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Superelastic percolation networks and the viscosity of gels
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We define a superelastic percolation network as one composed of Hookean bonds which take on infinite
or unit spring constants with probabilities p and 1 —p, respectively. The elastic moduli of such networks
diverge with an exponent ~ as the elastic percolation threshold p« is approached from below. A homo-

geneous function representation of elastic moduli of percolation networks in the vicinity of p« is proposed.
For a two-dimensional triangular network 7 is estimated to be about 1.1,2 by phenomenological renormali-
zation of Monte Carlo data. We suggest that the viscosity of gels, as p« is approached, may possibly

diverge with exponent v and not with the critical exponent of superconducting networks, as suggested by de
Gennes.

There has recently been considerable interest in the prob-
lem of elastic properties of random networks. near the per-
colation threshold. Until very recently this was mostly
viewed as analogous to the problem of electrical conductivi-
ty of percolating networks. Thus de Gennes' pointed out
that the bulk elastic modulus of a gel, modeled by a nonro-
tationally invariant isotropic force constant, is analogous to
the electrical conductivity of the system. Feng and Sen2
considered a different model, namely, the central force elas-
tic percolating-network model, which is basically a network
of simple springs that is rotationally invariant. Their nu-
merical results indicate that this model may belong to a dif-
ferent universality class than the conductivity problem. A
shortcoming of this model is the fact that for simple-cubic
lattices of any dimensionality the elastic threshold is p„= l.
Therefore, the study of this problem is limited to certain lat-
tices such as triangular and fcc.

Another rotationally invariant model for the elastic modu-
li of percolating networks is the one in which both central
and bond-bending forces are included. The potential energy
of the network is given by

uj) 'elise gij+ y (gijijk) gijgik
tij t ljk1

terms, which determine the linear elasticity of such systems.
Although invariance restrictions have been mentioned be-
fore, ' "' it seems worthwhile to review them briefly
as they relate to linear elasticity. The condition of transla-
tional invariance is satisfied automatically by adopting as in-
dependent variables the relative positions, rI =—r„"= r, —r, ,
where we use capital letters I, . . . to denote distinct pairs
(i,j), . . . . Then the condition of rotational invariance is
satisfied by employing some appropriate subset of the vari-
ous distinct scalar products of the relative positions,
q = rI rJ, where we let Greek letters stand for distinct pairs
(I,J). . . , and hence, for distinct quadruplets (ij,k, l), . . .

Under an orthogonal transformation of the system, de-
fined by an orthogonal second-rank tensor Q, we have

rj=Q'ri p

where Q
r = Q '. The q are invariant, and they provide a

well-known integrity basis for rotationally invariant func-
tions (1). Thus we can assume the elastic energy E is ex-
pressible uniquely as a function of the q and, given a per-
turbation q —q from a base state q (where E =0), E is
given by

v p

E= g (q —q')
a ~Ca

where u& and u, are displacements of sites i and j, and eIJ is
a unit vector from site i to site j. gJ is a random variable
which takes the constant values b and a (a ( ij) with proba-
bilities p and q = 1 —p, respectively. The bond-bending
forces between two occupied bonds ij and ik are given in
terms of the change in angle 58,~q at site i, which is ex-
pressed in turn as a linear function of u;, uj, and u~. The
sums are, respectively, over all bonds, and over a11 pairs
having a site in common. n and P denote the stretching-
force and the bond-bending force constants, respectively.
This model has recently been studied extensively, '
although its origin goes back many years. '

Before discussing the critical properties of elastic systems
represented by (1), it is worthwhile to point out that the
fundamental requirement of rotational, reflexional, and
translational (Euclid) invariance of elastic energy"' places
severe restrictions on the admissible forms of series expan-
sion of energy in terms of the nodal displacements in elastic
networks. Of particular interest here are the quadratic

(q —q' ) (qs —qs' ) +

~here the sums are taken over an appropriate subset of in-
dices. If the base state is stable, then, by the usual argu-
ments, the first sum in (3), which is linear in q —q, may
be set equal to zero, and the quadratic term serves to define
the linear elasticity.

The above representation is to be contrasted with that ob-
tained by working directly in terms of the relative displace-
ments ui = u j = rj —rj, which under (2) transform as

uI = L ~ rIp (4)

with L = Q —1. The general relation between the variables
qand u is

q —q =rr uJ+rj ~ ur+ur uJ0 0. 0,
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the right side of which vanishes identically under the
transformation (4), since

L+L'+L'L =—0 . (6)

However, if we set a = 1 and b = ~, we obtain a percolating
network of "soft" and "rigid" springs. For this network we
expect that the elastic modulus K diverges as p„ is ap-
proached from below,

K —(P„—P )

%e call this a superelastic percolation network. This is simi-
lar to the percolation conductivity problem in which a con-
ductor takes on the conduetances b and a with probabilities
p and q, respectively. For a=0 and b=1 the macroscopic
conductivity o- of the network vanishes as (p —p, )',
whereas for a = 1 and b = ~, i.e., for a network of conduc-
tors and superconductors, o. diverges as (p, —p) *. The
problem of superconducting percolation networks has re-
cently received considerable attention. ' ' Here p„ the per-
colation threshold of the network, is not necessarily the
same as p„.2-8

Given the above considerations one may regard the point
a/b =0 with p =p„as a critical point for the elastic moduli
of the system analogous to those studied in magnets and
phase transitions (we assume that al/ elastic moduli vanish
or diverge with the same exponent, f or r). Thus, in
translation from magnetic systems to elastic networks the
variables temperature and field strength are replaced,
respectively, by composition e =p —p„and the ratio a/b.
Similar statements can be made about percolation conduc-
tivity. '7 Therefore, one can construct a homogeneous-
function representation for z..

K=PA(ek, aP, X ', P, b X f).

The homogeneous function h is defined whenever its three
arguments are less than unity and it is singular if more than
one argument vanishes. If the arguments of h remain
within the domain of definition, then p, , which explicitly
represents the invariance under sealing, may be chosen arbi-
trarily. If a =0, b =bt, X= ~e~, and p, =Xrb~, one obtains
K =

~
e (~b t h (1, 0, 1), whereas for a = a ~, b = ~, X =

( e ~, and

However, if we had first substituted (5) into (3), regrouping
terms according to whether they are linear or quadratic in
ut, then the final terms on the right side of (5) would have
been counted among the quadratic terms. This special type
of quadratic term appears to correspond to the nonrotation-
ally invariant elastic energy assumed by de Gennes' and
more recently by Alexander. While the latter attributes
such terms to Born, it appears that the representation of
Born and Huang" ultimately depends on a finite strain ten-
sor having the form of the left side of (6) and exhibiting
the correct invariance. Besides introducing spurious depen-
dence of energy on rotation, we note that the splitting of
the invariant form (5) into linear and quadratic terms in u
may also generate a false stability criterion based on the
linear terms in u.

The constants a and b can be interpreted as the spring
constants of two kinds of springs. Setting a =0 and b = 1

results in the elastic percolation networks whose elastic
moduli K vanish as p„ is approached from above:

K (p —p,.)

p, =A. 'a~, one has K= ~e~ 'ath(1, 1, 0). Therefore, Eq.
(9) can properly represent K and its vanishing or divergence
at a =0, and it also suggests that f and r are completely in-
dependent.

We now present an estimate of the exponent v, which has
not been estimated previously, and discuss its possible
relevance to real systems. We have estimated v for a tri-
angular network. For percolation conductivity an exact du-
ality relation yields s = t in two dimensions; no such duality
exists for the present problem. We have estimated 7 by us-
ing a variarit of finite-size scaling theory, ' the so-called
phenomenological renormalization (PR) of Monte Carlo
data. Variants of this method have been already used in the
study of critical phenomena, ' although the treatment of
data was different from the present method. For a network
of linear dimension L one has'

K —Lsh)(L 'e)1/v
(10)

where for the present problem 8 = 7/v, and v, is the corre-
lation length exponent for the elastic percolation networks
which is not necessarily the same as v~, the exponent of the
usual percolation correlation length. In analogy with PR
(Ref. 20) one infers a mapping p p' via

Kt, (p) = (LIL')'K, (p') .

We now define

gL ~, = in [Kt, (p)/KL, (p) ]/ln (L/L ') (12)

Then the intersection of g (p) and (, (p) from titree

sets of data as a function of p is (p„,5). Once p„and 5 are
known, v, can be obtained from

(dp'/dp ),=,„=(I./L') (13)

Therefore, although this method is similar in spirit to the
PR of Nightingale, it is different in detail. It is also more
practical than the original PR from the point of view of
Monte Carlo calculations, since the original PR method can-
not be applied to three-dimensional systems at present. The
advantage of the present method over the standard finite-
size scaling method is that one does not need to know p„
a priori. This method was recently used for three-
dimensional percolation, ' and the accuracy of the results,
even with small to moderate values of L, was found to be
comparable with those of the best available data.

For each network size enough independent realizations
were made to reduce the standard deviations of the aver-
aged quantities to a small value (no more than a few per-
cent of the averages). This ranged from 1000 realizations
for L =8 to 100 for L =18. The results are presented in
Fig. 1 for L = 8, L ' = 12, and L "= 18. From this figure we
obtain

p„=0.65

r/v, = 1.02

If we use Eq. '(13) we obtain v, = 1.1, which means that
v =1.12. We also carried out less extensive simulations
with L =12, L'=18, and L"=27. The accuracy of the
results were comparable with those of (14) and (15). The
statistical errors of (14) and (15) are no more than those of
the individual points of Fig. 1. Our result, v, = 1.1, is con-
sistent with that of Lemieux, Breton, and Tremblay,
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FIG. 1. Variations of the function (,= ln(KL/K )/ln(L/L')
L,L 1.

against the fraction of superelastic springs p. Arrows indicate the lo-
cations of p«and 6.

v, ——1.05 + 0.15, and indicates that v, & vv [where
vv(d =2) =

3 ]. Our estimate of p„ is in complete agree-

ment with that of Lemieux et al. These authors employed
the transfer-matrix method and used up to 96000 nodes to
estimate f. If we use the same network sizes and the same
method of estimation, we find r/vv =0.96. This compares
well with the most accurate estimate, " t/vv =0.973. Thus,
it appears that f ) ~ and r & s. We also note that the
effective-medium approximation is very accurate since it
predicts that v = 1 and p„= 3 for our system.

de Gennes has suggested that the viscosity of gels, as

the sol-gel transition point is approached, diverges with the
critical exponent s described above. We believe that de
Gennes's conjecture is not valid and suggest instead that the
viscosity of gels may diverge with exponent 7 introduced
here. There are two reasons for our belief. First, the field
equations for conductivity of percolation networks and the
viscosity are totally different. Second, the published experi-
mental data on viscosity consistently yield exponents that
are slightly smaller than s. This is consistent with our result
that 7. ( s, but close to it. It would be of great interest to
calculate v for a three-dimensional system, or for a continu-
um elastic percolation system, and to compare the result
with the available data on viscosity to settle this issue. We
hope to report the results of such a study in a future paper.

After the completion of this paper we received the report
of a paper by Feng in which he also discusses the concept
of a superelastic percolation network. He studies the elastic
properties of a two-dimensional. system which is rotationally
invariant. This model, the granular (or "disk" ) model, was
introduced by Schwartz, Johnson and Feng28 in studying
the vibrational properties of granular rocks. Feng employs
the nodes-links-blobs model of percolation backbones to ar-
gue that ~ and s should be close to each other. By using
numerical simulations and the standard finite-size scaling
method, he estimates that r (d = 2) = 1.02+ 0.07, which is
essentially consistent with our estimate. These results indi-
cate that the critical exponents for all elastic systems may be
the same, as long as important features of the model, such
as rotational invariance and the absence of divergent inverse
moments of the distribution of the elastic constants a and b,
are preserved. Similar laws hold for the universality of the
critical exponents of diffusion and conduction.
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