A/(E —e€)g and express f
in terms of g, we get

(39a)

a t t*
( S)= zh E+ g'lo,AA"]"g
=2 20 Haxd*)xo*g . (39b)
T i E—
(39) can be combined to yield
4 iqy_ _ .
dt<s>_ (ﬁ) A¥dXxd*)x(S) . (40)

Thus (S) precesses around the direction given by
(1/i)(dxd*). For example, in the A1 phase with
d(k)=d=(1/V2)&+i¥), then (S) precesses around the
z axis. This can be understood as the result of the tunnel-
ing between the +2 amplitudes (cf. precession of a-spin-5 .
electron under a magnetic field).

In a uniform unitary state then, (S) is a constant. We
now investigate the effect of a long-wavelength texture
(Ro>>&p). Since the time of flight across the texture is
proportional to R, we shall need (d /dt){S) to first order
in the gradients of the order parameter. By this token, we
can investigate (d /dt)(S) in cases where only part of the
order parameter is changing uniformly, and add up our fi-
nal result.

We shall consider first the A phase in which d is a con-
stant and the orbital parts ¢!,¢?) are changing. First we
let d=2 so that only opposite-spin pairs form The con-
sideration of Sec. IIIB shows that f | fi1%+ |g,|? and
f |fi 1%+ |g,|? are constants. It follows then trivially
that (S7) = constant.

Next let d be a constant in the x-y plane so that we
have equal spin palrmg (ESP).!!  Now f (| £+ 12
+ 181 19)=Cy, f( |£i 12+ |g,|))=C;, where C, and
C, are constants. If we are in the uniform ¢'!,¢® case
then (20b) implies!? (S?) =(C; —C, )€y /E;. This formu-
la is valid then also in nonuniform ¢'!,¢'® case to lowest
order in £;/R,. With now E;=E(r), d{S?)/dt, to
lowest order in gradients, is hence given by

(Cl—c2) de _é_l&
E, dk dt’

which by (16), is
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z A d
di(5%) 24 19% 3 ¢ dygs,
dt Ekek ﬁ dk or

Combining the two cases above, our result for a=const,

while ¢’,¢?) is nonuniform, is then

d(s) A%
d Ekek % dk or

d A\ A A A
19% 8 g dys—a@s)). @

Note that only the component of S perpendicular to d
changes (cf. the argument in Sec. II).

Next consider a(.”,amzconst and d nonuniform. We
define the tensor O, by

8d'=€"8R,Qfd™ . _ 42)
It is reasonable that 1 enters in (d/d#)(S) through the
magnitude of the gap only. Then the only other nonscalar
quantities on which (d/dt){(S) can depend are the wave
vector k, the spin S of the wave packet, and the parame-
ters d, Q' of the condensate. Since (S) is in spin space,
Q.' and k always occur in the form Q.A——k .Q’ Q, S,
and d are all odd under time reversal and even under in-

version. Taking into account also that the order parame-
ter  of the A4 phase has the ambiguity

A A A A A AA A

¢V, 6P g 82 1,1,d——d, we conclude that
. ~ .

in each term d can only occur an even number of times.

. Further, since we are interested only in the first-order gra-

dients, then

g;<s>=a,a[ak-(ﬁxs>]+a2(&xnk)(&-S)

+b1(dXS)(A- Q) +by (R XS) (43)
where a,, a,, by, and b, are scalars. The third term can
be dropped as 8-nk can always be chosen to be zero.

We must now use (14) to obtain the coefficients. For
this we consider a wave packet at ¢t =0 passing through
the origin, where, by suitable choice of axes, dis rotatmg
in the x-y plane

d=d(r)=icos(a‘r+B)+’3?sin(a-r+B) . (44)

In this case we have ESP along 2 and a superfluid spin

counterflow along @. The gap matrix is, with
k.(¢(1)+i¢(l))___ Ikxlleiﬁ,
et 0
A=A, | kxT|e® o pitar+p) | (45)

It is necessary to keep the effect of the spin velocity in our

eigenstates to first order (cf. end of Sec. IIID). Thus we
write them as
ik! -t 0
e +
fkt ikﬂ_-r
0 —iE t/H fre —iE, 1/
Ae| | » Bl o e '
Bt ik -r
0 8ku€
(46)
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From the physical interpretation and comparing with (38),
we have

— U ~

k;:k-{-% , EkT—E TFa.k,
(47)

VF

ki=k++a, Ek*=Ef=0+7Fa'k‘

One can also verify this by direct substitution in (14).
Note that the texture leads to E,;E,, and so a noncon-
stant spin, as we shall see.

Our wave packet is constructed by superpositions of the
solutions in (46). The width of the k values must satisfy
Ak-@ >>a so that the size of the wave packet is much
smaller than the texture. That the wave packet is passing
the origin at ¢ =0 allows us to choose f,+, fi 1, 81> &1
Ay, and By to be nearly constant at the average value p of
k (on a scale of a).

We shall evaluate directly (d /dt)(S) | ;,—o; by (43) we
shall need (S) | ;¢ to zeroth order in a. For example,

ik =k )r

(S) | t=0— 2 A]’:’Bku(f;:l 1fkn;e
k',k"

i =k

—g,:‘, 18 me )+c.c.

In these terms we need k'—k"Fa=0, respectively. To
zeroth order in a, we can use [see (45), (20a)]

k|2
* _ A —2iP p*
gk'gk‘—f (Ek+€k)2e ! fkrfkt ’

and factor out the integral C=3,, 4% Bif,1f,, (using the
approximate constancy of the factors) to get

A 2
(8%),—0=C |1 —-——'—L —2%B | 4 c.c. (48a)
(E,+¢,)
Similarly
|4, |2
(8?)o0=—iC |1——L—=e %P |fcc.  (48b)
(Ep+e€p)

We can verify that (S?), whose explicit expression we
shall not need, is constant. Using the same technique and
(47), we get

d ;ox i A
Z<S ) |,=o=—%vpa'pc 1—

-2 ](1‘+e"2"ﬂ)+c.c. ,
P

(49a)

%(Sy) | ,___o=évpa'ﬁc 1—

€ )
£ l(——l+e"2‘ﬂ)+c.c.
E,

(49b)

(48) can be substituted to get

(Sx)—M"

#E €,

dX QP NAXS)
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d(Sy)— v | A, |

dt #E,€,

d”(Q#p,,)(dXS)Z ,
and we conclude, by comparison with (43),

<s,>_vF| p|

#E €,

We must have a,=b,=0 as (aXQk)(a'S), Q; XS are
nonzero. We may rewrite this as

d($,QL)(dxSY . (50)

(S’)—-—a,d[d »<S)],

and interpret the result as follows: the spin is “precess-
ing” around the same axis ), as that of d as we move
along the quasiparticle trajectory (along P), at a rate speci-
fied by (50), while only its component parallel to d can
change.

(41) and (50) is our final A-phase result.” Note that
(S)?s£const. In the B phase the result is of the same
form as (50) with d replaced by d(p) [also in (42)]: only
the “texture” of d(p) for the wave vector P will be
relevant, as a consideration of Eq. (38) will show.?

IV. TRANSPORT OF ENERGY ACROSS PHASE
BOUNDARY

A. Theory

It has already been pointed out in the Introduction that
for excitations incident on the boundary, the variation of
the order parameter leads to Andreev reflection, an effect
discovered by Andreev in studying the normal-
metal—superconductor boundary. This additional reflec-
tion brings about a Kapitza resistance of the phase boun-
dary. We shall do our calculation in the absence of a
magnetic field. We believe that the magnetic field neces-
sary for the experiment (see below) will not qualitatively
affect our results provided it is not strong enough to cause
appreciable distortion of the phases. Kaul and Kleinert’
(abbreviated hereafter as KK) assumed an order parame-
ter for the *He A-B phase boundary of the form (2 is per-
pendicular to boundary and points from 4 to B)

diy=M2)dj +x(2)d;), (51)
where
AM2)+k(z)=1,

and d,’;,dm are the order parameters of the uniform A
and B phases, respectively, as described after (17). By
minimizing the energy in the Ginzburg-Landau region,

they find that

Az)= (52)

l—tanhR(T)

where R(T)=1.267&(T), &(T)=£&,/(1—T/T,)'/? is the
temperature-dependent coherence length, and if we define

D=de =91 1ig? (53)
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then

dR;, =4, (54a)
and

b, =+2 (54b)

The orientation for these vectors are shown in Fig. 1 for
the case ¢''=2%. We shall assume below that the phase
factors are chosen so that dJ, is real.

We shall be mainly interested in the transport of heat
across the phase boundary. For the region 1-7/T, <<1,
then the mean free path (~10~* cm) would be the same
order as R(T) [if (1—T/T,)~10"2]. This means that a
quasiparticle incident on the boundary has a high proba-
bility of interacting with the condensate or other quasi-
particles. Hence the resistance of the boundary itself is
nothing different from that of a slab of a normal *He
fluid of thickness ~Ry(T).

For more interesting properties, we therefore turn to the
low-temperature limit. This also allows us to regard the
condensate inert, except that it sets up the “potential” in
which our quasiparticles move. Though the argument of
KK would not be true in this case as
R(T)=~R(0)=1.267§,, we shall simply assume that
(51)—(54) gives the correct order parameter.

To determine the transmission coefficient of excitations
incident on the boundary, in principle we have to integrate
the Eq. (14), with (D;), determined by (17) and (51).
However, we observe a number of simplifications of the
problem. Since we are interested in excitations of wave
vector close to kr and Ep >>Ap, we can write the excita-
tion wave as, with fi the unit vector along the incident
direction,

f [kofr— (r)

_pilkpher—(E /] g ’ (55)
g n(r)

where &, and 17 will be expected to be slowly varying, com-

tlpfi'e , since the kinetic energies €, of interest
are at most ~Ap and the deviation of the wave-
propagation direction is small. (14) can then be approxi-

mated by leaving out terms of order A/Ey or smaller,

pared with e

~(

A
X
$(2)

FIG. 1. Orientations of the order-parameter vectors of the
3He A-B phase boundary.
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2 ~ 0 &
—lﬁvpn'g;—-E ARf £
at 3 7 =0, (56)
n . ~ Y
A ifivpn o E

where, since we shall be interested only in excxtatlons near

the Fermi surface, we have approximated A¥ by A kr

This is still four coupled first-order complex dlfferen-
tial equations. We can further simplify this by using the
fact that the incident and transmitted waves are both
along *fi in our approximation. We note that, for the 4
phase, if we choose our spin axis perpendicular to d, then
D, is diagonal and (14) would decompose mto two sets:
in this case we have equal spin palrmg (ESP),!! and f,,g,
do not couple with f,,g,, and v1se versa For the B phase
and a given fi, then the vector'! R ”n“_nR exists ‘in
which case we have ESP for spin axes perpendicular to
AR 13 Thus if we choose a new set of axes xg, y;, and z;
for the spin directions, where the subscripts s remind us
that these are axes for the spin, with Z;(n) given by

2,(n)=dx @k
=(d*x)k, (57)
then (56) decomposes into two independent sets, each of
the same form as itself, with new A? replaced by scalars

A'}_r for the spin S, (ﬁ)<0, and &,n the appropriate scalar

components. We shall not use separate symbols to distin-
guish these from the previous matrices. Note that z (1)
depends on fi, and our decomposition only holds for order
parameters of the form (51) so that there exists a constant,
common ESP z (1) axis, though A +x=1 is not necessary.
Note also it is vital that fi=const (approximately) for
both incident and transmitted waves.
With this choice, one can show that (Appendix B)

AL (2)=A2)A 4(—ny +iny)
+k(2)Ap(+(1—n2)"%+in,) . (58)

Note A ;&A , i.e., the intermediate states are nonunitary.
This leads to the possibility of a spin flux resulting from a
temperature difference across the boundary, an effect
which, however, will not be examined in the present pa-
per.

To solve (56), we shall make use of the translational in-
variance parallel to the boundary to reduce it to a one-
dimensional differential equation. We let

&(r) ig )t —i #2z/ Z,(2)
— M am2/n,
nr) |=€ € Zy(2) | (59)
where 7 1, denotes fi=N—2(Z-fi). (56) then becomes (we

shall drop k in EX and €, whenever no confusion will
arise)

# 0 5
VPN 5y T A® ‘Z 12) (60)
ART —vpnz%—aa;—E Z5(2)

The plane-wave solution of (60) when A? is uniform is
of the form
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Z(2) 1 iviz Aﬁ ivyz
- ~ . le Y4+G e,
Z,(2) |=O1 | (aR) 2| E+e 1)
E +€ 1 ‘

where v;v, can be determined by substituting this back to
(50) and identifying the vector q. We find

€

#iv F

qii=vn, ,

where v=v; or v, Thus if n,>0, v;=|v|
=(E?— | A™|2)1”2 (&> 0) refers to a particle propagating
towards +Z (q-fi>0), whereas v,=— | v| (€<0) is a hole
propagating towards —Z (q'fi<0); if n,<O0, then
vy;=+4 |v| (e<0) is a hole propagating towards +2, and
vi=— | v| (e>0) is a particle propagating towards —Z2.

Before we discuss (60) with A" given by KK, we make a
detour and solve it analytically for the following “piece-
wise-constant gap” model:

diy ifz<—£&/2
diy= {3(df+dl) if |z | <&/2 (62)
df, ifz>&7/2.

We shall denote these three regions by 4, C, and B,
respectively. In each region the gap Al () (¢) are constant

S28:2sé
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and the solutions are as shown in (61). We shall call the
corresponding coefficients 4,B,C instead of G. Since we
have a first-order differential equation (60),!* the wave
functions Z,,Z, are continuous across the boundaries.
Define

e ivgz AZT ivgz
E + €p
MB’ZE A% iv i ’
—ivpz —ivpz
E +€p €

and similar matrices for 4 and C. The continuity equa-
tions give

A4,
A4,

B,

—1 —1
=M, ¢ o2Mc, ¢ pMce 2Mpg 2 B,

We can extract the transmission coefficients easily from
this equation. For a particle incident from the A phase,
n, >0 and B, =0. The transmission coefficient, being de-
fined as (j; )7 /(j;); (where we have neglected the j, which
is of order A /er smaller), is

~n
I

iv &

(1—pp&)1—pcphle”

where p 4 EAE /E +€,), S5=1—|p4|? etc. For a hole
incident from the A phase (n, <0) then a similar argu-
ment leads to

|B2|” S5
| 4,|% S5

T= (65)

B;=0

T is given explicitly as in (64) except for the new p’s and
S’s. Thus T'4(fi) for particles are the same as T'(—1)
for holes (as A7"= —A%). Similarly, one can show that,
for given E, i, and spin, the T values are the same for ex-
citations incident from the B phase.!* The + signs here
denote whether AL is used. It has the physical meaning
that the z, component of spin (defined in Sec. II) for the
particles involved (|£|2> |7|?) has expectation values

20, while the holes involved (| &|2< |7 |?) would have

expectation values $0.

For the KK order parameter (58), we integrate (60) nu-
merically. T is found from (63) and (65). We find that
the properties of the transmission coefficients just men-
tioned also hold."

After obtaining the relevant transmission coefficients, it
is easy to obtain the transport properties. If we denote by
N (€) the density of states for the normal fluid at quasi-
particle or quasihole energy €, then, since the group velo-
city of the excitations if vp(e/E)i to lowest order in

+(pc—pa)ps—pCle

7B * Sh (63)
| 4, |* S5 |B=0’
and hence
iv §0 P (64)

T
A/€r, the transmitted flux of excitations incident from A

to B of a particular spin is (since n, >0 for particles and
n, < for holes)

djs =de 2N O, £ F BT, , (66)
47 E

where T is the relevant transmission coefficient, f(E) is
the Fermi distribution function, given by

1
eﬁE—{—l

(B~'=kyT, T is temperature) and we have assumed
particle-hole symmetry and replaced N (€) by N(0). The
net flux of quasiparticle or hole energy from A4 to B can-
cels exactly with its backward counterpart: thus no net
flow of energy exists when the two phases have the same
temperature, an expected result.

However, when a temperature difference of AT exists,
the energy flux is given by

dQ E?/kpT?PE
(ePE41)?

SE)=

W=ATf_:def> o

X N (O)op |, | %L(T++T-)

(67)
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FIG. 2. Resistance oAf tlkle *He A-B phase boundary for unit
T —Ap/kpT .
area multiplied by e 2" 2" plotted against kzT/Ag. Solid
line, KK order parameter; dashed line, piecewise-constant
model.

where the > sign indicates that the integral is confined to
directions of fi pointing from A to B (using the properties
of T mentioned). The evaluation of the integral can be
made more efficient by noting that the gap A" is indepen-
dent of the sign of n,. Since we have also assumed
particle-hole symmetry and replaced N(e) by N (0), parti-
cles and holes contribute an equal amount. Also by the
symmetry'® Ti(n,,,ny,n,)=T¢~( —ny, —ny,n;), the T4
contributes equally. The Kapitza resistance of the phase
boundary is given by
AT
WA
where A is the area.
The results for both the piecewise-constant model (62)
and the KK order parameter [(51), (52)] are given in Fig.
2, where we have plotted AR ge = 2 versus kzT/Apg.
Note1 ;chat R 4p varies roughly exponentially with tempera-
ture.

Rp= (68)

B. Experimental feasibility

Here we consider a practical way of measuring the
resistance calculated in the Sec. IV A. We shall in partic-
ular show that an experimental setup similar to that used
by Osheroff and Cross® for surface-tension measurements
is favorable. This arrangement is schematically as shown
in Fig. 3(a), with the “circuit diagram” for heat flow in
Fig. 3(b). We shall almost exclusively consider the case
that the pressure is the melting pressure without further
warning.

Let us consider the particular example in which the
middle Cu plate W, 12-um thick, is drilled with about
150 40-um-diam holes. A small temperature gradient
causes the 4 and B phases to exist in separate compart-
ments, with the phase boundary just at the holes. The
ends of the set up are sinters S which allow cooling and
temperature measurement. Since we are just examining
the experimental feasibility we ignore complications like

. has an area of order 4 ~1 cm
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(a)

w
s| A B |s
(b)
RL
AMA
I Rw I
Ras Ra R Rs Rps
AB .

FIG. 3. Schematic diagram for a feasible set up for measur-
ing the A-B boundary resistance (a) and its “circuit diagram”
for heat flow (b).

the bulging of the phase boundary and possible effects of
textures on the boundary due to the proximity to the
walls. The resistance of the wall separating the two
phases Ry is dominated by the Kapitza resistance be-
tween the Cu plate and the superfluid. To estimate this,
we use the Kapitza resistance Ry of sintered Cu with
SHe-B in the millikelvin region,'® ARgT ~10°

. m*K?W~1 where 4 is the actual area of the sinter. We

shall assume this to be true also for the Cu plate, which
2, Thus the resistance Ry
has order 10'© K/W. We shall see that this is much larger
than the R, p involved in the experimental situations in
mind, and hence we can assume that the wall is practical-
ly an “open circuit.”

The resistance of the bulk B phase is already treated
theoretically by Pethick et al.’ As T—O0, the thermal
conductivity K roughly obeys K7 ~6.9 erg/seccm, and
assuming the B-phase dimension is 1X1 cm?, we give a
resistance of order 1X 10° K/W in the millikelvin region.
For the A phase we shall only give a very rough order-of-
magnitude estimate. Let us assume K ~K(T,)X(T/T,)%,
for both K =K |,K|, a=q,a,, where || and 1 indicates
conduction parallel and perpendicular to the 1 vector, and
K(T,) is the value at T,, which is given by (the normal-
state value) K(T,)T,=10.7 erg/seccm®* Thus except
for the (T /T,)* factor, the resistance would be the same
order as that of B phase. Now a; and a, are likely to be
around —2 to —1 and O to 1, respectively (Refs. 20 and
21). Thus the resistance of A phase is about (at most a
few times higher than) that of B phase. The bulk phases
are in series with the sinter, and assuming a 10-g sinter of
70-nm Ag powder, the resistance Ry is of order 1.7 X 103
K/W in the millikelvin region.!®* Hence we need the resis-
tance R, p to be R4p>1.7X 10° K/W so that an experi-
ment is at all possible. We can easily estimate that at
kpT=0.1A5,0.12A5,0.15A3, R, p for our arrangement
(area of A-B surface ~2X 1073 cm? is about 5.5X 10°,
1.1X10% 2.2X10* K/W, respectively, for the KK order
parameter. Thus for T <0.12Ap~0.21T, R, dom-
inates and hence is measurable. Note that we still have
R 4 p <<R,, as claimed.

We have implicitly assumed that the mean free path of
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the quasiparticle, A, is much shorter than the sample size,
so that we can use the concept of bulk heat conductivity
K. For the B phase, Pethick ef al. 19 estimate
A~(0.2 pm)e*” " and is about 0.4, 0.8, and 0.06 cm
at kpT=0.1A3,0.12A5,0.15A5. Thus at 0.12Ap, the
previous argument applies. At T <0.1XAp~0.17T,
however, the bulk heat conductivity is meaningless. We
need to reconsider then the resistance of the bulk phases.
Let us for simplicity consider the opposite limit A >>1
cm. In this case the ballistics of Greaves and Leggett? ap-
plies in the bulk phase. Clearly for the B phase the resis-
tance is practically zero, as the excitations are never
texturally reflected. For the 4 phase, we actually need to
know the texture to make an estimate. However, we can
easily obtain an upper bound for the resistance by refer-
ring to the work of Greaves and Leggett: In their texture
II A, where all the excitations must have at least A, to
pass through, the resmtance is estimated to be (0.15)
(T/T,)e™4”*sT cm? KW, or about 2.6 10> KW~! for
our sample at k37 =0.1Ap5 (A,=V"1.32Ap). In our case
the “resistance of A4 phase” would be much lower, as the
texture will generally allow some “easier” paths for the
excitations. The important point here is that it still would
not dominate the R 45 contribution.

We note that we have also implicitly assumed that the
resistance R, p is dominated by quasiparticle and hole
transport. One may worry about whether the contribution
by the collective modes would appreciably affect our cal-
culation of R 5. To give an upper bound for the contri-
bution to the energy transfer, we assume that all collective
modes propagate without hindrance across the phase
boundary. We use the radiation formula for the power
transfer per unit area (m2/60)(kj/c*%)T*; this gives a
transfer of at most ( 2/15)(k1;/c2ﬁ3) 3AT when a tem-
perature difference AT exists, where ¢ is the velocity of
the mode concerned. Even for spin waves (lowest c), at
melting pressure and k7T ~0.1Ap we estimate a resis-
tance for unit area of ~10° Kcm?/W, which is much
larger than that of quasiparticles ( ~ 10° K cm?/W). Thus
the heat conduction is mainly by the quasiparticle or
quasiholes, and the contribution from collective modes are
negligible.

Lastly, we worry about the heat leak R;. We do not
have a very reliable estimate of it. However, in view of
the heat-flow experiment by Johnson et al,?? if we assume
that all the (magnetic) temperature differences (~0.5 mK)
are due to the heat leak (estimated to be 0.73X< 1073
erg/sec) we obtain R;~107 K/W>>R,; at
kpT=0.12Ap which is as required for a feasible experi-
ment.

We should remark that though we have given our esti-
mates all at the melting pressure, there is practically no
difficulty in doing the experiment at a slightly lower pres-
sure, provided we can achieve the necessary low tempera-
ture for R 4p to dominate and a sufficiently large magnet-
ic field for stabilization of the 4 phase.

Thus we can conclude that we have a possible experi-
mental setup for measuring our predicted Kapitza resis-
tance of the phase boundary, the experimental conditions
are 7'<0.217, and magnetic field of-several kilogcauss,
which is possible with present cryogenics.
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APPENDIX A

In this appendlx we “prove” that the spin of a quasipar-
ticle is S= f (flof—gto* g) using the more conventional
way of taking expectation values. The spin of the quasi-
particle is defined by subtracting the ground-state expec-
tation value from the | ®;) value

(8Y= [[(( 0| Yloagip| ®1) — (Do | Phoagtip| o)) .

To evaluate this, we insert 1—, | ®,,){(®D, |, where
|®,) is a complete set of states. | Py (D]
+ | @ ){(P,| gives the terms (note (P,|9]| D)

[ feoasfs—8a0upgi)= [ (flof —glo*g)

(the equality follows by observing that gTa*g is real). For
a state | @, )5~ | ®y), such that (P, |¢z| P;)540, then
we must be annihilating a particle from the condensate
other than the one in | ®;). Then there must exist a cor-
responding state |, , ), corresponding to annihilating
the “same particle” from the condensate in | @), so that
(@, | Yg| ®1)=(D,, | 5| Po) +O(1/N), where N is the
(approximate) number of particles in the system. Thus
these states do not contribute significantly to (S). This
completes the proof.

The same procedure can be used to justify our expres-
sions for the number density, number current, and spin
current of the excitation by using the field operators

Vit s

(WYY — (VD] ,

and

2t |[Ve0asV = (Vo agtg]

respectively.

APPENDIX B

Here we provide some useful geometric information
about the order parameter of the 4-B phase boundary and
calculate the A% defined in text. The boundary conditions
are already given in (54) In the A phase, the dipole ener-
gy is minimized by d=1 (d=-1 corresponds just to
choosing ¢'",6?) in the opposite directions), while in the
B phase, we have R;,=R;,(®,0) where 0= cos_l( — +).

We shall first consider the case ¢M =2 (54b) as shown
in Fig. 1. R;, then rotates § to 2. Thus we see that &
must be of the form
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(cosB)R+(1/V2)(sinB)§+(1/V2)(sinB)Z .

Now sin® =Vv"15/4 (the other sign corresponds to choos-
ing an opposite ®). Hence
v'15

5 1
Rip= TO0,— Tsiu+€iuvwv 4

The conditions 8 =d®=2 are then Ryx =Ryy =0, Ryz=1
and hence cosf=V'3/5, sinB=+Vv2/5. The R matrices
are
5 +V3/2 0
R= 0 0 1,
+v3/2 —3+ 0

(B1)

respectively..

Now we choose the new spin axes as described in the
text, which we shall always distinguish by subscripts s.
Since (A%); =R;,n,, Z,(n)=d X0 =§ <Ak implies

25(n)=(Ryyn,,0,—Ryun,)/VL ,

where L =(R,,n,)*+(R,,n,)%. We choose §,=9, which
is always possible as shown in the text. Hence

ﬁs(n)=(—R,,,,n,,,O,——Rmn#)/\/f .
The matrix T v which rotates from xyz to x,y,z, is
Tyv=Hs"9. Thus
Riyny=T,;Rjun,
=(—=[1=(Ryun,)*]'%, Ry ,n,,,0)

=(—(1—n2)"%,n,,0) (B2)
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using (B1). The gap matrix, with spin in new coordinates
and momentum still in old coordinates, is therefore, for
the A phase, as d=9;, ¢V =2, $'¥'=%,

i 0

AR —A, 0 |@+iva,

while for the B phase
(1—n)H'2+in, 0
0 —(1=nH"?+in,

Note both A%,A% are diagonalized as claimed. The
“gaps” are then, as a function of z, given as in (58).
For the second possibility in (51b), we choose then

Al =A,

dR=¢V=_%, ¢?=_1%, so ?:? Then new spin system
is still chosen with 2,(n)=(d®xn)X, §,=9. Then now
Ry ;=R,;=—1. The matrices R are
T FV32 0
R=| o o —1], (B3)
V32 + 0
O
i 0
A=A, | ; |(—2—iR)A, (B4)
(1—n2)"2—in,
n__
AL=Ag ()i, | - BS)

Thus except for an overall negative sign, the present A% is
just the previous A%. As far as heat transport (and other
transport independent of spin directions) is concerned, the
results are identical.
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