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An eigenvalue problem for an electron interacting with a Coulomb center and a field of LO pho-
nons is solved by a method of optimized canonical transformation. This method can be applied to
arbitrary values of the electron-phonon coupling constant a. The energy eigenvalues for the 1s
through 4f states have been calculated as function of a and of the ratio R of the donor rydberg
mee*/2#%} to the LO-phonon energy #iw. These values are the upper bounds to the energy Ej; of
the ground state as well to all the energy levels of the excited states lying below E;+#w. In a broad
range of a and R, the present upper bounds are lower than previous variational results for the states
1s, 2s, and 2p. The energy levels for the 3s—4f states have been calculated for the first time by
variational means. The calculated energy eigenvalues E,; lie always below the corresponding hydro-
genlike levels, i.e., E, /#%io < —a—R /n? where n and [ are the principal and angular momentum
quantum numbers, respectively. For all values of a and R, the following sequence of the energy lev-
els for a given n has been obtained: E, <E, if I>1'. In particular, it leads to the positive Lamb
shift E,;—E,,. The model of the bound polaron has been applied to the description of shallow
donor spectra. The calculated values agree rather well with the measured 1s-2p transition energies
for CdTe and ZnSe, and 1s-2s transition energies for CdS. For AgBr, AgCl, and CdF, the upper
bounds for the 1s level are too low, but the 2p-3p energy differences agree well with the experimen-
tal data. It means that the short-range donor potential neglected in the polaron model is repulsive
for the considered impurities in the ionic crystals.

15 AUGUST 1985

I. INTRODUCTION

The bound polaron is a system composed of an electron
bound to a positively charged infinitely heavy center and
interacting with a lattice polarization field of a crystal.
The theory of this system describes the electron in the
effective-mass approximation, its interaction with the pos-
itive center is assumed in the Coulomb form, and its cou-
pling with the lattice is described with the help of the
Frohlich Hamiltonian. The bound polaron is an example
of a fermion coupled to two boson fields: the Coulomb
field and the field of LO phonons, which are the quanta
of the lattice polarization field. Besides its meaning in
field theory the bound polaron provides a simple model
for a donor impurity in polar crystals.

The eigenvalue problem for the bound polaron was
treated with the help of the path integral method,"? varia-
tional method,>~® second-order perturbation theory,!°—!3
trial Hamiltonian method,'*!* and local-density approxi-
mation.'® Most of these papers analyzed the ground-state
properties, some of them*~7%!L13 considered the first
low-lying excited states 2s and 2p as well. Calculations of
the energy levels 3s, 3p, and 3d were performed in the
second-order perturbation theory.!” However, this
method does not provide definite bounds to the energy
eigenvalues and cannot be applied to the electron-phonon
coupling a>1. It can be expected that the high-energy
levels (n >3) are hydrogenlike, at least for small «, but
deviations from this behavior are not excluded.!®

The purpose of the present work is the calculation of
energy levels of the bound polaron with the help of a
method, which can be applied for both the ground state
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and excited states, and which provides satisfactory results
for arbitrary electron-phonon coupling. This approach,’
called the method of optimized canonical transformation,
is presented in Sec. II. It is an extension to strong cou-
pling of a similar approach to an exciton problem given
by Bednarek.?’ The results and their discussion are con-
tained in Sec. III, where we investigate moreover to what
extent the model of the bound polaron is useful in a
description of shallow donor spectra in polar semicon-
ductors and ionic crystals.

II. METHOD OF OPTIMIZED
CANONICAL TRANSFORMATION

The starting Hamiltonian for the bound polaron is
given by! )
V2 o2

t
H= —— 4w
2m, €t + zk" ¥k

+ﬁw2(vkake'ik"+H.c.) , (1)
X

where r is the position of the electron with respect to the

. . i
Coulomb center; m,, the electron-band mass; ay (ay), the
annihilation (creation) operator of the LO phonon with
the frequency o and the wave vector Kk,

v =—(i /k)(2me?/etioQ)/? ,

1/e=1/€,—1/€y, €,(€y) is the optical (static) dielectric
constant, and (), the quantization volume. It is con-
venient to deal with Hamiltonian (1) transformed with the
help of a canonical transformation.?"?> The present ap-
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proach is based on the transformation

U=exp Z[F]"((r)ak—Fk(r)ai] , (2)
, X

which yields

%=U_1HU=H0+H1+H2 . (3)
Here,
#V: . e?
Hy=— ——
0 2m, €t
+3 | VB 2 e | By
2 | 2m, k k
— (v Fre™® +c.c.) 4)
does not depend on the phonon operators,
2
H =3 ||- % (V2F§+2VF]"(-V)ak+H.c.]
X 2m,
+[#w(vee™* —Ff)day +H.c.] (5)

is a linear function of the phonon operators, and

2
szﬁwzalak—{- 2771 E[ZVFk-VF;a;r(ak:
k

e kk'

—-(VF; 'VFi'akak' +H.C. )]

(6)

is a bilinear function of them. Equations (4)—(6) are ob-
tained under assumption Fi(r)= —F_,(r). The effective
Hamiltonian is defined as

H4=(0|57|0), (7)

where |0) is the phonon vacuum state, i.e., ay|0)=0
and (0|0)=1. It leads to the relation

Heff:HO > (8)

which allows us to eliminate phonon coordinates from the
problem. The effective Hamiltonian is an auxiliary quan-
tity in the present treatment; it operates only on the elec-
tron coordinates, which considerably simplifies further
calculations. In order to determine its form one needs to
know the displacement amplitudes Fy(r). These can be
found by one of the following two methods.

() A minimization of the expectation value
(Y | Hege | ¥ ) for a given electronic state |,;) with
respect to Fy(r) yields both the values of Fy(r) and the
energy eigenvalues of the effective Hamiltonian. This
method was used for the exciton in polar semiconductors
by Pollmann and Biittner,?® and extended by Kane?* and
Matsuura and Biittner.?

(b) In this method**?® we assume an explicit form of
the displacement amplitudes: Fy(r)=Fy(r;§), where § is
a set of variational parameters, which allow to a flexibility
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of the canonical transformation (2). Effective Hamiltoni-
an (7) depends on & also. Its eigenvalues obtained by

"‘minimizing {1, | Heg(E) | ¥,y ) with respect to & and to

the variational parameters of the electronic wave function
¥,; provide estimates to the energy eigenvalues of the
starting Hamiltonian H (see Appendix).

Method (a) leads to numerical complications for the ex-
cited states, since the expectation values of H . are biqua-
dratic functionals of ¢,;. Thus, in this paper method (b)
will be applied. I propose displacement amplitudes of the
form

—itkr —irker

Fi(n)=v,[fie +fite 1, )

where the phonon amplitudes are given by

A
(1) 1
_— (9a)
KT plaZk? 41
and
A
(2) 2
= . (9b
f¥ (platk>+1) :

In Egs. (9) 7;, A;, and p;(j =1,2) are the variational pa-
rameters, and a, =(#/ 2m,w)'’? is the free polaron radius.
The ansatz (9) resembles that applied previously to the ex-
citon,?%?® but there are two differences. Here I have in-
troduced the parameters 7; according to similar proposi-
tions for the free polaron®”?? and the exciton,” and the
phonon amplitude f f), which describes well the strong-
coupling case. For 7y=A;=p;=1 and A,=0 transforma-
tion (2) goes over into the Lee-Low-Pines transformation?!
which provides a solution for weak electron-phonon cou-
pling. On the other hand, for A;=7,=0 and A,=1, we
obtain a modified Pekar transformation?®?”?2 which de-
scribes well the strong-coupling case. Therefore, the pro-
posed canonical transformation [Eq. (2)] with the dis-
placement amplitudes given by Egs. (9) is a product of
weak- and strong-coupling variational solutions.

The same effective Hamiltonian as that given by Eq. (8)
can be obtained when applying a product of the two
transformations

U,=exp —i(71+72)2k-ra£ak (10)
k
and
Up=exp |3 (Fax—Teal) |, (11)
k
where f =f'+ . Then,
H=(0|Us'UT'HU,U, |0)=H, . (12)

In Eq. (10) one can recognize a recoil momentum of the
phonon field; the parameters 7; and 7, moderate its influ-
ence. Moreover, we see that these parameters are not in-
dependent. I used 7;=1 throughout this paper to obtain a
direct correspondence to the Lee-Low-Pines transforma-
tion when using only the first term in Eq. (9). Therefore,
transformation (2) depends on the set & of the five varia-
tional parameters:
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E=(Ay, Ay, py1s P2, T=T3) .

Transformation (10) was proposed for the bound polaron
by Huybrechts?® who next applied the method (a) to find
the phonon amplitudes.

The effective Hamiltonian calculated according to Egs.
(4) and (8) with the function Fy(r) given by Eqgs. (9) has a
form

4 B

— B
Hy=—V 424 =Le 7122
roor

—Cyr —Cyr
e 2 2

+De +2,

(13)

where the polaron units of energy and length (7w and a,,
respectively) have been used, and

2aA
A:—2R1/2——|1—TZI(1——M) . (13a)
2ahApi(r—p?)
1=_1—%, (13b)
| 1—7](pi—p3)*
2a, A s 2 T—P3
= 1+ p (13c)
2T =] pi—ns 7 o=}
c=11=TL (=12, (13d)
Pj ~
ak T—p3
p=""2 |, 2 (13e)
P2 P1—pP2
AT 1 A3 72 2A
S=a | [1+— |+ |- 3D
2p Pt 16p, p3 p1

Formulas (13) are valid if 7541, p;5%4p,, and p; and p, > 0.
The effective Hamiltonian depends on the following ma-
terial parameters: the electron-phonon coupling constant
a=(€y/€,,—1)R'/? and the ratio of the donor rydberg to
the LO-phonon energy R =m,e*/ 25wed.

The Schrodinger equation for Hamiltonian (13)

(H oot —Epp Y (r)=0 (14)

yields the upper bounds E,; to all the energy levels E,; of
the bound polaron lying below the lowest one-phonon lev-
el E;+1 (see Appendix). Equation (14) can be solved
with the wuse of the variational wave function
Y(r)=R,,;(r) Y}, (0,¢), where Y,,,(0,¢) are the spherical
harmonics, n, I, and m are the principal, angular-
momentum and magnetic quantum numbers, respectively.
The radial wave function R,;(r) has been chosen®® as a
normalized linear combination of ten exponential func-
tions exp(—jyr) with one nonlinear variational parameter
v and ten linear parameters ¢; (j =1,2,.. .,10). The ener-
gy eigenvalues E,; which are degenerate with respect to m
but not with respect to / are found by minimizing the ex-
pectation values {w,; | Heg | ¥, ) over the variational pa-
rameters of the canonical transformation (7,A,Az,01,02)
and those of the electronic wave function (y,c;).

The present approach is a generalization of the Lee-
Low-Pines method,?' that yields for the bound polaron
the hydrogenlike spectrum
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R
—a— (15)
2

LLP
E; "=

in energy units #w. Equation (15) provides as well the
upper bounds for the energy levels: E, <EM? if
E, <E;;+1. The present estimates are always lower
than ELLY,

III. RESULTS

Table I shows the present results for the ground-state
energy compared with the best variational estimates of
other authors. The present upper bounds are close to
those of Matsuura? for a <2, but are lower than those for
large a and R. They agree within 1% with the results of
Kane,>* which, however, are not variational for strong
electron-phonon coupling. Figure 1 shows the calculated
2s and 2p energy levels as functions of ¢ and R. The
difference between these levels and the hydrogenlike level
ELtP [Eq. (15)] increases with increasing @ and R. For
the ground-state energy this difference becomes very large
for large a and R (see Table I). Table II shows the calcu-
lated energy eigenvalues 1s through 4f for several values
of a and R. The values for R=0.5 are the upper bounds
for all consecutive energy levels of the bound polaron.
For R =1 and 2 the one- and two-phonon levels with en-
ergies approximately equal to E;;+1 and E;+2 are
placed between the levels listed in Table II. The results of
Tables I and II, and Fig. 1 give the estimates for the ener-
gy levels E,; measured with respect to the bare conduc-
tion band. The experimentally accessible dissociation en-
ergy D,; of the bound polaron is the difference between
the ground-state energy of the free polaron E gol and the
energy E,;: Dy=FE gol—E,,l. The best variational re-
sults’! for E2 are also listed in Table II. We see that the

p
estimates of the 3s-4f levels for =2 and R=0.5 as well

1=
= |
0.1
0
N
o
N
<
0.01
0.001 [ R
0.1 1 10 .
R

FIG. 1. Estimated energies E,, and E,, of the 2p and 2s
states of the bound polaron as functions of R and a. Solid
curve shows Ay, = —E,,—a—R /4, dashed curve Ay=—FE,
—a—R /4. Energy is expressed in units of the LO-phonon en-
ergy. :
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TABLE 1. Variational estimates of the ground-state energy of the bound polaron calculated by Platz-
man (Ref. 1), Larsen (Ref. 3), Matsuura (Ref. 2), and Devreese et al. (DEKB) (Ref. 9), compared with
the present results for several values of « (electron-phonon coupling constant) and R (ratio of the donor
rydberg to the LO-phonon energy o). All energies are expressed in units of #iw.

a 2 5
R 1 5 1 5 10
Platzman —3.31 —7.85 —13.08 —17.93 —14.56 —21.39
Larsen —3.41 —8.64 —14.69 —17.86 —15.30 —23.02
Matsuura —3.47 —8.69 —14.73 —7.99 —15.39 —23.10
DEKB —8.60 —14.66 —15.21 —23.00
Present —3.42 —8.66 —14.72 —8.03 —15.53 —23.28
results [
a 7 11
R 1 5 1 5 10
~ Platzman —11.89 —20.00 —27.90 —22.17 —33.26 —43.42
Larsen —11.62 —20.61 —29.47 —21.34 —33.45 —44.59
Matsuura —11.78 —20.74 —29.59 —21.54 —33.63 —44.79
DEKB —20.52 —29.41 —33.40 —44.60
Present —12.02 —21.09 —30.00 —22.47 —34.71 —45.95
results

as those of the 4s-4d levels for =2 and R=1 are not sa-
tisfactory since they lie above E gol.

The present estimates for the 2p levels lie below those
of Devreese et al.,’ which were obtained with the use of
the variational wave function including one-phonon
states. If E,,<E;;+ 1 then both methods yield the
upper bounds to the true energy eigenvalues. Therefore,
the lower value is closer to the true one, e.g., for a=1 and
R=1, Ey=—2.165 and E,,=—1.262 (see Table I,
whereas the estimate for E,, given in Ref. 9 is —1.113.

It follows from Fig. 1 that E,;—E,,>0 for all values
of a and R, i.e., the Lamb shift is positive similarly as in
the hydrogen atom.>>33 The results given in Table II al-
low us to extend this property up to 4f states:
E,—E, >0 if 1 <I'. The equality holds for small «
and/or large n. This is a general property>® of the poten-
tial being the superposition of the attractive Coulomb and
the repulsive Yukawa potentials. The effective potential

in Eq. (13) includes two Yukawa potentials and the ex-
ponential potential, but their net contribution to the total
energy is always positive and the repulsive Yukawa poten-
tial dominates in the correction to the Coulomb potential.
This result is interesting due to a formal analogy* be-
tween the theory of the bound polaron and the hydrogen
atom.3* Moreover, there exists another system having the
energy eigenvalues, which increase with decreasing [ for a
given n. Itis a quarkonium?>’® being a bound state of two
heavy quarks, whose interaction is described in a simple
model®® as a superposition of an attractive Coulomb po-
tential and a confinement potential.

The arrangement of the bound-polaron energy levels is
mainly a quantitative result, because it was obtained by
variational means. The effective Hamiltonian given by
Eq. (13) possesses a variational character also. The calcu-
lations with the use of the second-order perturbation
theory yield the negative Lamb shift!>!>37 for small «

TABLE II. Calculated energy levels 1s through 4f of the bound polaron as functions of the electron-phonon coupling constant «
and R =m,e*/2#we}. Egox is the ground-state energy of the free polaron calculated by Larsen (Ref. 31). The unit of energy is #iw

(LO-phonon energy).

a= 0.5 1 2

Egolz —0.5040 —1.0160 —2.0640

R = 0.5 1 2 0.5 1 2 0.5 1 2

1s —1.03454 —1.57433 —2.65370 —1.57695 —2.16539 —3.33506 —2.69858 —3.41583 —4.79585
2s —0.62711 —0.75415 —1.00815 —1.12929 —1.25843 —1.51651 =~ —2.13387 —2.26739 —2.53411
2p —0.62799 —0.75590 —1.01169 —1.13119 —1.26218 —1.52391 —2.13820 —2.27589 —2.55112
3s —0.55596 —0.61196 —0.72391 —1.05640 —1.11281 —1.22561 —2.05732 —2.11451 —2.22908
3p —0.55603 —0.61208 —0.72416 —1.05653 —1.11307 —1.22614 —2.05753 —2.11510 —2.23019
3d —0.55626 —0.61251 —0.72501 -—1.05698 —1.11397 —1.22788 —2.05857 —2.11701 —2.23391
4s —0.53135 —0.56276 —0.62541 —1.03147 —1.06303 —1.12594 —2.03177 —2.06356 —2.12700
4p —0.53137 —0.56279 —0.62549 —1.03153 —1.06308 —1.12607 —2.03187 —2.06367 —2.12724
4d —0.53141 —0.56285 —0.62570 —1.03159 —1.06320 —1.12640 —2.03191 —2.06386 —2.12776
4f —0.53150 —0.56298 —0.62596 —1.03173° —1.06348 —1.12696 —2.03221 —2.06451 —2.12899
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and R, although the change of the sign is not exclud-
ed!>3%3% for large values of a@ and R. For strong
electron-phonon coupling the estimates for the energy lev-
els can be obtained in an analytical form

E;;=—R—0.625aR/>—0.097 656a? , (16a)
E,,=—0.25R —0.147 645aR '/*—0.021 799 , (16b)
E,,=—0.25R —0.180028aR /*—0.032410a” .~ (16c)

Formulas (16) have been derived using the strong-coupling
canonical transformation, i.e., solving the eigenvalue prob-
lem for effective Hamiltonian (13) with A;=7=0 and
A,=1. It can be done straightforward with the help of
the hydrogenlike wave functions of the states 1s, 25, and
2p. The result for the 1ls state [Eq. (16a)] was already
given in Refs. 3, 9, 14, and 23; Eq. (16c) leads to higher
upper limit for E,, than that obtained by Devreese et al®

Equations (16) give the analytical expressions for the ener-
gy levels, but they are not the best upper bounds obtained
by the present method. For example, for a=100 and
R =1 the minimization over all the variational parameters
in Eq. (13) yields E;;= —1142.7%w, whereas Eq. (16a)
yields E ;= —1040.1%w. Although the upper bound E 2p
lies above the corresponding asymptotic expression,’ and
also above the numerical estimate for E,, obtained by the
present method, it gives a reasonable approximate formula
for this energy level. For large a Egs. (16) provide esti-
mates mainly of qualitative character. They show that
the Lamb shift is positive and increases like a? for the
strong coupling. It remains an open question if the Lamb
shift changes the sign for small a and R.

One can attempt to describe a shallow donor in a polar
crystal as a bound polaron. In the polaron model of the
donor one assumes the effective-mass approximation and
neglects, e.g., an anisotropy and a short-range part of the

TABLE III. Transition energies measured for donors (Expt.) and calculated in the bound polaron model (Theor.). The material
data used in the calculations: electron-band mass m,, static (€;) and optical (€,,) dielectric constants, and LO-phonon energy #w, are

also quoted. All energies are in meV.

Crystal Me /Mo € €, tiw Transition Expt. Theor.
CdTe 0.096* 9.6* 7.21° 21.12 1s-2p 10.8* 11.1
Cds (A) 0.155°¢ 8.42¢ 5.27¢ 38.0¢ 1s-2s 23.4-25.7° 24.5
CdS (B) 0.155¢ 8.78f 5.27¢ 37.88 1s-2s 22.7
ZnSe (A) 0.16" 8.66! 5.9 31.4¢ 1s-2p 19.1—22.3 23.5
ZnSe (B) 0.15% 9.14 6.3! 31.9™ 1s-2p 19.6
AgBr 0.215" 10.6¢ 4.8° 17.2°P “1s-2p 20.8° 25.9
1s-3p 23.8? 29.9
2p-3p 3.0° 4.0
AgCl 0.302" 9.5¢ 4.049 24.4° 1s-2p 33.5" 49.5
1s-3p 40.6" 56.7
2p-3p 7.17 7.2
CdF, 0.283° 7.78 2.4! 50.0! 1s-2p 65.0° 82.9
1s-3p 75.6° 93.6
2p-3p 10.6° 10.7

2D. R. Cohn, D. M. Larsen, and B. Lax, Phys. Rev. B 4, 1367 (1972).

°G. Mahan, in Polarons in Ionic Crystals and Polar Semiconductors, edited by. J. Devreese (North-Holland, Amsterdam, 1972), p. 553.
°E. Kartheuser, in Polarons in Ionic Crystals and Polar Semiconductors, edited by J. Devreese (North-Holland, Amsterdam, 1972), p.

717.

9R. E. Halsted, in Physics and Chemistry of II-VI Compounds, edited by M. Aven and J. S. Prener (North-Holland, Amsterdam,

1967), p. 385.
*Reference 46.

fc. A. Arguello, D. L. Rousseau, and S. P. S. Porto, Phys. Rev. 181, 1351 (1969).
¢D. C. Reynolds, C. W. Litton, T. C. Collins, and E. N. Frank, in Proceedings of the 10th International Conference on Physics of
Semiconductors, Cambridge, Massachusetts, 1970 (AEC, Springfield, Va., 1970), p. 519.

"Reference 48.

‘B. Ray, II-VI Compounds (Pergamon, Oxford, 1969).
JReference 47.

kM. Aven and B. Segall, Phys. Rev. 130, 81 (1962).

'A. Hadni, J. Claudel, and P. Strimer, Phys. Status Solidi 26, 241 (1968).
™G. Hitier, B. Canny, and J. F. Rommeluere, J. Phys. (Paris) 41, 981 (1980).
"W. von der Osten, in Polarons and Excitons in Polar Semiconductors and Ionic Crystals, edited by J. Devreese and F. Peeters (Ple-

num, New York, 1984), p. 293.
°B. F. Levine, Phys. Rev. B 7, 2591 (1973).
PReference 40.

9J. W. Hodby, J. A. Borders, F. C. Brown, and S. Foner, Phys. Rev. Lett. 19, 953 (1967).

"Reference 41.
SReference 43.

‘D. R. Bosomworth, Phys. Rev. 157, 709 (1967).
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donor potential. The transition energies calculated by the
present method and those measured for the donors are
listed in Table III. I have chosen those values of material
parameters from many literature data, which led to the
best agreement with the experiment. The results for CdS
and ZnSe labeled as (A) and (B) show the dependence on
these parameters. The agreement between the theory and
experiment is quite good for the polar semiconductors
CdTe, CdS, and ZnSe. For the ionic crystals AgBr (Ref.
40), AgCl (Refs. 41 and 42), and CdF, (Ref. 43) the calcu-
lated transition energies 1s-2p and 1s-3p are too large for
all values of the material parameters found in the litera-
ture. Nevertheless, the 2p-3p energy differences agree
well with the experiment. Therefore, the upper bounds
obtained for the 1s level lie too low. Since the short-range
potential neglected in the polaron model of the donor af-
fects mostly the ground state, it means that this potential
is repulsive for the ionic crystals and donors considered in
this paper. The short-range potential is due to the differ-
ence of atomic properties of the donor and the host lat-
tice,* the local lattice distortion (especially in CdF,, Ref.
45), and the acoustic phonons. The excited states of the
donor are rather insensitive to the short-range effects and
can be well described by the polaron model.

Unfortunately, this model does not reproduce properly
the splittings 2s-2p and 3s-3p, which, although very
small, were measured with a high accuracy in CdS (Ref.
46) and ZnSe (Ref. 47). As stated previously the present
approach yields positive-energy differences E,.-E,, and
E-E3,, whereas the experiments*®*’ yield the negative
values for these splittings. In CdS this effect is probably
due to the anisotropy of the electron band mass and the
dielectric constant. In both the crystals the properties of
individual donor atoms affect the spectra which results in
the observed chemical shifts.*6—*8

The energy levels 1s, 2s, and 2p of shallow donors in
ionic crystals were previously calculated by Bajaj and
Clark'"!"7 with the use of the second-order perturbation
theory. Despite the fact that the perturbation theory can
hardly be used for a > 1 the authors!” calculated the tran-
sition energies for AgBr, AgCl, and CdF, and claimed a
good agreement with the experiment. These calculations
were next extended to the 3s, 3p, and 3d, states.** This
approach takes advantage of the Dalgarno-Lewis™®
method of summation of the second-order perturbation
series. In this method an auxiliary operator F [defined by
Eq. (8) of Ref. 11] is of great importance. Bajaj and
Clark!? assume that F is a function of only space coordi-
nates: F=F(r). Next, they try to find the matrix ele-
ments {k’| F | k") in the plane-wave basis | k). The ma-
trix elements {(k’|F(r)|k") depend only on k'—k", as
the Fourier transforms of a function, which depends only
on r. Instead of solving the infinite set of linear equations
for (k’| F| k") [Eq. (14), Ref. 11] the authors propose a
special solution [Eq. (15), Ref. 11]. However, the solution
proposed for the matrix elements depends explicitly on
(k'')>—(k')%, which is in contradiction to the assumption
made by the authors'"!7 that the operator F is only a
function of r. The proposed form of the matrix elements
does not fulfill the set of equations for them [Eq. (14),
Ref. 11]. Therefore, an analytical summation of the
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second-order perturbation series has not been achieved,
and the results of Refs. 11, 17, and 49 cannot be helpful in
a description of the donor spectra.

IV. CONCLUSIONS

The present method provides variational upper bounds
for all the energy levels of the bound polaron, which lie
below the lowest one-phonon level E;+#%w.” These upper
bounds are lower than most of the previously obtained
variational results. The high-energy levels have been cal-
culated for the first time. I have shown here only the re-
sults up to the 4f level. Calculations for higher excited
states can be performed with the same computational ef-
fort. The present approach is fairly simple, all expres-
sions are given in the analytical form, which enables us to
apply them to the high-energy levels and arbitrary elec-
tron phonon coupling. The estimates for the levels lying
above E +fiw are variational solutions only for the
zero-phonon Hamiltonian H,. The N-phonon states with
N >1 are to be treated by other methods.* Nevertheless,
the present results can be helpful even for these states as a
basis for further studies.*

The properties of the obtained spectra can be summa-
rized as follows.

(i) The energy levels lie always below the corresgponding
hydrogenlike levels given by Eq. (15), i.e., E,; < EF'F.

(ii) For small electron-phonon coupling a the estimates
E,; go over into EFLF.

(iii) For large a the energy eigenvalues of the ls, 2s,
and 2p states can be approximated by the analytical ex-
pressions [Egs. (16)], showing that the 2s-2p splitting is
positive and proportional to a?. _

(iv) For arbitrary a and R, E,; > E,» if I <!’ (at least
for the states 1s-4/).

Property (ii) means that for very small a the present ap-
proach does not lead to any change of the electron-band
mass into the polaron mass. This can be improved by us-
ing the canonical transformation, which depends explicit-
ly on the momentum operator of the electron.’® However,
the corrections should be very small.

The polaron model of the donor impurity in polar crys-
tals, which includes the long-range screening through the
LO phonons, leads to the substantial increase of the disso-
ciation energies in comparison to those obtained from the
hydrogenlike model with the Coulomb potential screened
by €;. The results agree rather well with the observed
donor spectra for excited states. The results for the
ground state permit us to describe the character of the
short-range part of the donor potential, which is repulsive
in the ionic crystals AgBr, AgCl, and CdF,.

Note added. After submission of the present paper, a
paper by Y. Lépine, Solid State Commun. 52, 427 (1984),
has been brought to my attention. The author calculated
upper bounds for the 2p excited-state energy of the bound
polaron and obtained results, which for a <11 lie above
the present upper bounds.

Note added in proof. In a recent paper on the bound
polaron by M. Matsuura, J. Phys. Soc. Jpn. 53, 284
(1984), the author calculated the second-order perturba-
tion corrections to the 1s, 25, and 2p energy levels and ob-
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tained the positive (negative) Lamb shift for R >+
(R <%). The calculated 1s-2p transition energies for
silver halides are larger than the experimental values,
which agrees with the results of the present paper.
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APPENDIX

The present method is based on the unitary transforma-
tion U [Eq. (2)]. The starting Hamiltonian H [Eq. (1)] is
transformed to the new Hamiltonian

#=U'HU=H,+H,+H, , (A1)

[cf. Egs. (3)—(6)], which has the same spectrum as H. In
this paper the energy is determined with respect to the
bottom of the conduction band. The ground-state energy
E gol of the free polaron which is therefore negative
separates two parts of the spectrum of #: above E the
spectrum is continuous, below E? pol only discrete energy
levels exist. Due to the infinite mass of the positive center
no real phonon recoil effects disturb the spectrum below
E ggﬂ, which remains discrete on the contrary to the free
polaron and the exciton. The exciton can possess both
discrete and resonant states in an energy gap.
The eigenstates of 27 satisfying the equation

|\ u,)=E;|u,) (A2)
can be expanded in the basis
[ N,i)=|N)[4:), (A3)

where |N) is the N-phonon state and |;) is the elec-
tronic state. The basis states with N =0 are the eigen-
states of the Hamiltonian H, that is independent of the
phonon operators. I will denote them by

[a;)=10) |4:) (A4)

and call them zero-phonon states. The energies of the
states with N > 1 are determined by H, as well as by H,
and H, [the one- and two-phonon operators given by Egs.
(5) and (6)]. If the zero-phonon state has the energy E;,
then the corresponding states with N > 1 possess the ener-
gies approximately equal to E;+%w, E;+ 2%, etc., pro-
vided that the coupling between the states |0,i) and
| N>1,i) is not large.

Our purpose is to prove that the method of optimized
canonical transformation yields upper bounds both for the
ground-state energy E( and for the excited states with the
energies below Ey+4#w. The proof which relies on the
work of Léwdin’! will be done in two steps.

(a) Let us consider the case when the variational param-
eters £ in the canonical transformation U are fixed. The
transformation U can have, for example, the form of the

transformation. The introduction of the
(7) and (13)] is equivalent to

Lee-Low-Pines?!
effective Hamiltonian [Egs.
the outer projection!

F=PX#P (A5)

of the operator & with respect to the subspace defined by
the operator P=|0){0|, where |0) is the phonon vacu-
um state. The eigenvalue problem for

x| u;)=E; | ;) (A6)

is equivalent to Eq. (14) for the effective Hamiltonian,
since

= |0)(0|Hp|0)(0|=[0)H(O] .

Equation (A6) is solved with the help of the orthonormal-
ized electronic wave functions w,,(r)={r|v;), where
i=(nl) and

(u; | i) = | ¥ ) =80 . (A7)

I will further proceed as if I had the exact solutions of Eq.
(A6), because # is spherically symmetric and therefore

(A6) [cf. Egs. (13) and (14)] is reduced to the one-
dimensional eigenvalue problem, which can be solved nu-
merically with an arbitrary precision. Moreover, the use
of upper bounds for E; instead of E; themselves does not
change further considerations provided that the variation-
al wave functions for different states are mutually orthog-
onal.

If E; < Ey+%iw, where Ey=E |, is the ground-state en-
ergy of the bound polaron, then the eigenvalues E; of #
provide the upper bounds to the eigenvalues E; of # in
order:®! E;<E;. If E;>Ey+#w, then the N-phonon
states (N=1,2,...) with the energies approximately equal
to E;+%w, E;+2%0, ..., are to be take into account.
In this case E; are the upper bounds only for the energy
eigenvalues of the zero-phonon Hamiltonian Hy. In order
to construct upper bounds to all consecutive energy levels
of 2 one should apply the projection operator including’
the corresponding N-phonon states.

(b) For the optimized canonical transformation the.
proof? is similar as in case (a), although now the varia-
tional parameters & take on different values for each state
and all the quantities in Eq. (A6) depend on §. Now, Eq.
(A6) is solved by minimizing the expectation values

E (&) =(m;(&) | (&) | T (&) (A8)

with respect to £, which yields the optimal values of
£=E£;. The energy eigenvalue of the state i is E; =E;(&;).
The eigenvalue Eo=E((£,) found in this way for the
ground state | #o(£o)) is obviously the upper bound to the

ground-state energy: Ej <E,. The mlmmlzatlon for the

first excited state yields the values & and E;=E (&) as
well the orthogonal eigenstates
(To(&y) | 7,(£1))=0. (A9)

The eigenvalue Ey(&;) corresponding to the eigenstate
|#(&1)) is an upper bound to the ground-state energy
also, although worse than the prev1ous1y obtained Eo(&q):

Ey(&) <Eo(&)), and has not been given in the present pa-
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per. Moreover, it fulfills the inequality Ey(&,) < E;(&,),
which together with Eq. (A9) leads to the conclusion®!
that E; <E,. The same procedure can next be repeated
for each excited state, which gives E; < E; for all the ener-
gy levels lying below E,-+#w as in case (a).

I would like to comment on the approximation made in
the present method. The use of the states [Eq. (A4)] does
not mean that the zero-phonon approximation has been

applied. The total variational wave function has the fo‘rm
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U |0)thy(r) . (A10)

Its phonon part is the coherent state U | 0) being the Har-
tree ansatz for bosons.'®?! This approximation does not
include phonon-phonon correlation.> 18 - The states
| N >1,i) can provide corrections to the energy levels in
the vicinity of the level crossing, but outside of this re-
gion the corrections should be negligible.
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