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Five approximate models for describing the scattering of spherical waves by central potentials are
explored. The point-scattering model introduced by Lee and Pendry [Phys. Rev. 8 11, 2795 (1975)]
allows a short-range potential to be close to the source; a new homogeneous-wave model lifts the re-
striction on the potential diameter, but requires asymptotic incident waves. The popular plane-wave
model requires both an infinitesimal-diameter potential and incident waves at their asymptotic limit.
For realistic potentials at near-neighbor separations, none of these models is adequate: Even a hy-
brid model combining features of the point-scattering and homogeneous-wave methods does not al-
low for amplitude variation across the potential. The fifth small-atom model is based on a Taylor-
series, magnetic-quanturnI-number expansion of the addition theorem for screened spherical waves.
This Taylor-series approximation has the homogeneous-wave model as its zeroth-order term and the
exact spherical-wave scattering process as its limit. Multiple-scattering equations for angle-resolved
photoemission extended fine structure (ARPEFS) are derived and the effectiveness of these approxi-
mations is compared. We demonstrate that while the plane-wave model is reasonably accurate for
near-180' backscattering, small-angle scattering requires the curved-wave-front corrections available
in the Taylor-series-expansion method.

I. INTRODUCTION

The theoretical description of electron scattering in
solids for intermediate energies from 100 to 1000 eV faces
a peculiar challenge: Simple physical models for the
scattering process are surprisingly accurate, while more
sophisticated calculations become intractable. The strik-
ing success of single-scattering, plane-wave models for the
qualitative description of angle-resolved photoemission ex-
tended fine structure (ARPEFS) (Ref. 1) and of extended
x-ray-absorption fine structure (EXAFS) (Ref. 2) has led
to satisfactory empirical analysis of these measurements,
but multiple-scattering, spherical-wave calculations are
too complex for routine quantitative analysis cases where
the simple model fails.

The two crucial theoretical issues —spherical- versus
plane-wave scattering and multiple versus single
scattering —are entwined. First, we must decide if the
curvature of the wave emanating from one ion core will
influence the scattering of that wave by an adjacent poten-
tial. If we may neglect the curvature, then the scattering
of electrons in a solid reduces to a series of plane-wave
calculations, connected only through the wave phase and
incident direction. If, on the other hand, the curvature is
important, more sophisticated calculations are required.
For single scattering of l=1 photoelectrons we have pre-
viously derived the required equations. Unfortunately
the outgoing scattered wave from the first scattering event
will always contain much higher-angular-momentum par-
tial waves, requiring more sophisticated equations and
leading to larger corrections. Thus if double scattering is
important, we certainly would expect the wave curvature
to be important.

This leads us to the second central issue in electron

scattering: the role of multiple scattering. The various
experimental processes address different aspects of this is-
sue. The results of low-energy electron diffraction
(LEED) calculations are clear: Multiple scattering is im-
portant. Theoretical work with photoelectron scattering
and more recent work on x-ray absorption edges have uti-
lized the relative simplicity of the photoelectron scattering
process to show that at intermediate energies only forward
scattering leads to multiple-scattering events at a level
that cannot be neglected. Finally in EXAFS the pho-
toelectron returns to the absorbing atom: In the process a
large number of high-angular-momentum waves are back-
scattered to the absorber. Thus our previous conclusion
that double scattering would require curved-wave calcula-
tions is contradicted by evidence ' that a plane-wave
model contains the essential character of the EXAFS
phenomenon; we might be further tempted to extrapolate
the empirical evidence and ignore wave-front curvature
for all scattering at high energy. Any correct theoretical
procedure must be compatible with all of these observa-
tions.

In the preceding paper, we explored the wave-front
curvature question for single scattering of l = 1 pho-
toelectrons. Two important conclusions from that work
are (i) curved-wave corrections are much smaller for back-
scattering than they are for forward scattering, and (ii)
only the backscattering corrections get smaller at high en-

ergy; the forward scattering corrections do not fall asymp-
totically with large k. Because the studies cited above al-
ready demonstrate the importance of forward scattering,
and because the once-scattered wave will contain angular
momenta much greater than l=1, we are led to investi-
gate curved wave-front corrections to multiple scattering
in the intermediate-energy range.
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This would seem to be a rather straightforward project.
We have after all an impressive foundation in the low-

energy region from LEED theory, photoelectron diffrac-
tion, ' and, more recently, near-edge x-ray absorption. "
Indeed, Tong and co-workers have extended their pho-
toelectron diffraction calculations into the intermediate-
energy range, ' and their results have provided indications
of the importance of multiple scattering. These calcula-
tions are not, however, simple extensions of the plane-
wave model; they are full curved-wave treatments and
consequently —for a reason we now discuss —much more
expensive than low-energy multiple-scattering calcula-
tions.

The origin of the difficulty in applying multiple-
scattering curved-wave calculations at intermediate ener-
gies is that the maximum angular momentum in a scat-
tered wave leaving a scattering atom increases with elec-
tron wave number. The maximum angular momentum,l,„, scattering from a potential may be related to its
range, ra, by 12

kr0 [l,„(l——,„+1)]'~ =l,„.
As the energy —and hence the number of important scat-
tered waves —increases, the number of numerical opera-
tions also increases. For plane-wave models this increase
is manageable because each scattering event depends only
linearly on l „.On the other hand, the time required for
exact curved-wave calculations are proportional to at least
( l,„), prohibiting even exploratory multiple-scattering
calculations to be attempted. [Also note that approximate
curved-wave calculations based on a small, fixed
maximum-angular-momentum will be incorrect above
some energy given by Eq. (1)].

Simply from the success of plane-wave models of elec-
tron scattering we may conclude that another physical ap-
proximation must exist that would allow accurate intro-
duction of curved-wave corrections with more modest ef-
fort than the exact theory requires. In this paper we seek
such an approximation by examining five approximate
models for the scattering of spherical waves from central
potentials:

(i) point scattering;
(ii) homogeneous-wave scattering;
(iii) plane-wave;
(iv) renormalized homogeneous wave;
(v) Taylor-series, magnetic-quantum-number expansion.

The first four models were initially motivated by existing
angular momentum expansions known as addition
theorems. We discuss the approximations necessary for
each model and outline the physical problems to which
they apply. The fifth small-atom approximation is based
on a new angular momentum series expansion it con-
tains important curved-wave corrections not included in
any of the first four models and it provides for orderly
development of higher-order corrections.

In Sec. II we discuss electron scattering of spherical
waves by the partial-wave method and exact scattering of
spherical waves in the 100—1000-eV range. Physically
motivated small-atom approximations to the spherical-

wave formula are reviewed in Sec. III, and we examine
some of the contributions to the success of the plane-wave
model. The remaining sections concern the fifth, more
general small-atom model. Section IV applies the
Taylor-series expansion for the spherical-wave scattering
to (ls) initial-state photoelectron scattering. Section V
discusses spherical-wave scattering factors which govern
the convergence of the Taylor series, and Sec. VI illus-
trates the convergence for a single example and describes
an intuitive picture of the Taylor-series terms. We con-
clude in Sec. VII with some remarks on further applica-
tions.

II. SPHERICAL-WAVE SCATTERING
AND NOZAWA'S GAUNT-INTEGRAL SUMMATION

To provide the background for our development of ap-
proximate electron scattering formulas, we will set up the
electron scattering problem, review Nozawa s origin-shift
addition theorem' for spherical waves, and discuss the
difficulty with this approach.

Our scattering system consists of a point source of elec-
trons and a lattice of nonoverlapping central potentials
(the muffin-tin model ). This model approximates a
number of physical problems. If the lattice represents a
surface system and the point source is a screened pho-
toemitter, then we have a photoelectron diffraction or
angle-resolved photoemission extended fine structure
model. If the lattice is a bulk material or surface system,
the point source is again a screened photoemitter, and we
calculate an integrated photoabsorption cross section,
then we have an extended x-ray-absorption fine structure
(EXAFS) model. If the lattice is a surface, but the point
source is a once-scattered electron from an incoming
plane wave, we have part of a model for multiple-
scattering, low-energy electron diffraction (a sum over all
scattering potentials excited by the plane wave is required
to complete the LEED problem). For numerical calcula-
tion and physical discussion, the photoelectron diffraction
(ARPEFS) case is the simplest problem because the scat-
tered wave is directly detected. We shall concentrate on
this problem.

If we consider a model which consists of nonoverlap-
ping potentials, we may calculate the multiple scattering
by combining a general description for a spherical-wave
scattering from a potential with a prescription for
enumerating all significant scattering paths. Because we
wish to describe photoelectron diffraction in the
intermediate-energy range (ARPEFS), we will concentrate
on the scattering of photoelectrons originating from a (ls)
level of an atom in an ordered and oriented system. We
will also choose our examples to correspond to a recent
ARPEFS experiment' on the c (2 X2)S/Ni(001) system.

When the angle-resolved cross section for S(ls) photo-
emission is measured in such a system, the intensity oscil-
lates with energy demonstrating interference among chan-
nels describing the possible paths to the detector. ' Most
of the interference occurs between waves describing direct
and single-scattered photoemission, but forward scattering
of the single-scattered electrons must also be included to
predict the interference amplitude correctly. ' A more
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complete discussion of the physics of photoelectron dif-
fraction can be obtained elsewhere. ' ' For the purposes
of this paper we note the following:

With these ideas in mind, we may write the important
part of the outgoing wave function as an I= 1 spherical
wave

$0(r) =ih ~(kr) Y&0(1) . (2)

We refer to this wave function as the "direct" wave.
We will use the scattering geometry depicted in Fig. 1.

%'e use r as a general position vector, and k as the propa-
gation vector of the electron, with k giving the electron
wave number. We define the scattering potential positions
by a, b, c, . . . for the first, second, third, etc. scattering
events. These latter vectors connect atoms: they are
"bond" vectors, not position vectors. The vector R is the
position of the angle-resolving detector. Our convention
and notation for spherical harmonics, Yl, are given in
Appendix A of Ref. 13. For brevity we use the notation
Y~~ (r), where r =r/r. The functions ji(kr ) and
hi(kr) =hI"'(kr) are spherical Bessel functions as defined
by, for example, Pendry, Appendix A.

. Our discussion of the small-atom approximations will
consider the single and double scattering of 1= 1 pho-
toelectron waves. A single-scattering event will have an
incident 1= 1 wave [Eq. (2)], but the second event in dou-

(i) Dipole selection rules predict that a single p-type
(I=1) continuum orbital is populated through photoab-
sorption by a (1s) initial orbital;

(ii) by selecting the z axis of our coordinate system
parallel to the electric vector of a polarized photon beam,
the photoelectron angular distribution can be written as
proportional to Y&0(r) =(3/4')'~ cosO;

(iii) in most materials, the photon can be considered ful-
ly screened on the absorbing atom; and

(iv) both the photoabsorbing atom's phase shift of the
continuum wave and the total atomic cross section appear
equally in all terms describing the final amplitude and
thus do not affect the oscillations. Thus the oscillations
may be isolated by normalization to form a function
X(k) =I(k)/Io(k) —1 as in EXAFS, but g(k) contains no
source-atom phase shift, in contrast to EXAFS.

ble scattering will include all angular momenta charac-
teristic of the multiple-scattering problem. Thus higher-
order scattering can be built up by repeating the steps in
the second part of our double-scattering equations.

To better understand the small-atom models, we will
first briefly review the potential scattering of plane and
spherical waves. If a plane wave is incident upon the po-
tential, the expansion in an angular momentum series is
well known:

m
e' '=e' ' g g 4~~' ji-(kb)Y, - (b)YP

l"=0m"= —l

(3)

where k=ka and r=a+b. The partial-wave method'
instructs us to expect an outgoing spherical wave,
i'h~(kr)Y~ (kr), proportional to each regular spherical
wave incident on the potential; the complex proportionali-
ty factor, Tl, is derived from the partial-wave phase
shifts, 5I(k), and has both a scattering amplitude and
wave phase shift:

T~(k)=i( isn5 )Ie
'= —,(e ' —1) .

Thus the scattered wave becomes

g,(b)=e' ' g 4~i' hE-(kb)YI ~ (b)T~-(k)Y~*-~ (a)

(plane wave) . (5)

(We will subscript a scattered wave by its origin; for a
wave at the detector we replace b by R. )

If a spherical wave from a source at the origin is in-
cident on the potential centered at a, the expansion in
spherical harmonics has been derived by Nozawa. ' If the
spherical wave emanates from the origin, we may expand
it around a as

~ hl(kr) Ylm(r) = g G!ml m~ jl"(kb) YI"m (b)""

l'
GI~/-~ = y 4~~'&/(«)YI"~ (a)

l', m'

A A A
X f Yi~(k)Yi~(k)Yi'~ (k)dk,

where r=a+b. In the mathematical literature, this type
of formula is called an addition theorem; we will refer to
this equation as Nozawa s origin-shift addition theorem.
With this result we can calculate the scattered wave as

illf,(b) = g Tp (k)GI~(-~-i h(-(kb) Yi-~ (b),

FIG. 1. Definition of the vectors used in our scattering equa-
tions. The electric vector is represented by c. We place the ori-
gin at the photoemitter, the detector lies along R. Vectors a, b,
etc. run from one scattering atom to the next.

where Gl l- - is given above.
To understand and use this formula we must compute

the integral of three spherical harmonics, called the Gaunt
integral. ' This integral can be related to the 3j vector ad-
dition (Clebsch-Gordan) symbols' and Gaunt has derived
an analytic formula to calculate its value. The integral is
nonzero only when

m"=m+m',
~

l"—l
~

~l'&l" +I, l'+l" +l =even.
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Pendry gave a computer program to implement Gaunt's
formula. Typically a table of these Gaunt integrals is
consulted in actual calculations.

The complexity of the formula for spherical-wave
scattering is self-evident. In computer calculations we
must recognize that the number of transformation coeffi-
cients G~~r ~ is proportional to (l,„+1) and each coef-
ficient requires the summation of -l,„complex num-
bers times the Gaunt integral. Since I „is roughly pro-
portional to k, multiple scattering calculations already
difficult at k=3 A become prohibitively expensive at
k= 12 A . Even this presumes that the Gaunt integrals
are calculated once and stored; for calculations to 600 eV
( l,„=19), —10 integrals are required. .For these reasons
we must approximate the scattering calculations.

III. PHYSICALLY MOTIVATED SMALL-ATOM
APPROXIMATIONS

0~ ~

Plane
(a)

Point
(b)

Homoi.
(e)

Faced with the intractable spherical-wave equations we
are led to consider approximate forms. In this section we
will examine four approximations, which we will refer to
as point scattering, homogeneous-wave scattering, plane-
wave scattering, and the hybrid, renormalized
homogeneous-wave method. In the point-scattering
model, the incident spherical wave is treated exactly, but
the potential is taken to have an infinitesimal diameter.
This model was introduced by Lee and Pendry as a
small-atom approximation for EXAFS. The
homogeneous-wave model allows the potential to have a
physical diameter but every incident wave is assumed to
have reached its asymptotic limit, exp(ikr)iikr The.
plane-wave model is the common limit of both the point-
scattering and homogeneous-wave models; it assumes an
infinitesimal potential and incident waves at their asymp-
totic limit. The renormalized homogeneous-wave model
combines the mechanics of the point-scattering and
homogeneous-wave methods. Figure 2 compares these ap-
proximations graphically for an I=—7 spherical wave. We
begin by deriving formulas for the scattered waves in each
approximation.

A. Point-scattering model

Hybrid

(d)

1 8 3 4 5
Radial Distance (A)

FIG. 2. Schematic illustration of four small-atom approxi-
mations described in Sec. III, plotted along the scattering vector
a. Every panel contains, as the dotted curve, a graph of the
imaginary part of the spherica1 Hankel function for /=7, k=8
o

A . The abscissa gives the distance from the wave-function
origin in A. Each panel also contains an arrow centered at 2.23
A, the S—Ni bond length for c(2/2)S/Ni(100), to indicate the
extent of a Ni atom potential of effective radius 0.8 A. (a)
Plane-wave model, functional dependence agrees with spherical
wave but has errors in phase and amplitude. (b) Point-scattering

0

model, phase and amplitude correct at r=2.23 A, errors in both
at the edges of Ni potential. (c) Homogeneous-wave model,
correct in (1/kr) dependence of amplitude, errors in phase, some
small errors in amplitude at edge of Ni potential. (d) Hybrid, re-
normalized homogeneous-wave method, substantial]y correct
over the range of the potential, some error at the small r edge of
the Ni atom.

i hI(kr)Y~~(r) =i hI(ka)Y~~(a)e'" " (9)

For a potential of finite diameter, the point-scattering ap-
proximate wave will agree with the actual incident wave

The motivation for the point-scattering model is a prac-
tical one: the origin-shift addition theorem for plane
waves, Eq. (3) is much simpler than the corresponding
formula for spherical waves, Eq. (6). To repeat the physi-
cal approach of Lee and Pendry, we imagine the outgoing
spherical wave meeting a potential with a sufficiently
small diameter so that we may ignore the curvature of
wave fronts across the potential and the change in wave
amplitude and phase along the propagation direction in
the region of the potential. In other words, we represent
an incident spherical wave, i hI(kr) Yg (r), over the infini-
tesimal point potential by a plane wave with the ampli-
tude and phase of the spherical wave

only at the point a. As illustrated in Fig 2(b), th.is align-
ment and the common asymptotic frequency of the exact
and approximate waves leads to good agreement between
these waves except near the edges of the potential.

We may expand the plane wave with Eq. (3) and use the
partial-wave prescription to derive the scattered wave as

g, (b) =ih, (ka) Y)p(a) g 4rrT(, (k) Y(* (a)
I', m'

X~' hr(kb) Y( (b)

for an incident I= 1 photoelectron wave [Eq. (2)]. The
same procedure may be applied to the wave emanating
from a and scattering from a point potential at b into the
direction of c to give a double-scattered wave:
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g, b(c) =ih! (ka) Y!o(a)

&& g 4mT!, (k)Y!*m (a)i'h! (kb)Y! ~ (b)
l', m'

&& g 4mT! ~
.b(k) Yt- (b)

l",m"

&&i' hp (kc) YI -(c) .

It is useful to separate the spherical Hankel function into
asymptotic and polynomial parts:

skr

i'h!(kr) = d!(kr); (12)
ikr

B. Homogeneous-wave model

The motivation and formulation of the homogeneous-
wave scattering model is similar to the point-scattering
method. The idea is to approximate the incident wave
over the region of a finite-range potential. If we notice'
that a spherical wave reaches to within 10% of its asymp-
totic amplitude when kr & 2l, and that the angular distri-
bution of a spherical wave is nearly constant whenever it
has a large amplitude, or conversely the angular distribu-
tion changes most rapidly near nodes where the amplitude
is small, then we are led to approximate the spherical
wave by its asymptotic limit, the isotropic spherical wave,
ho(kr):

where d!(kr) is given by a series: i'h!(kr)Yt~(r)=ho(kr)Y!~(a) . (22)

('+p)'
o p!(l —p)! 2kr

or, for practical calculations, by a recursion formula:

!+1(kr) d!—1(kr) . dt(k! )
2l+1

ikr

(14)

f,b
"'= g (2l + 1)Tt, (k)d!(kb)P!(«s&»),

ik
(15)

which together with the addition theorem for spherical
harmonics,

l
4m g Y!~(a)Y!~(b)=(2l + 1)Pt(cos8»), (16)

allows us to write

In the limit that 2kr » l(l+ I), d!(kr)=1.0. We further
define a scattering factor

Since ho(kr) =exp(ikr) /ikr, the homogeneous-wave model
explicitly incorporates the radial decay characteristic of
spherical waves but allows no other variation in wave am-
plitude over the potential. In particular, the model ig-
nores the amplitude variation of Y! (r) laterally across
the potential, the origin of our term "homogeneous-wave"
model. Thus the radial form of the incident wave is rath-
er accurately approximated as shown in Fig. 2(c), but the
waves are not in phase at the center of the potential. Al-
though not shown by the radial plots in Fig. 2, the
homogeneous-wave model also incorporates the basic cur-
vature characteristic of spherical waves. Thus the phase
match between the homogeneous wave and the exact in-
cident wave will appear as in Fig. 2(c) for any radial cut
through the wave source, but the match between the
point-scattering wave and the exact wave will be worse
than Fig. 2(b) for any cut which does not pass through a.

The isotropic spherical wave has a simple origin-shift
addition theorem similar to that of a plane wave:

ho(kr)= g(2l" +1)i' j! (kb)i ht-(ka)P! (cosO»), (23)

P, (b)=dt(ka) Yio(a) f,"b'"" .a ' ikb
and we may parallel the development of the point-
scattering equations with a different scattering factor

!!jab«)=d!(ka) Ylo(a) f~b'"' fV"'
a '

b ikc

For a detector at a position
~

R
~

&&l,„/k the last
point-scattering factor will converge to the plane-wave
scattering factor of atomic physics:

f,'b ——. Q(2i"+1)Tp,,(k)d! («)P! (co».b), (24)ik

and arrive at the scattered-wave amplitude at the detector
in the homogeneous-wave approximation

eika eik ~

R—a
~

P.«)= Yio(» f'R (25)
a ' ikR

(19) andfm~b'"' ——. Q(2l+1)Tt, (k)P((cosO»)
ik

and the single-scattered waves calculated 'at the detector
will be

e'~ eik I
R—a

P, (R)=d((ka) Y)o(a) f~R"'
a ikR

and the double-scattered waves are

eika ikb ik
~

R—a —b
I

0.b«)= Yio(» f b b fbRa ' b ikR
(26)

(The superscript 00 is retained to parallel the notation of
Ref. 4.) McDonnell et al. arrived at similar equations by
an entirely different route in their original paper on
Auger-electron scattering. '

ikR

ika ikb ik ~R—a—b~

4.b«)=d((ka»(o(a) fsb'"' fN"'
a '

b

(21)

C. Plane-wave znodel

Both the point-scattering and homogeneous-wave
models approach a plane-wave model for large scattering
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distances
~

a ~, but the distance at which these models
reach the plane-wave limit depends on different parame-
ters. In the point-scattering model, the phase and ampli-
tude differences between the spherical wave and a plane
wave at the scattering point disappear as the dl(ka) ap-
proach 1.0. This requires 2ka » I;„(i;„+1)where i;„ is
the incident-wave angular momentum. For homoge-
neous-wave scattering we must move the potential far
enough away to ignore the variation in 1/kr across the
potential in the direction of propagation; this requires
2ka » l,„,(l,„,+ 1) where l,„, is the outgoing-wave angu-
lar momentum. (Note that these limiting criteria only
specify the reduction of small-atom approximations to the
plane-wave limit; they are necessary but not sufficient
conditions for plane-wave accuracy compared to the exact
curved-wave results. ) In the limit of either model the
scattered waves at the detector become

and

ika ik ~R —a~(")= (.)' f'"""
kRa ' ikR

(27)

ika ikb ik ~R —a —b~

f.b«)=I'io(» f5'"'
h

fL'"'
a ' b i' (28)

It is this plane-wave form of the scattering equations that
leads to the simple single-scattering formulas for EXAFS
(Ref. 8) and ARPEFS (Ref. 15).

Neither the point-scattering nor homogeneous-wave
models have persuasive advantages over the plane-wave
limit in general scattering problems. Point scattering
models the incident wave well at one point, without re-
gard for the size of the potential. For point scattering to
apply, we must be able to ignore the variation in 1/kr
across the potential; from the homogeneous-wave equa-
tions we can see this requires

2ka » i „,(l,„,+ 1) . (29)

Whenever this requirement is fulfilled, we have
2ka » I;„(l;„+1) for all l;„&l,„, and the plane-wave lim-
it will be reached by the incident wave. In other words,
only if we scatter high-angular-momentum waves off a
short-range potential where l;„»l,„, will point scattering
significantly improve on the plane-wave model. Roughly
the converse is true for the homogeneous-wave formulas.
The homogeneous-wave method considers the size of the
potential, but approximates the incident wave. To ignore
the difference in phase between the incident spherical
wave and the isotropic homogeneous wave, ho(kr), we
must have l;„(l;„+1) «2ka. Whenever this requirement
is fulfilled, we may ignore wave-front curvature for all
l,„,&l;„. Thus the homogeneous-wave model will only
improve on the plane-wave model for scattering low-
angular-momentum waves from potentials with large ef-
fective radii, potentials which give rise to high-angular-
momentum waves.

Despite these restrictions there are important problems
to which these approximations apply. For the EXAFS
single-scattering geometry, a complete range of angular
momentum waves are backscattered to the central atom,
but only low angular momenta can couple through the di-
pole matrix element to the initial state; waves striking the

central atom have l;„»l,„,. For the ARPEFS single-
scattering problem, dipole excitation gives only low-
angular-momentum waves for scattering and, since the
high-angular-momentum waves only appear asymptotical-
ly, we have some cases of lo„, &l;„. On the whole we
might rank the homogeneous-wave model ahead of the
point-scattering or plane-wave models' more general
scattering problems: low-angular-momentum partial
waves carry much more weight when the scattered wave is
constructed. We will also show in Sec. IV that the
homogeneous-wave model is the zeroth-order Taylor-
series term.

Our distinction between incident and outgoing angular
mom enta highlights the distinction "omm only
overlooked —between the asymptotic limit of spherical
Hankel functions and the plane-wave limit of spherical
waves. The asymptotic limit of i h~(kr) is ho(kr')
=exp(ikr)/ikr, and we may invoke this limit whenever
2kr » l(l + 1). Even if the asymptotic limit is justified,
the plane-wave limit may still fail to apply: The variation
in 1/kr across the potential may be significant if the po-
tential has a large diameter. Conversely, the variation in
I/kr may be neglected for a small-diameter potential, but,
if the incident angular momentum is high, we are not in
the asymptotic limit of the spherical Hankel function.
The plane-wave limit incorporates two approximations:
the asymptotic limit and a negligible diameter potential.

D. Hybrid model

Our contention that the point-scattering and
homogeneous-wave models have nearly opposite ranges of
use would suggest a hybrid "renormalized" homoge-
neous-wave method in which the phase and amplitude of
the incident spherical wave is attached to the isotropic
wave before scattering. Thus over the region of the poten-
tial we would represent the incident wave by

i'h](«) I'/~(r) =d/(«)&/~(a)ho(«)

This approximation would agree with the incident wave in
radial form (I/kr decay) and in phase and amplitude at a
as shown in Fig. 2(d), and the phase agreement would ex-
tend to all points with

~

r
~

=
~

a
~

. While such a small-
atom approximation would give good results for the
EXAFS and ARPEFS single-scattering cases, we have
no guarantee of success in multiple-scattering problems:
The criteria for the application of the small-atom models
we have examined thus far are necessary but not sufficient
conditions for accuracy. The most serious limitation
shared by these small-atom approximations lies in direc-
tions not graphed in Fig. 2: None of the models described
so far account for variation in wave amplitude across the
potential due to the angular dependence of the spherical
wave.

Rather than explore further the range of validity for
these small-atom approximations, we turn instead to the
development of a new fifth approximation which allows
steady improvement toward the exact curved-wave result.
The development of this Taylor-series, small-atom ap-
proximation will comprise the following section; as a
prelude we close this section with two topics related to the
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plane-wave model. The first is simply the mathematical
reduction of the exact origin-shift addition theorem, Eq.
(6), to the plane-wave limit; the required approximation
bears upon our discussion above. Second, we attempt to
understand. the formally disconcerting, but empirically
well-founded, success of the plane-wave model, by listing
several contributions to its usefulness.

E. Formal and practical plane-wave limits

ika

Gi (- «(ka)-4~ . Y) (a) Y)* -(a) .
ika

(30)

We may arrive at the plane-wave limit by replacing the
spherical Hankel functions in Nozawa s origin-shift addi-
tion theorem by their asymptotic forms. We may then
move the intermediate sum in Eq. (6) inside the Gaunt in-
tegral and, using the closure sum for spherical harmonics,
perform the angle integration to conclude that

0 0

~7T
FIG. 3. Schematic semiclassical orbits for an attractive po-

tential. If the circle represents the effective radius of a screened
nuclear charge, then particles with large impact parameters will
sample only the weak outer region of the potential and scatter
through small (forward) angles. Particles with small impact pa-
rameters orbit the strong nuclear attraction and exit at large
(backscattering) angles. The connection to wave scattering is
made through b =l/k where b is the impact parameter: large l
partial waves contribute to forward scattering and small l waves
dominate for backscattering.

The addition theorem for spherical harmonics [Eq. (16)]
and the partial-wave method then gives Eq. (27).

We may give the criterion for applying this approxima-
tion to Nozawa s origin-shift addition theorem as
l'(l'+ I) «2ka where l' is the angular momentum of the
intermediate sum in Eq. (6). The maximum intermediate
angular momentum is restricted by the nonzero Gaunt in-
tegrals, Eq. (8) to be l'=l" +l or I'=l;„+I,„, using our
notation' from above. This sufficient condition for the
plane-wave limit is much more restrictive than either of
the conditions for the small-atom approximations and
would indicate that plane-wave formulas would be ade-
quate only for low-angular-momenta scattering from
very-shor't-range potentials. We turn then to list some
contribution to the success of the plane-wave limit when
2ka is not much greater than (I;„+l,„,) .

Let us now try to understand the success of the plane-
wave method despite the evident theoretical problem.
There are five important contributions:

(i) The phase difference between the scattered wave and
the unscattered wave is dominated by their different ori-
gins. Thus if we measure the phase difference between a
backscattered wave and an unscattered wave, the phase
calculated in the plane-wave approximation need only be
the same magnitude as that given by the spherical-wave
formula. 2

(ii) Spherical Hankel functions reach' to within 10%
of their large kr limit when kr -2l, .

(iii) At large k, the large number of contributing partial
waves reduces the fractional error made in approximate
treatment of the highest l waves. In other words, the low
l waves have reached their asymptotic limit and the high l
waves become outnumbered.

(iv) It has been discovered empirically from EXAFS
analysis that the phase difference in the plane-wave limit
for backscattering may be reliably corrected by slight
shifts in the scattering energy. While discomforting

from a theoretical viewpoint, the scattering energy is not
measured in the x-ray absorption experiment anyway.

(v) Finally, as discussed in Ref. 4, curved-wave correc-
tions are much smaller for backscattering due to cancella-
tion of successive partial waves, or equivalently, as illus-
trated in Fig. 3, a smaller region of the potential contri-
butes to backscattering.

Taken together, these ideas begin to explain the sub-
stantial success of the plane-wave model. To make fur-
ther progress in understanding the electron scattering or
to enable efficient, accurate numerical calculation, espe-
cially for forward scattering directions, we must seek
some approximation between the plane- and full
spherical-wave formulas.

IV. TAYLOR-SERIES,
MAGNETIC-QUANTUM-NUMBER EXPANSION

(TS-MQNE) APPROXIMATION

To derive an approximate method beyond those dis-
cussed in the preceding section we return to the exact
Gaunt-integral summation formula, Eq. (6), and ask how
the known characteristics of the scattering problem might
be used to eliminate physically unnecessary aspects of the
mathematically exact origin-shift addition theorem. Any
approximation scheme must recognize that we require an
expansion with a particular form: It must be an angular
momentum expansion about the potential center. Our
solution is to expand the Fourier transform of the spheri-
cal wave in a Taylor series about the direction of the
origin-shift vector, a, translate the individual terms of the
expansion, and obtain an angular momentum series when
each term is subjected to the inverse Fourier transform.
The result is a finite series capable of performing every
duty of an origin-shift addition theorem, and so we have
reported its development separately. ' The formula is

1 1 —/q/ oo

i' ((hrk) Yz~(r)= g NiqRq~(0, 8„,~—P„„) g C~q g 4qri' j) (kb)Y( q(b)N( qho(ka)H)„(ka) (31)
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where N~q is a normalizing coefficient for spherical harmonics, Rq~ is a rotation matrix element, '
Czq contains factori-

als from the expansion of I.egendre polynomials, and HP(ka) may be expressed as an integral or various series. The pre-
cise definition of the factors is given in Ref. 13. This reference also describes an alternative view of the expansion in
which the variable q is a magnetic quantum number in a coordinate system rotated to align the scattering and quantiza-
tion axes. We will explore this magnetic-quantum-number expansion (MQNE) viewpoint in Sec. V, but we will use the
acronym now to refer to Eq. (31).

To calculate the wave field due to scattering of the direct wave, Eq. (2), from a potential at a point a, we first expand
the direct wave about a using Eq. (31). For I= 1, a first-order Taylor expansion is exact:

ih ~(kr) Ylp(r) =NIR pp'(0, 8, m —.p„)g 4mi Jl(kb) Ylo(b)Nlo(H! +HI

+NiiRIo (0 8 n 0,—) +4@iJ'r(kb)YI~(b)NI ~HI
'

1

+N, ,R"', (0,8„,rr P„„)—g 4~i j', (kb) Y, , (b)NI
I

(32)

4~
2l+1

R'"p(u, P, ) ) = Yi* (ft, a) . (33)

The rotation matrix elements are particularly simple when
one of the subscripts is zero

1/2

I

scattering equations, it is convenient to define a new
scattering factor

max

Fzq (ka, b) = g (2l + 1)T&(k)Hj' (ka)PI (cos8ab)
Ek

Note all the magnetic sublevels here refer to the s axis
(see Ref. 13, Appendix 8). For l= 1,

1/2
(I+

I q I
)'

' (36)

N, pR p'p'(0, 8, m. —P„„)= cosO~a (34)

3
4m.

so that the single-scattered wave may be written

ika(1 —cos8 I)
g,(R)=

(1) 1N11R 10 (0~8aa~ ~ 'Pxaa) =
1, —1 —1,0 i aai~ (t'xaa)

1/2
1 3

2 4m
sinO„. (35)

To calculate the scattered wave emanating from the po-
tential at center a, we replace ij'~(kb) by TI(k)i'hi(kb) in
the origin-shift formula. This single-scattered wave can
then propagate to our detector or scatter again. We first
consider the single-scattered wave at our detector.

For a detector at a position
~

R
~

&& a, the outgoing,
scattered partial waves have all reached their asymptotic
limit. As will be more apparent for the multiple-

l

X I cos8„[Fop(ka, R) +F&p(ka, R)j

+(sin8 )(cosP R)Fp~(ka, R)I . (37)

Reference 4 presents this same result in a different nota-
tion; Appendix A provides the connection.

Let us now return to the single-scattered wave field
near center a and tackle the multiple-scattering case. The
(exact) Taylor-series origin shift, Eq. (32), and the
partial-wave phase shifts give the single-scattered wave in
the near-field region as

(38)
ika 1 1 —Iql I

i/a(b) = g N(qRqp'(0, 8aa, vr —$xaa) g Cp'q g [4mTta(k)HP(ka)Ni. qi hI(kb) YIq(b)]

The dependence on b in each term of this expansion is that of a spherical wave, i h~(kb)YIq(b), and as this wave en-
counters another potential at position b, we can apply the MQNE formula and partial-wave phase shifts again to calcu-
late the double-scattered wave. If we call g,'$(R) the wave generated when the ( i, q) spherical wave from a scatters from
b and is detected at R, then we have

1

Jag(R) = g N(q Rq q(0&8ab, n —Paab)
q'= —E

p'=0

ikb eik l
R—a —b

l iq'q b~ e e
ik ~R —a —b~

max

X . g (21'+ 1)TI b(k)Ht' (kb)PI' (cos8bR)
~k I'= lq'l

I'+ q' !
(39)
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We have separated the partial waves which reach the detector into azimuthal, polar, and radial components so that we
may recognize the factor within large parens as Fz q

defined above. Summing over all of the ( l, q) partial waves gives the
complete double-scattered wave at the detector as

T

kb sk lR —a —b

q= —1

x y '

C,', y g [e"~" F", (kb, R)]
q'= —7 P'=0,

max

X g [T),(k)HP(ka)4~N(qN)q
1= fq'

f

XRq q(0, 8», vr P,,h)C~ —
q ] . . (40)

R(!)(& p Z) e iaq &(!)—(p)e
—(rq

For our Euler angles we get

(41)

Rq q(0, 8», 7r —P«~) =( —1) e "
rq q(8») . (42)

Edmonds gives a formula for rq q( —8»): His rotation
is the inverse of Messiah's. A symmetry in the rotation
matrix allows his formula to be ued by switching indices:

We have reordered the sums on l, p', and q' to isolate the
factor within large parentheses. In that process we intro-
duced the Taylor-series order, ~, as the limit for the sums
on q' and p'. The factor M given by the product of
(1/ik) and the sum on l in Eq. (40) gives the amplitude
for waves of order pq to scatter off the potential at a and
give waves of order p'q' in the direction of b. Our next
step is to define most of ~ as a Taylor-series spherical-
wave scattering factor, FpPqq, where Fzq defined above is a
special case.

To this end we break up the rotation matrix into polar
and azimuthal parts as given by Messiah

q'q(8») = (l +q)!(l —q)!
(l +q')!(l —q')!

1/2

Xcos +q (8»/2) sin (8»/2)

XP!'q qq 'q+q '(cosB,h), (43)

rq'q(8») =( —1)' q &qq'(8») (44)

to avoid negative quantum numbers in the Jacobi polyno-
mial; similarly, if q+q'&0, we use

rqq(B»)=( —1) r' 'q
q (8») (45)

for the same purpose.
Removing the azimuthal dependence from the factor ~

in Eq. (40) leads to our scattering factor,

where P!' '~'(cosB) is the Jacobi polynomial. If q'&q, we
use'

m3, x1

Fp~qq (ka, b) =
Ek

g

(2l + 1)T(,(k)HP(ka) C~ q(l+q .!"
X[cos(8, /2)]lq+q I[sin(8, /2)]lq q IP,

I

' (cosB, ) (46)

We have substituted the value of N)qN)q and denoted by
~ q ~ & (

~ q ~ &) the greater (lesser) of
~ q ~

and
~

q' ~. We may
similarly define the overlap of the direct wave with angular momenta eigenfunctions in the direction of a by

P~()(a, e) =N(qR'lq 0(0,8„,m P„,)C~q . — (47)

We also incorporate the signs from N)q, N)q, the factor of exp(iqn), and the symmetry relations for the rotation matrices
into

1)q! I q —q' +
I q I

—
I
q'I (4&)

as shown in Appendix B.
The single-scattered wave at the detector then becomes
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eik elk I
R—a

g, (R)=
ikR

ql ~

F~~q(ka, R)e "P~~((a, a) .
q= —1 p=O

(49)

The double-scattered wave is

ika ikb ik
~

R—a —b~ ~ ~—
~Iq

g&b(R) = g g Fz'q'(kb R)Sq'e g [Fgqq (ka b)Sqq e P~&((a a)] (50)

and the triple-scattered wave may be written by inspec-
tion. These expressions constitute our fifth small-atom
approximation for the multiple scattering of photoelec-
trons.

V. TAYLOR-SERIES SCATTERING FACTORS

Convergence of the approximate curved-wave scattering
formulas derived in the preceding section requires the
scattering factors Fgqq(ka, b) to decrease rapidly as the
Taylor indices p, q,p', q' increase. We devote this section
to a discussion of these factors.

The success of plane-wave scattering models does not
follow from simple convergence arguments, leading us to
suspect any purely formal criteria for the Taylor-series
approach. Rather than pursue a general account of the
convergence we will discuss some of the properties of the
scattering factors using Ni atom scattering as an illustra-
tive example.

The scattering factor depends on the four indices p, q,
p', and q', on the wave-number-distance product ka, on
the scattering angle between a and b, O,b, and on the po-
tential through the scattering phase shifts T~,(k). We
refer to the superscript indices as outgoing-wave indices
and to the subscript indices as incoming-wave indices.
The single zeroth-order scattering factor, Fo~o, has been
discussed in Ref. 4 (see Appendix A); its dependence on
angle and energy is qualitatively similar to the plane-wave
scattering factor. As we consider larger values of the in-
dices we find that scattering factors with nonzero
outgoing-wave superscripts are large while scattering fac-
tors with nonzero incoming-wave subscripts are corre-
spondingly small. When the scattered waves are formed
by combining these scattering factors, large outgoing-
wave indices are always paired with identical incoming-
wave indices as the single prime indices in
Fg-qq (kb, c)F&~qq (ka, b), but this behavior makes conver-
gence difficult to discuss. Thus we will rescale the
scattering factors so that they may stand alone. Our

l

Fgqq (ka, b) =Fp~ '
qq (ka, b) . (52)

With no strong dependence on q in the angular factors,
we must turn to HP(ka) for our rescaling relation. If we
use the explicit formula from Appendix C, Ref. 13, we
may write

l

development of this rescaled factor will also serve as our
introduction to the nature of the scattering factors.

Our goal for the rescaled scattering factor is to isolate
the dominant character of Fz~qq which allows it to con-
verge as p and q increase and to split this character be-
tween the incoming and outgoing waves. The incoming-
wave indices p and q appear in the integral HP(ka); the q
index also appears in the angle functions, which are dis-
cuss first.

The angle-dependent terms in the scattering factor are

~qq (&gb) = [cos(&gb/2) ] "+' ' [sin(&gb/2) ]"
Xp( q —', q+q'! )( g ) (51)

For the purpose of rescaling the scattering factor we may
ignore these angle terms: their product always has a mag-
nitude less than, but on the same scale as, 1.0. In passing,
we note that the angle dependence requires the following:

(i) only factors with q =q' contribute to forward
(g,b ——0) scattering;

(ii) only factors with q = —q' contribute to backscatter-
ing (O,b ——~);

(iii) the angular factors do not change if both q and q'
are simultaneously negated or if q and q' are inter'-

changed; and
(iv) the angular factors alternate sign with increasing l

for 0& ~/2.
Item (iii) is a consequence of the symmetry relations of

the rotation matrix elements and, coupled with the obser-
vation that all the remaining dependence on q and q' in
the scattering factor uses only their magnitudes, we have
this important relation

Fp'q (k ~b)
1 . ( —1) p! +~ (p +q s).

(k ),
lk (lkap+q q!, , ~!(p —~)!

8'd((ka)
(2l +1)T&,,(k)

[B(ka)]'

(l+
I q I

)t (l —Iq I
&)!(l+ q'I +p')!

(l —
I q I

)' (l +
I q I

)'(l —
I

q'I —p')' p'(2
I

q'I +2p')" (53)

The leading term and the factorial terms containing I in
this equation reiterate an earlier theme from our discus-
sion of the convergence of the small-atom approximations
in Sec. III: the size of these scattering factors is deter-

I

mined by l(I+1)/ka. The product of factorials depend-
ing on l in this form of the scattering factor may be ex-
panded into a polynomial in l whose highest power is
p'+(

I

q'I +
I q I

)/2. From these results we propose a
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rescaled scattering factor according to

kr, + ~ ~"

(kr, )
'+~~'~" " (54) 2.5

Ni Atom (k=8A. ')

0.8

Empirically we find that all the rescaled factors for
nearest-neighbor scattering are of a similar size. (We
must also apply this rescaling to the photoemission fac-
tors, P ~0, to insure that the scaling always cancels when
the wave functions are constructed. )

If we estimate the scatteriing radius by
I
f(O, k) I/2,

our rescaled scattering factor is roughly proportional as

27 0

k
I f (O, k)

IX (55)

The first term in this expression contains increasing
powers of (ro/a), the angle subtended by the radius of the
potential at a distance

I
a

I

from the wave source. Thus if
we compare scattering factors at a bond length of

I
a

I

and 2 a I, we will find that first-order terms are half as
large, the second-order terms are one-fourth as large, and
so on. The second term may be interpreted as correcting
the scattering potential radius to account for the
scattering-angle differences: forward scattering angles
will have [ I

f(8,k)
I
/2]=ra while backscattering only

uses the central region of the potential

[ I f (O, k)
I
/2] && ro. Hence the convergence in back-

scattering is much more rapid. Finally, the last term re-
minds us that the convergence does not improve with en-

ergy; it may indeed worsen.
Representative examples of second-order scattering fac-

tors for nearest-neighbor Ni atom scattering are illustrat-
ed in Figs. 4, 5, and 6. The more rapid convergence in
backscattering is evident by the small values of the
higher-order scattering factors for angles ~ 90, and a
first-order Taylor series appears adequate for backscatter-
ing. Forward angles may require higher than second or-
der.

2.0

1.5

0.6

0.4
eg 1.0

~ pH

0.5

V
0.0

0.2

30 60 90 120 150 180
Scattering Angle (degrees)

FKx. 4. Taylor-series scattering-factor amplitude at k=8
o 0A,

I
a

I
=2.23 A, as a function of scattering angle, O,b. The

scattering factors generally have similar shapes whenever they
agree in

I q —q'
I

and
I
q+q' I; hence we will only plot

representative examples. We adopt the notation (p'q'
I
pq). (a)

Solid line, (OOIOO), an example of factors with
I q —q'

I
=0,

I q +q'
I

=0. This is the single zeroth-order factor. (b) Circles,
(01110),

I
q+q'

I
=1,

I q —q'
I

=1. (c) Crosses, (02120),
I
q+q'I =2,

I q —q'I =2. Factors are multiplied by 3 after
the break at 60'; the right-hand scale applies to this region.

only one scattering factor for each event:

max

Foo(ka, b) = g (2l + 1)TI(k)d~(ka)PI(cos8, b) .
sk I=O

(56)

Ni Atom (k=8A. ) 0.3

This is exactly equal to the homogeneous-wave scattering
factor f~~.. the homogeneous-wave model introduced in
Sec. III is the zeroth-order Taylor-series term. This
means that the zeroth-order term represents the scattering
of spherical Hankel functions at their asymptotic limit,
but it contains the 1/kr variation of ho(kr) radially along

VI. DISCUSSION

In the preceding section we have shown that Taylor-
series terms of order r fall off as (1/ka)' where a is the
bond length between scattering atoms, and we suggested
that the size of the Taylor terms is governed by ( ro/a)'

In this section we will perform the following:
(i) discuss the zeroth-order term which survives at

larger bond lengths;
(ii) give an example of the convergence of the series for

a particular nearest-neighbor scattering;
(iii) describe the magnetic-quantum-number expansion

view of the physical nature of -the Taylor-series, small-
atom approximation; and

(iv) describe how this alternative view predicts rapid
convergence of the Taylor expansion for multiple-
scattering ARPEFS problems.

We begin with the zeroth-order Taylor-series term.
With ~=0, the scattering equations from Sec. IV contain

I

1.5

~'~

1.0

0.2

0.1
0.5

U
0.0

30 60 90 120 150 180
Scatt. er ing Angle (degrees)

FIG. 5. Same as Fig. 4; note the increased scales. (a) Solid
line, (OOI01),

I q —q'
I
=1,

I q +q'
I
=1; (b) circles, (01I01),

I q —q'
I
=0,

I
q+q'

I
=2; (c) crosses, (02/01),

I q —q'
I
=1,

I
q+q'

I
=3; (d) pluses, (02/02),

I q —q'
I
=0,

I
q+q'

I

=4.
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Flax. 6. Same as Fig. 4. (a) Solid line, (11/20),
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=1,
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~

=2,
~
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(d) Pluses, (02/0, —2), [ q —q'
[
=4,

[ q +q'
[
=0.

&(k)=(4:4—4o4o)/foldo

where

(57)

(58)

for a running from the S emitter to the Ni scattering
atom and b= —a. Figure 7 compares plane-wave calcula-
tions with the "exact" spherical-wave calculation based on
the Gaunt-integral summation. The oscillations in the
plane-wave case are much larger even though the plane-
wave model slightly underestimates the forward scattering
amplitude. This means that the most of the discrepancy

the potential. Note that the zeroth-order term is not the
plane-wave model, but, as discussed in Ref. 4, the differ-
ence between the plane-wave factor f b'"' and f,b is small
for backscattering angles. Coupled with rapid conver-
gence of the Taylor series for backscattering angles, we
conclude that the plane-wave approximation may be ade-
quate for many backscattering problems.

The same m'ay not be said for scattering angles closer to
zero. To give some feel for the size of the corrections for
forward scattering, we have calculated the ARPEFS oscil-
lations for a particularly important geometry. We have
selected our problem from the experimental study of
Ref. 1: We consider S(ls) photoabsorption from
c (2 X2)S/Ni(100) with both the emission and polarization
vectors along the [110] crystallographic direction. We
concentrate on only two scattering events, single scatter-
ing from the Ni atom directly behind the S photoemitter
and forward scattering of this backscattered wave through
the S emitter. The path-length difference between these
scattered waves and the direct wave are nearly equal at
-4.4 A, corresponding to the dominant frequency in the
experimental measurements. The backscattering angle is
173 while the forward angle is 7'.

The results of these calculations are displayed in Figs. 7
and 8 as

A~ 0,0-

—0.2-

—0.4—
I

12
I I

6 8 10
Wave number(A )

FIG. 7. ARPEFS oscillations calculated by exact Gaunt-
integral summation {thick curve) and plane-wave approximation
{thin curve). These curves simulate the fractional oscillation of
the S{1s) partial cross section from c{2&&2)S/Ni{100) along
[110], but consider only a single Ni atom scatterer. The inset
illustrates the three waves which sum to give the photoemission
final state, the direct, single-scattered, and double-scattered
waves. The backscattering angle is 173'; the forward angle is 7 .
Both curves have been multiplied by exp{ —0.2k
—2.23/0. 173k) {Debye-Wailer and inelastic attenuation) to give
a more realistic amplitude comparison.

is the phase error made in the plane-wave forward scatter-
ing. The forward scattering phase shift estimated by the
plane-wave model is too small. Thus the single-scattered
and double-scattered waves are nearly in phase and their
sum has an amplitude 170% of the single-scattering am-
plitude. With the correct forward scattering phase shift,
the double-scattered wave is -vr/2 out of phase with the
single-scattered wave and the sum has a more modest am-
plitude.

Figure 8 illustrates the Taylor-series-model results. We
are able to display only the zeroth-order result on this
scale: the first-order Taylor series cannot be distinguished
from the exact calculation. Thus at least for this impor-
tant scattering geometry, the Taylor series is converged at
first order. Our alternative view of the Taylor model
which we develop next will help to understand this re-
markable convergence and will lead into our discussion of
more general scattering geometries.

Before leaving Fig. 8 we note that the phase of the
zeroth-order (homogeneous-wave) result is accurate while
the amplitude is too large. This means that important
differences between the asymptotic limit of the spherical
Hankel functions and the plane-wave limit appear in the
phase of the double-scattered wave. We have also calcu-
lated (but not plotted) these scattering events with the hy-
brid renormalized homogeneous-wave model described in
Sec. III: We find a curve roughly halfway between the
zeroth- and first-order results.

The surprising success of the first-order Taylor expan-
sion has an interesting origin which will lead to the third
topic of this section, the MQNE description of the Taylor
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FIG. 8. Same as Fig. 7 except comparing the exact Gaunt
summation to the zeroth-order Taylor-series result. The first-
order Taylor result cannot be distinguished from exact, on this
scale.

expansion. The first-order Taylor expansion is accurate
because the origin-shift addition theorem does not change
the magnetic quantum number if the shift is parallel to
the z axis. ' For the scattering geometry we selected, the
outgoing photoemission wave has m =0 along the electric
vector. Since the smttering atom vector is nearly parallel
to c, the smttered partial waves will also have m =0, even
if they now have l from 0 to l,„. Encountering the
sulfur atom and scattering into the detector will give
double-scattered partial waves also with m=0 along c.
Thus to a fair approximation we need only m=O waves
for the entire problem.

What of a more general, noncollinear double-scattering
geometry'? Consider, for example, scattering first from
the Ni atom directly behind the sulfur atom followed by
scattering from another nearest-neighbor Ni atom. Then
the second scattering vector, b, will no longer lie parallel
to a. To use the result that m will not change for z axis
shifts we must rotate the m=0 partial waves emanating
from the Ni atom at a to the z~ ~b system. This rotation
will include all magnetic sublevels —l & m'& l in the x b
system in proportion to the overlap integral (rotation ma-
trix element) between spherical harmonics in the two sys-
tems. These manifold sublevels are not, however, equally
effective in scattering from the second Ni atom. As illus-
trated in Fig. 9, the m =0 spherical harmonics overlap the
potential along the smttering bond length, m=1 waves
overlap the potential farther from the axis, and so on, un-
til some m =~ sublevel does not overlap the potential at
all. Thus only the ~ lowest magnetic sublevels need be
overlapped with the m =0 waves and —by Nozawa's
result only the ~ lowest sublevels will appear on center b
as scattered waves. For a triple-scattering event, these
lowest ~ sublevels will need to be rotated to ~ sublevels
along the new scattering axis. Hence we identify the
rotated-frame magnetic sublevels with the q index in the
Taylor expansion model.

FIG. 9. Schematic illustration of the magnetic-quantum-
number expansion interpretation of Eq. (31). A polar plot of the
four lowest magnetic sublevels of an I=7 spherical harmonic is
superimposed upon a circle whose radius represents the effective
radius ro of a nearest-neighbor potential. The line connecting
the incident-wave source and the potential origin is used for the
spherical harmonic polar axis and only the region of angles near
the pole is plotted. The angle functions have been rescaled to
place their first maxima on the same radius. The m =0 sublevel
(solid line) is seen to overlap the strong central portion of the po-
tential, while the m=1 lobes (dotted lines) peaks further from
the axis. The m=2 lobes (dotted-dashed lines) only intercept
the far edges of the potential and the m=3 level (dashed lines)
completely missed the mark.

We can move further along with this concept by corn-
paring the classical orbits sketched in Fig. 3 to the in-
cident spherical harmonics in Fig. 9. The largest magnet-
ic sublevels only overlap the outer regions of the potential,
regions which contribute to forward scattering, not back-
scattering. This would suggest, again, that the Taylor
series will converge much more quickly for backsmtter-
ing.

VII. CONCLUSION

We have explored five small-atom approximations.
Some specific points bear summarizing here.

(i) The success of plane-wave models relies on back-
scattering geometries.

(ii) The plane-wave model requires incident waves at
their asymptotic limit and a small diameter potential; it is
inappropriate for multiple-scatteing calculations in solids.

(iii) The point-scattering and homogeneous-wave
models are inadequate for multiple scattering in the
intermediate-energy range, at least for near-neighbor
scattering.

(iv) The homogeneous-wave model is the zeroth-order
Taylor-series term.

(v) The Taylor-series model allows methodical improve-
ment in scattering calculations, and it follows from physi-
cally appealing magnetic-quantum-number expansion pic-



32 SMALL-ATOM APPROXIMATIONS FOR PHOTOELECTRON SCATTERING . . ~ 1919

ture of the scattering partial waves.
We have also developed the multiple-scattering equa-

tions for ARPEFS with the Taylor-series expansion of the
origin-shift addition theorem and illustrated the results
with a two-atom model.

The most direct extension of this work would be the ap-
plication of the Taylor expansion method to simulations
of experimentally measured ARPEFS curves. In addition
to the elastic, multiple- scattering equati ons derived here,
we must also include important inelastic scattering factors
and effects such as finite aperture integration before quan-
titative agreement with experiment could be expected.

Under the appropriate development, the MQNE
origin-shift addition theorem will also give multiple-
scattering models for other spectroscopies based on elec-
tron scattering in the intermediate-energy range. EXAFS
should yield to a low-order expansion since the multiple-
scattered wave must always return to the absorbing atom:
Forward scattering will necessarily be coupled with back-
scattering as in the example in Sec. VI. Electron diffrac-
tion in the 100—600-eV range should also be amenable to
the treatment given here with the direct wave replaced by
the incident plane wave. The first scattered wave will, of

course, then be given exactly by the plane-wave scattering
factor.

The Taylor-series expansion itself deserves further ex-
ploration. Accurate error bounds would eliminate empiri-
cal verification of convergence. Alternate parametrization
of the scattering factors might reduce the computation
burden required for the scattering calculations. The
magnetic-quantum-number expansion picture suggests
that a variation of the equations presented here could be
built up from rotation matrices and Nozawa s origin-shift
formulas. Finally, the formulation of the exact multiple-
scattering equations (matrix inversion method) with the
Taylor-series result should be examined. At least pairwise
or collinear multiple scattering seems feasible, but more
complex geometries would require detailed study.
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APPENDIX A: COMPARING NOTATION WITH REF. 4

We have deduced a formula equivalent to Eq. (37) for the exact curved-wave scattering of /=1 waves in Ref. 4; we

demonstrate that equivalence here. The single-scattered wave from Ref. 4 may be written
1/2 ik ~R—at ika

1 a(R) = d
&
(ka)(cosO«) f,R i (cosO«—)fatt — (sinO«)(sinOaa)(cosg~) f,it

4~ ikR a aa a sa a

where

a"d, (ka) a P(cosO, )

where dl(ka)=1+ilka. Similarly we write out

PI(cosO)
Fpl(a, R)= g (2l +1)Ti(k) (di —,—d(+i),

ik 21+1
From our new definition we have

(cosO«)F Ip+ (cosO«)F00

g (21+1)Ti(k)P~(cosO)(HI +Hi' )
ik

and from Appendix C of Ref. 13

oo Io l+1 l
IIl +~l dl +1+ dh —I2l+1 2l+1

Using Eq. (B9) in Ref. 4, the right-hand side becomes

where a factor of l(l + 1) in H~ cancels the last factorial
in the definition of Fol. The connection between associat-
ed Legendre polynomials and derivatives of Legendre
polynomials:

d Pi(cosO)
P~ (cosO)=sin~8

d (cosO)

and the recursion for di gives

00 1~8«COSP«a S nOaa pl(sinO«)(cosg«a )F pl (a, R) = f.a.
ika

d& Bdi(ka)
HP+H, "=d, .„i——

Working back through the definition of f,a and f,a
shows that

(cosO«)F00+ (cosO«)F Ip

=d I (ka)(cosO«)fart —
& (cosO«)f aR

These close connections demonstrate that (i) the differen-
tial formula of Ref. 4 could be used as a basis for a Taylor
expansion, (ii) the rotation matrix approach employed
here for approximate origin shift will lead to compact ex-
act origin-shift formulas, and (iii) individual scattering
factors F~~, and by extension E~~~~, can be interpreted as
specific spherical-wave corrections as described in Refs. 4
and 13. Our new formulation is recommended for numer-
ical work.
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APPEND IX Bo ON THE SIG'N FACTOR Sq

The sign of the Taylor-series scattering factor is a com-
bination of the signs in the definition of Ktq.

q&0

(1), q &0,

In case (iii) the factors of ( —1)» q cancel from successive
symmetry relations; in cases (iii) and (iv) the criterion for
Eq. (44) to apply changes since Eq. (45) negates the in-
dices. Surveying these cases shows that only when
(q —q') & 0 will factors of ( —1) be required.

To summarize these factors we note that

the factor of exp(iraq) .from the rotation matrix, and the
symmetry relations for rotation matrices. Note that the
symmetry relations are applied depending on the sign of
q —q' and q+q', we have four cases:
(i)

while

0 'f q&0,
2~q

~
ifq&0,

q+q'&0, q —q'&0, rqq(P) =rq q(P),
2

I q q'
I

if (q —q')=0
I q —q'

I

—(q —q') =.
0 if (q —q') & 0 .

(iv)

q+q'&0, q —q'&0, rqq(P)=( —1) +
rqq (P),

q+q'&0, q —q'&0, r' (P)=r (P),

q+q'&0, q —q'&0, rqq(P)=( —1)q qrq (P) .

All of the factors may be written then as

Sq'
( 1)q; I q —q'

I
—(q —q'~; I q I +q; I

q'
I
+q'

or since i ~~'~ =1,

Sq'
( 1 )qt. I q q'

I +
I q—I

—
I

q'
I
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