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Importance of multiple forward scattering in medium- and high-energy electron emission
and/or diffraction spectroscopies
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We examine the role of multiple scattering in emission and/or diffraction spectroscopies that in-
volve medium- and high-energy electrons. We use quantum-mechanical and classical methods to
demonstrate the importance of multiple forward scattering in these techniques. Single-scattering
theory produces errors because it neglects multiple forward scattering from atoms which shadow
other atoms.

I. INTRODUCTION

Recent advances in surface techniques have resulted in
the development of a number of surface-analytical tools in
which the emission and/or scattering of medium-
(200—1000 eV) and high- (1000—20000 eV) energy elec-
trons are involved. ' These surface spectroscopies can be
divided into two classes: (i) those which collect electrons
in a forward-direction cone, e.g., angle-resolved x-ray
photoemission spectroscopy (XPS), Auger-electron
spectroscopy (AES), and reflection high-energy elec-
tron diffraction (RHEED) or (ii) those which collect
electrons in large backscattering angles, e.g. , angle-
resolved energy-dependent photoelectron diffraction
(EDPD). Considerable effort has been applied in us-
ing single-scattering theory to compute intensities and
compare them with the measured data. " ' In this pa-
per, we question the accuracy of single-scattering theory
for evaluating intensities of these medium- and high-
energy electron spectroscopies.

II. FORWARD-DIRECTION SURFACE
SPECTROSCOPIES

The first techniques examined are forward-direction
angle-resolved XPS and AES, ' ' in which the emis-
sion from a core level of an atom in the surface region is
measured as a function of polar angle from the surface
normal. The data show intense peaks along directions of
nearest-neighbor internuclear axes. It was shown' that
these peaks are due to focusing of electrons as they pass
through the attractive Coulomb potential of an atom.
The energy at which forward-direction focusing starts de-
pends on details of the potential, and for copper atoms,
the focusing starts at energies Ek &60 eV. ' We show in
the following that, because of the focusing effect itself, it
is necessary to include multiple forward-scattering to
evaluate quantitatively the intensity of this peak. Single-
scattering theory produces incorrect results for atoms in
deeper layers and its predictions are quantitatively incon-
sistent with the measured data.

The wave function at R due to emission from a core
level of an atom located at R0 is given by the multiple-
scattering photoemission of Tong et al. ' ' as
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where k~ is the magnitude of the photoelectron momen-
tum, hI' ' is the spherical Hankel function of the first
kind, T' and GJ are multilayer scattering matrices and
structural propagators defined in Ref. 20, and the emis-
sion atom is located in layer 0. The photon-electron exci-
tation matrix element is defined as
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In the above equation, 5t is the lth phase shift of the emit-
ting atom at final energy ef, Ri (r) is the normalized radi-
al wave function at energy ef inside an emission atom,
and P;(r) is the initial-state wave function of the electron
at energy e;. Then, from Ref. 20, the differential photo-
emission cross section dI'/dQ, which is the number of
photoelectrons collected in dQ per second divided by the
incident photon flux, is
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where kf"' is the outside electron momentum in the direc-
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FIG. 1. Angle-resolved XPS cross section, calculated by
multiple-scattering theory, for 2p Cu(001), at 317 eV, as a func-
tion of emission polar angle. The photon A vector is along the
emission direction and 0=0' is the direction of the surface nor-
mal. The emission plane is (100); ML means monolayer.

tion R and co~& is the photon frequency.
In Fig. 1 we show the XPS cross section dP/dQ for

Cu(001) at 317 eV, for emission from the 2p state, for one,
two, and three monolayers (ML). The multiple-scattering
formulas (1)—(3) are used. From the figure we see that
the internuclear peak at 45' is enhanced by a factor of
2.4 going from 1 to 2 ML, but then further enhancement
becomes much more moderate going from 2 to 3 ML.
The heights of the internuclear peak for 2 and 3 ML, nor-
malized by that of 1 ML, are tabulated in Table I for re-
sults using multiple-scattering theory, single-scattering
theory (with spherical-wave and plane-wave formulas},
and the data of Egelhoff. In single-scattering theory,
the spherical-wave formula evaluates Hankel functions be-
tween emitting and scattering atoms exactly, while the
plane-wave formula retains only the first term in the 1/p
expansion of Hankel functions. ' ' Comparing with the
data, spherical-wave single-scattering theory works for 2
ML, plane-wave single-scattering theory fails even there,

and only the multiple-scattering result adequately repro-
duces the emission intensity for the 3-ML case. The
single-scattering spherical-wave result overestimates the
3-ML case by 48%, while the plane-wave result overesti-
mates it by 128%%uo. In Table I we also compare results of
(spherical-wave) single-scattering theory using 20 partial
waves [column (d)] with those of eight partial waves
[column (c}]. The comparison shows that at 317 eV, re-
sults of eight partial waves have converged to an accuracy
of 4%. The multiple-scattering calculations [column (b)]
were done with eight partial waves.

Relative contributions to the internuclear peak from in-
dividual layers, at a range of energies between 250 to 400
eV, are tabulated in Table II. The tabulated numbers are
ratios of the second- and tnird-monolayer emission contri-
butions to that of the first-monolayer, using multiple-
scattering and single-scattering theories. The numbers
show that with multiple scattering, the third-layer contri-
bution is rather small, being about 30—50%%uo of that of the
second layer. Single-scattering theory (spherical-wave) on
the other hand, overestimates the third-layer contribution
at these energies, with values of the third-layer contribu-
tion ranging from about equal to bigger than that of the
second layer. These numbers illustrate an important
physical effect which is correctly described by multiple-
scattering theory, but not .by single-scattering theory: An
electron emitted from a third-layer atom, after being
focused into the forward direction by a second-layer atom,
is further deflected (and hence defocused) to directions
other than forward by an atom in the first layer. In
multiple-scattering theory, such electrons are discarded
from the forward-direction peak. In single-scattering
theory, however, the defocusing effect is neglected because
it is a second-order scattering event. As a consequence,
single-scattering theory overestimates the forward-
direction peak in cases of three or more monolayers, at
these energies.

We can illustrate the essence of multiple scattering in
the forward direction by the trajectories of classical
scattering. Since this is only used for illustration, a sim-
ple form of the potential is chosen, i.e., a cutoff Coulomb
potential given by

TABLE I. Normalized XPS cross section at t9=45' for combined emissions from one, two, and three
monolayers of Cu(001), at 317 eV, 2p emission. The intensities are normalized to unity for the 1-ML
case. The experimental numbers are taken from Ref. 6.

Monolayers
(a)

Expt.

(b)
Multiple

scattering

(c) (d)
Single scattering
(spherical wave)

(e)
Single

scattering
(plane wave)

2.3 2.35 2.46 2.50 3.40

2.7 2.97
(8

partial
waves)

4.0
(8

partial
waves)

4.15
(20

partial
waves)

6.16
(20

partial
waves)
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TABLE II. Normalized XPS cross section for emission from
an atom located in the (a) surface layer, (b) second layer, and (c)
third layer, respectively. The intensity of emission from an
atom in the surface layer is normalized to unity.

Energy
(eV)

250

Multiple scattering
(8 partial waves)

(a) 1.00
(b) 1.6
(c) 0.66

Spherical-wave
single scattering
(8 partial waves)

1.00
1.37
1.21

300 (a) 1.00
(b) 1.52
(c) 0.66

1.00
1.42
1.43

~ ~ ~

FIG. 2. Classical electron trajectory due to scattering by a
cutoff Coulomb potential.

317 (a) 1.00
(b) 1.35
(c) 0.62

1.00
1.46
1.54

350 (a) 1.00
(b) 1.91
(c) 1.01

1.00
1.50
1.59

400 (a) 1.00
(b) 1.22

(c) 0.60

1.00
1.30
1.44

(4a)

(4b)

Here a is the radius of the atom. The trajectories of the
classical electrons are then straight lines in the region be-
tween the potentials and hyperbolas inside the potentials.
The equation of a hyperbolic trajectory isr(8)=, r &a

(e' —l lc
(5)1+icos(8—80)

'

where for the above potential

third ray: an electron, unscattered by atom 1, enters atom
2 and is forward focused by it. There is no counterpart of
this ray in multiple-scattering theory.

The situation illustrated in Fig. 3(a) corresponds to
emission from an atom in the third monolayer. To com-
pare the results of multiple scattering and single scatter-
ing, we define a ratio of count rates, 7, as ratio of the
number of electrons per. second scattered into a circular
detector in the forward direction with 58= 1' to the num-
ber of electrons emitted by the source each second directly
into the same detector. For scattering by one atom, ~z is
5.04, and for two atoms, rs drops down to 1.38. Since

is included in single-scattering theory, it follows that
the two-atom classical count rate evaluated by single-
scattering theory is much larger than that by multiple-
scattering theory (r~), a result in agreement with the
quantum-mechanical result.

The classical scattering model shows that multiple
scattering is still important at 1000 eV (the data by Egelh-
off' for forward-direction AES are taken at 917 eV).

Za
2(Ea —Z)

(a) E= 317 eY

A' 5.04

The two parameters e and Oo are determined by the posi-
tion and angle of the straight part of the incident trajecto-
ry. That is, in Fig. 2, y and co determine e and Oo which,
in turn, through Eq. (5), fix where and at what angle the
electron emerges from the atom. We only consider cases
where the incident ray and the centers of all the atoIDs in-
volved lie in a single plane; thus the entire trajectory will
stay in this plane.

Using the classical method, the trajectories of electrons
at 317 eV (for Z =30) are shown in Fig. 3(a). Reading
from right to left, ray A' is focused into the forward
direction by atom 1, but is then deflected to a new direc-
tion (ray A) by atom 2. Ray B, on the other hand, exits
atom 1 at an oblique angle, but is then focused into the
forward direction by atom 2. Thus, multiple scattering
defocuses the ray chosen in single-scattering theory (ray
2'), and instead, introduces a new ray into the forward
direction (ray B). Single-scattering theory also contains a

2 ,y.
r ~

,.r'~ , ~
'

Source

1.38

(b) E=1000 eY

4.35
B' 26.81

Source

2.75

FIG. 3. Classical trajectories for forward focusing of elec-
trons emitted from a point source by two atoms: (a) electron en-
ergy=317 eV and (b) electron energy=1000 eV. The number on
each ray is the classical count rate ~.
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Here, as shown in Fig. 3(b), the path picked by single
scattering (ray B'), which has rz ——26.81, is defocused to
ray 8 by scattering at atom 2. Two multiple-scattering
paths, rays A and C, focused electrons into the forward
direction, with combined ~q+c ——7.1. The classical count
rate, because it disregards interference between paths (e.g.,
A and C), can be viewed as the mean over energy of vari-
ations in the quantum-mechanical results. Classical
theory is also known to break down for Coulomb poten-
tials at very high energies.

A similar situation exists for the surface spectroscopy,
RHEED, where high-energy electrons are elastically scat-
tered by rows of surface atoms and are collected at small
forward-direction angles. The role of multiple scattering
can be illustrated by the classical analog of a parallel
beam of electrons scattering from a row of atoms aligned
along the beam direction. We show in Figs. 4(a) and 4(b)
the scattering of electrons at 1000 and 20000 eV, respec-
tively, by one and two atoms, at a scattering angle
8, =10'. At the lower energy (i.e., Ek=1000 eV), the
combined scattering cross section do/dQ (the number of
electrons scattered into dQ per second per unit incident
electron fiux) of two atoms is much less than the cross
section of one atom (1.98 A versus 7.0 A ). At the
higher energy (i.e., Ek ——20 000 eV), the multiple-
scattering path C [Fig. 4(b)] becomes dominant. The

{a) E =1000 eV ga =10'

0.86

0.73
8

(b) E=20000 eV Ha=10'

combined two-atom cross section is 4.14 times larger than
that of the single atom (2.11 versus 0.51). At either the
low or high energy, the multiple-scattering result is very
different from the single-scattering prediction: The latter
requires that the combined two-atom cross section be
twice that of one atom. Therefore, to evaluate RHEED
intensities due to scattering of electrons by a row of atoms
in the direction of, or at small angles from, the incident
beam, one must use a quantum-mechanical multiple-
forward-direction-scattering theory. Masud and Pen-
dry have developed a chain method to take care of multi-
ple scattering in RHEED along chains of atoms in direc-
tions close to the incident beam.

III. LARGE-ANGLE SCATTERING
SPECTROSCOPIES

We now turn to spectroscopies that collect electrons at
large scattering angles: e.g., angle-resolved EDPD
and angular-dependent photoelectron spectroscopy
(ADPD). ' Recently, a number of works have used
single-scattering theory to evaluate EDPD intensities at
medium energies (100—600 eV). '"' ' ' At such energies,
scattering amplitudes for angles larger than 25'—35' are
small3~ and need to be kept only to first order (i.e., single
scattering). Also, the forward-scattering cone gets smaller
as electron energy increases. However, while multiple
large-angle scatterings are small, a major error in single-
scattering theory is that it uses the wrong wave front in-
cident on atoms two or more neighbors away from the
emission site. For example, referring to Fig. 1, the elec-
tron distribution after passing through one layer of atoms
is the 2-ML curve, and not that of an unscattered wave.

We illustrate this situation in Fig. 5, where electrons
emitted from a point source are scattered classically by a
row of three atoms. The scattered electrons are collected
at an angle of 150. We calculate the differential count
rate drldQ which is defined as (see also the definition of
r above) the number of electrons scattered per second into
d Q divided by the number of electrons emitted by the
source into dQ per second, separately for atoms 1, 2, and
3 at 1000 eV (Fig. 5). The numbers indicate that at 1000
eV most electrons are scattered by atom 2. This is due to
focusing of electrons onto atom 2 by atom 1. Single-
scattering theory, on the other hand, would require each
atom to have the same scattering factor as that of atom 1.

E =1000 eV g=150'

0.72x10-' 1.30x10-' 0.26x10 '

0.19

8 0.12
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FIG. 4. Scattering by 10' of a parallel electron beam by one
and two atoms: (a) electron energy=1000 eV and (b) electron
energy=20000 eV. The number on each ray is the classical dif-
ferential cross section do. /d Q.

FIG. 5. Large-angle scattering at 8=150' of electrons emit-
ted from a point source by three atoms: electron energy=1000
eV. The number on each ray is the classical differential count
rate d~/dQ.
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With multiple scattering, it is shown that the relative
scatterings from the various atoms are very different and
that these are complex functions of energy and scattering
angle.

Thus, for spectroscopies that count electrons at large
scattering angles, single-scattering theory works if the
crystal structure is very open and atoms beyond the
nearest neighbors are not in the "cone of focusing" of the
nearer atoms. The size of the focusing cone depends on
the electron energy. To obtain accurate quantum-
mechanical results for cases where many atoms are "sha-
dowed, " one could use the first-order quasidynamical
method, ' which includes multiple scatterings in the
forward direction but keeps backscatterings only to first
order, or one could use the multiple-scattering chain
method of Masud and Pendry.

IV. CONCLUSION

In summary, we have demonstrated the importance of
multiple scattering in forward-direction and large-angle
scattering spectroscopies. The forward-direction-
enhanced peak in angle-resolved XPS or AES indicates
that the scattered wave has an amplitude that is compar-
able to that of the unscattered wave. This causes the
breakdown of the basic assumption of single-scattering
theory: that the scattered wave's amplitude is small com-

pared to that of the unscattered wave. Thus, one should
use single-scattering theory only with caution (if at all),
and depending on the scattering geometry and crystal
structure, be wary of bond lengths and bond angles deter-
mined by intensity analysis from single-scattering theory.
Even at medium or high energies, quantum-mechanical
multiple-scattering methods must be used to give quanti-
tatively reliable results.

Finally, our classical cross sections are not meant to be
directly comparable with measured intensities. The cutoff
Coulomb potential has a simple form and does not accu-
rately represent surface potentials of solids. The classical
cross section neglects interferences between rays. Howev-
er, the classical analog is useful in demonstrating in a sim-
ple and pictorial way the qualitative differences between
single- and multiple-scattering approaches. To make con-
tact with measured intensities, quantum-mechanical
multiple-forward-scattering methods must be used.
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