
PHYSICAL REVIEW B VOLUME 32, NUMBER 3 1 AUGUST 1985

Linked-cluster expansion for quantum spin systems and
the perpendicular susceptibility of the Ising model
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The Wick reduction theorem is used in a linked-cluster-expansion calculation to facilitate the
evaluation of the multi-integrals of the ordered products encountered in the expansion. The method
resolves a major problem in the general linked-cluster expansion for quantum spin systems. We ap-
ply it to the evaluation of the perpendicular susceptibility of the Ising model. An eighth-order
linked-cluster series is obtained for a general lattice. The temperature behavior of the perpendicular
susceptibility of the three-dimensional Ising model (fcc lattice) is discussed.

I. INTRODUCTION

One of the most fascinating and challenging many-body
problems in physics is magnetic systems. Because of the
relative simplicity of their Hamiltonians magnetic models
have been the most extensively studied. Many powerful
methods -have been applied to tackle the problem. ' Gen-
erally, except for a few particular low-dimensional
models, exact solutions are not found. However, many
calculations for idealized simple models have produced
accurate results that are almost exact. '

The question of how to apply these powerful methods
to models which more realistically represent physical
magnetic systems with quantum spins and single-ion an-
isotropies is nevertheless nontrivial. Many attempts have
been made along this line. Notably, the Monte Carlo
simulation method and position-space renormalization-
group calculations have been applied to quantum spin
systems of low dimensions. Series expansions, which nor-
mally converge faster for higher-dimension systems, have
been utilized to analyze a few three-dimensional systems.
All the methods are at various stages of development.
The series-expansion method, for example, can only pro-
vide a few terms (compared to the series for the simple
idealized models) for analysis.

In this paper we shall first discuss the method of
linked-cluster expansion for quantum spin systems with
arbitrary single-ion energy-level schemes. We introduce a
novel technique which facilitates the evaluation of the
multi-integral of the ordered products, a major difficulty
encountered in the general series-expansion method pro-
posed earlier for quantum spin systems with single-ion an-
isotropies. s Thus, much longer series (perhaps of compar-
able length to those of the simple models) can be found
and accurate results for the more realistic physical models
can be obtained. It should be noted that the method dis-
cussed in this paper and in Refs. 4 and 5 treats the single-
ion potentials exactly; thus, the magnitude of the single-
ion anisotropy can be of arbitrary size and the series pro-
vide information on the system both above and below the
transition temperature. These valuable features are diffi-
cult to achieve with the long-established high-temperature
series-expansion methods. ' '

As an illustration of the major concept in the new
method we then calculate the perpendicular susceptibility
of the Ising model which is an important problem to
study on its own. Recently, it has been observed that a
prominent cusp appears in the temperature behavior of
the electric susceptibility of the uniaxial ferromagnet
LiHoF& which is proportional to the perpendicular suscep-
tibility of the Ising model. This is in contrast with the
prediction of the mean-field approximation which gives a
temperature-independent value below the critical tempera-
ture T, .

Many years ago, Fisher obtained an exact result for the
perpendicular susceptibility Xi of the two-dimensional Is-
ing model. Fisher showed that as the temperature is
lowered the susceptibility reaches a maximum at a tem-
perature above T, and that dXi/dT displays a singularity
similar to the specific-heat anomaly but of relatively
smaller magnitude. For three-dimensional lattices, limit-
ed results have been obtained. Fischer has given a high-
temperature series to fourth order and a low-temperature
series up to a term with three overturned spins.
Stinchcombe has worked out the 1/z (z being the number
of nearest neighbors interacting with a spin) correction to
the mean-field result. While Stinchcombe's result sug-
gests a cusplike behavior in the perpendicular susceptibili-
ty, the approximation is not valid in the vicinity of T, .
(A comparison of Stinchcombe's results for the nearest-
neighbor exchange-interaction model and those of the
current series-expansion method has now been pub-
lished. ) Very recently the correlated effective-field
theory of Lines has been used' to calculate the perpendic-
ular susceptibility for LiHoF4. The theory yields a good
fit to the available experimental data with a few parame-
ters. The approximation is, however, appropriate for sys-
tems with long-range interactions and will only yield the
classical (mean-field) critical behavior near T, .

We have derived an eighth-order linked-cluster series
for the perpendicular susceptibility of the Ising model.
The series has been derived for a general lattice. We have
used the Fade-approximants method" to analyze the
series for the fcc lattice and the plane square lattice.
While the series is not of adequate length for a two-
dimensional lattice, the square-lattice series is analyzed
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for the sole purpose of making a comparison with the ex-
act result of Fisher, and thus enhances our confidence in
the result of the fcc lattice.

In the next section we discuss the major difficulties of
applying the linked-cluster-expansion method to general
quantum spin systems and introduce the new technique to
facilitate the calculation of high-order terms. The perpen-
dicular susceptibility series of the Ising model is calculat-
ed in Sec. III to illustrate the concept. The analysis of the
series and the discussion of the results for the fcc and the
plane square lattices will be presented in Sec. IV.

first divides the Hamiltonian into two parts:

H=Hp+H1 .

Hp contains all the single-ion potentials and a "self-
consistent-field" term extracted from the two-ion interac-
tion potential. The self-consistent field is characterized
by a parameter which can be chosen to minimize the free
energy of the system. H1 contains terms which describe
in essence the correlations of the fluctuations of the
dynamic variables.

The free energy is then given by

II. LINKED-CLUSTER EXPANSION .

AND THE WICK REDUCTION THEOREM where

(2)

The linked-cluster expansion is essentially a many-body
perturbative expansion. ' Reviews of this have been given
by Callen' and Wortis. ' For a many-body system one and

—PHD—PFO ——In Tre

( —l)" P P P13~=—g f «) f dr2 f dr„(T(H((r))H)(r2) H)(r„)J ), .
n=1

In Eq. (4) T is the Dyson r-ordering operator' and H
&
(r)

is the perturbation Hamiltonian in the interaction repre-
sentation. The angu1ar brackets denote a canonical
thermal average over the unperturbed Hamiltonian Hp.
The subscript c denotes the cumulant part of the b-
ordered product, or in diagram language, the contribution
from the linked clusters only.

For a classical system such as the Ising model or the
classical Heisenberg model, H&(r) is r independent, thus,
the multiple integrals are trivial to evaluate. Calculations
of the linked clusters of Pb,F given by Eq. (4—) involve
only the multiplying of the cumulants in the cluster, the
appropriate weight factor, and PJz to the power of the
number of interaction lines in the cluster. A recent
work' on the Blume-Capel model is an example of such a
calculation.

The calculation for a general quantum spin system
(containing single-ion anisotropies) is more complicated.
The operators which appear in the thermal average of Eq.
(4) usually do not commute with each other or with Ho.
The complications which this produces are (l) the value of
the ordered operator product depends on the r ordering of
the operators, (2) the r dependence of the spin operators
can become very complicated, (3) the evaluation of the
averages in Eq. (4) can be complicated, and (4) evaluation
of the r integral is a major problem.

Problems (2) and (3) arise, for example, in the presence
of a single-ion anisotropy potential in the Hamiltonian but
can be solved by introducing the "standard basis opera-
tors" defined as

(5)

dard basis operator in the interaction picture is given by
the simple relation

L „(~)=e " L „(0) .

Any operator can be expressed as a linear combination of
the standard basis operators; thus, a transformation to the
standard basis operator can be taken before the evaluation
of the thermal averages.

Problem (4) has been a major obstacle in obtaining long
series for systems studied. ' Much algebra must be done
to evaluate the multiple integrals for the high-order terms.
The method we introduce here represents a fundamentally
different concept in the evaluation of the multiple in-
tegrals. The method is inspired by the Wick theorem used
in many-body calculations. ' To explain the method we
first recall that the Wick theorem allows one to express
the canonical thermal average of an n operator r-ordered
product as a sum of the averages of (n —I)-operator b-
ordered products. This is normally presented for opera-
tors of the same site. Yang and Wang' have used the
Wick reduction theorem for the standard basis operators
as a step in the Green's function calculation. Their result
can be generalized to accommodate the additional features
necessary for the linked-cluster expansion and is an essen-
tial step in evaluating the multiple integrals in the sim-
plest way.

We first note that the theorem remains valid if we re-
place each standard basis operator by an operator which is
a product of two or more standard basis operators of dif-
ferent sites but of the same r variable, i.e., if we define

where
~

m ),
~

n ) are energy eigenstates of Ho with
eigenenergies Em and E„. The v. dependence of a stan-

O((r() =O~,p, r''~, . . . (r)) =L'',
p, ( (r) Ljr (r))

where i,j . . are the labels of the lattice sites. We find

(7)
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& TjO)(v))02(&2) . . Ok(rk) O„(w„)I & =G(w) rk)& T j[0),Ok]~ Op(wp) O„(r„)I&

+G(r2 —'rk ) & T j O~(r~)[02, 0k],, O„(r„)] & +

+G(T& —1k)& TjO)(r))Op(rp) [O„,O], I & .

The "Green's functions" are defined as

G(~; —rk)= .
e " ' " [1~n(ek)],

—Gk(Tl Tk )
e ' n(ek),

where ek is the "energy" associated with the operator
Ok(~k) defined by

theorem.
The essential observation which makes the MSWR

theorem useful in the multiple-integral evaluation is that
the w variable of Ok(rk) resides only in the Green's func-
tions. Thus, the integration over ~k can be easily carried
out, independent of the ordered products multiplied to the
Green's functions. The integration over wk of the Green's
functions yields

ek=(E „—Ep )+(E „E)+—
The boson factor n(e) is given by

(10) fP
G(~; —~k )drk ——

n(e) =1/(e+ —1) .

We call Eq. (8) the multiple-site Wick reduction (MSWR)

We have therefore found the simplest way of evaluating
the contributions of the linked clusters. The following
equation summarizes the results:

P P Pf «~. f d~k f d~„&TjO~(~~) . O(~k) O„(~„)]&

P Pf «i ' ' ' f «.(&Tj[Oi Ok].,
' ' O.«. )l &+&TjOi(~i)[Oz»k]., O.(r. )] &

(13)

An n-fold integral is thus reduced to a sum of (n —1)-fold
integrals. Using this formula only simple algebra is in-
volved. It does not require any knowledge about Green's
function formalism to use this method.

The operator O(r) represents a product of the standard
basis operators of the same ~ variable in the diagram, i.e.,
the operators connected by a single interaction line. In
the calculation one selects an interaction line with "ener-
gy" e&0 [see Eq. (10) for definition]. The integration
over the ~ variable of the interaction is then accomplished
by applying Eq. (13). Repeating the process reduces the
order of the integral further until a trivial single integral
appears or no more operators with e&0 can be found. In
the latter case the calculation is continued with the
evaluation of the integral with ~-independent operators.
The value of the integrand will still depend on the order
of the operators. This is similar to the situation with an
isotropic Heisenberg model. The integral can be simply
evaluated by taking a sum of the integrands with all per-
mutations of the operators and multiplying the result by
the factor P"In! (for integrands of n operators). In fact it
is possible to use the MSWR method in the case of no
operator with e&0. One can add a small quantity 5 to the
energy of one energy level on a particular site. This will
give the corresponding operator an energy @=5. One can
then apply the MSWR method and at the end take the
limit of 6~0.

In the next section we apply the current method to

evaluate the multiple integrals occurring in the linked-
cluster expansion for the perpendicular susceptibility of
the Ising model. It is found that for this particular sys-
tem only the single-site Wick reduction theorem is needed
for the evaluation of the integrals. Furthermore, by ap-
plying the method of reducing the multiple integral [Eq.
(13)] repeatedly a general formula is obtained for the value
of the multiple integral.

III. LINKED-CLUSTER EXPANSION
OF THE PERPENDICULAR SUSCEPTIBILITY

OF THE ISING MODEL

The perpendicular susceptibility of the Ising model has
been of much interest recently, especially its behavior near
the critical point in a three-dimensional lattice. ' ' In
this section we apply the method of linked-cluster expan-
sion introduced above to obtain the linked-cluster series
for the perpendicular susceptibility of the Ising model.

The Hamiltonian of the Ising model is given by

(14)

where the summation is over all the nearest-neighbor spin
pairs in the lattice. A perpendicular field introduces an
additional potential

Hf = —gogh„g o."; .
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To calculate the perpendicular susceptibility at vanishing
external field, one could evaluate the free energy to second
order in h„and take the derivative of the result twice with
respect to the field. Alternatively, one could evaluate the
"rooted diagrams" directly for the susceptibility. To
proceed in the latter way we first separate the Hamiltoni-
an HI into a single-ion part Ho and a perturbation H~ as-
suming a ferromagnetic ordering below the critical tern
perature:

where M is a free parameter chosen to minimize the free
energy. It has been shown' ' that M determined in this
manner is equal to the magnetization (the order parame-
ter) of the system.

The perpendicular susceptibility is then given by

1 c) ( —PF)
P Bh

Ho ———JzM g cr;'+ ,' NJzM— (16)
I3 P

=N(gag) —f dwI f dw, (TIo"(rt)o"(r„)S(P)]), ,

and

H( ———J g (cr;'M—)(crJ M—),
(ij )

(17) where

(18)

ao
( 1)it P P P

S(P)= y, f dr, f dr, f dr„7 IH, (r, )H, (r, ) H, (r„))
n=0

(19)

gnC„=((cr')"),= ln Tre
B(Ph )" (20)

The cumulants containing cr"(w&)cr"(r2) can be found by
the method introduced in the preceding section. To
proceed, we first make a transformation to avoid the need
to deal with the complicated r dependence of cr" We in.-

troduce

(21a)

(21b)

and all operators are in the interaction representation.
The susceptibility diagrams are therefore "rooted dia-

grams" with two operators o placed together on one of
the sites of the free-energy diagrams of the Ising model.
The contribution of a diagram is equal to the product of
the cumulants in the diagram, the weight factor, and the
lattice constants. All cumulants containing only cr' opera-
tors are well known and easily generated. They are

where
~

+1) are the eigenstates of o' and Ho, the r
dependence of o—+, is of the simplest form

o +—(r) =e (0) (22)

with

e=2JzM . (23)

In the expansion of Eq. (24), each linked cluster contains
cumulants of operators o' only, except one cumulant in
which o+cr are also present. We therefore need to cal-
culate the integrals,

The operator o" is given by the linear combination
o.++0. . Thus, the perpendicular susceptibility can be
written as

P P
X,=(gp&)' f dr+ f d~ (To+(r+)o (r )S(P)),.

P"+'I„=f d~+ f dr f dr, . f dr„(To+(r+)o (~ )a'(7, )' cT(7 )), .P I3 P (25)

Applying Eq. (13) in the preceding section and noting that Xpe o pe

'n —m
n!

,
C

m!
(28)

[o.+,o ]=cr',

[o,o ]=—2o

we find that

(27)

Solving Eq. (27) or applying Eq. (13) repeatedly we obtain

The calculation of the perpendicular susceptibility can
therefore be simply done by using the free-energy dia-
grams of the Ising model. One can first write down a
free-energy term which is a product of the cumulants of
cr' operators, the weight factor, and the lattice constant,
then replace one of the cumulants C„by I„(n being the
number of o operators in the cumulant) successively, and
sum up the terms so produced. A term in the perpendicu-
lar susceptibility is then obtained.
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IV. THE PERPENDICULAR SUSCEPTIBILITY OF THE ISING MODEL
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We have obtained the linked-cluster series for the perpendicular susceptibility of the Ising model to the eighth order.
The series reduces to the high-temperature series in the paramagnetic phase when M and e vanish. For a general lattice
above the critical point,

(Wa)' "
Xg —— g a„(PJ)",

n=O
(29)

where

Qo= 1

Q) ——0,
1Q2= —
3 Z

1
Q3 = —

3 P'3

a4 ———,', z( —4+ 1 lz) ——,
' r4,

a5 ———„, ( —58+8lz)r3 —Tr&,
1 1

(30b)

(30c)

(30d)

(30e)

a6 ——,» z( —136+493z—411z )+—", r3+ ( —34+ 16z)r3+ —,', ( —l7+24z)r4 —,
' r6, —

15z

a7 —— ( —1144+2068z —1081z )r3+ ( 78+37z)r—3r4+ r3 — r3+ —( 26+37—z)r5 — r7, —1 1 82 2 26 1
105 15z 15z 15z' 3

(30f)

(30g)

as ——2,',5 z( —16864+71544z —84900z +33303z )+,O5 (904—661z)r3+ F314

+ ( 44+21z)r—3r5+ „,( —47328+45708z —12375z )r3 P3P4+ 1 3

2 1 88 2 184
15z 15z 15z

+ „,( —12956+22854z —12375z )r4+ ( 44+21—z)r4+ ( 44+63z)r6 —,
'—rs —', r, + „—rb —4, r-, . —

15z

(30h)

)'k =—&e'"' .
Z

(31)

In the linked-cluster-expansion calculation the "free
embedding lattice constants" (free multiplicities) are used
instead of the "weak embedding lattice constants" used in
the conventional high-temperature series calculation. The
two sets of lattice constants are, however, related. ' Here
in the series coefficients rn is for the n-size polygon and is
equal to (z "/N) gk yk, where

only the series for the fcc lattice. The series is of the form

bn(p)l:PJl"
N(giJ~ )'

n

where b„(p) are polynomials in p,

p =tanh
2

5 is a vector pointing from a site to its nearest-neighbor
site. The numerical values of r„have been tabulated.
The graphs of r„rb, and r, are the ones corresponding to
p6d, p6„and ps„(Ref. 20). However, in the evaluation of

p'y, and I"~, the lattice sites of the graph are allowed to
coincide. For the convenience of the reader, we have col-
lected the numerical values of r nndar„rb, and r, for
some simple lattices and presented them in Table I. It
should be noted that in the disordered phase only dia-
grams with all cumulants containing an even number of
cr* contribute to the perpendicular susceptibility.

In the ordered phase, the linked-cluster series for a gen-
eral lattice is too long to be presented here. We will show

e=2PJzM .

In fact the coefficients b„(p) can be written as

g ~"Ip"+'«+
1S =Odd

The first term (n =0) is simply the mean-field result

bp(p)= 2p
E'

(35)

(36)

The second term (n =1) is zero. For n )2, the values of
n" k for the fcc lattice are given in Table II. We note that
as T tends to zero the coefficients of the correction terms
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TABLE I. Lattice constants involved in the high-temperature perpendicular susceptibility series of
the Ising model. (sq denotes square and tr denotes triangular. )

r4

r6
r7

rs

rb

r,

0
36
0

400

4900
0

100
324

12
90

360
2040

10080
54 810

0
318

1494

sc

0
90
0

1860
0

44730
0

318
1494

bcc

0
216

0
8000

0
343 000

0
1000
5832

fcc

48
540

4320
42 240

403 200
4038 300

48
3084

25 740

in the series approach zero exponentially in PJ; thus, the
mean-field result is recovered at zero temperature.

We have employed the Pade-approximants method to
obtain an estimate of the perpendicular susceptibility for
the fcc lattice as a function of temperature. In the
paramagnetic phase Eq. (29) is used. In the ferromagnetic
phase the value of the magnetization M is required for the
calculation. We have used the values of M found by the
low-temperature series, since they are perhaps the most
accurate values known for the model. In Fig. 1 we plot
the estimated perpendicular susceptibility of the fcc lattice
as a function of temperature. The error bar is used to in-
dicate the apparent convergence of the Pade approxi-
mants. The absolute accuracy of the estimate is difficult
to obtain. (See comments in the concluding remark
below. ) As expected, the accuracy deteriorates, in the vi-
cinity of the critical point, as evidenced by the wide
spread in the values of the Pade approximants.

The general behavior of the perpendicular susceptibility
is found to be consistent with Fisher's speculation. How-
ever, the precise behavior at the critical point is not con-
clusive in the present analysis. The susceptibility shows a
maximum which is about 12% higher than that at zero
temperature. The temperature at which the maximum

I. I 5-

occurs lies extremely close to or almost coinciding with
the critical temperature. With regard to this it is of in-
terest to compare it with the similar behavior of the paral-
lel antiferromagnetic susceptibility (of the Ising model).
For a (two-dimensional) plane square lattice the tempera-
ture T,„at which the parallel antiferromagnetic suscep-
tibility reaches its maximum lies about 54% above the
critical temperature T„while T~,„ for the perpendicular
susceptibility lies only 9% above T, . For a three-
dimensional lattice it has been shown ' that for a body-
centered cubic lattice T „for the parallel antiferromag-
netic susceptibility is only 6.5% higher than T„Tm,„ for
the perpendicular susceptibility is thus expected to lie very
close to T, .

The curve of the perpendicular susceptibility shows a
positive curvature at high temperature but turns negative
as T, is approached. Just below T, (in the ordered phase)
the susceptibility decreases rapidly with an infinite slope
at T, . A prominent "cusp" is observed. The mean-field
result is also plotted in Fig. 1 for comparison. It is seen
that the mean-field approximation fails to predict correct-
ly even the qualitative behavior of the perpendicular sus-
ceptibility.

Based on the results of series analysis for other physical
quantities of the Ising models, the eighth-order linked-
cluster series may very well have produced quite reliable

I. I 0—

I.05-
C3

I.OO

0.95-
l—

0.90-

0.85-

inked Cluster Series

------- Mean Field Approx.

I.ZO—

I. I 0—

o I.OO

0.90—

~ 0.80-

0.80 I

0.2
I

0.4
I

0.6
kE)T/ Jz

I

0.8 I .0 I.2

0.70
0

I

0.2
l l

0.4 0.6
k BT/ Jz

I.O

I

I.2

FIG. 1. The temperature behavior of the perpendicular sus-
ceptibility of the Ising model on an fcc lattice. The solid curve
shows the results of the linked-cluster series analysis. The error
bar shows the apparent convergence of the Fade approximants.
The mean-field result is shown by the dashed line.

FIG. 2. The temperature behavior of the perpendicular sus-
ceptibility of the Ising model on a plane square lattice. Fisher's
exact result is drawn in the solid line. The results of the series
analysis are shown by dots. The error bar shows the apparent
convergence of the Pade approximants. The mean-field result is
shown by the dashed line for comparison.
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results for the fcc lattice, except in the vicinity of the crit-
ical point. The series is certainly not of adequate length
to treat the two-dimensional lattices. However, it is of in-
terest to make a comparison between the results of the
eighth-order series analysis and the exact results of the
plane square lattice obtained by Fisher. We have carried
out the same Pade-approximants analysis for the plane
square lattice. In the ferromagnetic phase we have substi-
tuted the exact values of the magnetization for M in the
coefficients of the series. In Fig. 2 we have plotted
Fisher's exact results with the solid line. The results of
the eighth-order series analysis are shown with dots. The
error bar again indicates only the apparent convergence of
the Pade approximants. For temperatures within the
range 15% above and below the critical temperature
(kttT, /Jz=0. 5673) the approximants show a general de-
crease of values as the order of the approximant increases.
We therefore have chosen the lowest value of the approxi-
mants and made an estimate of the uncertainty by com-
paring it with the values of lower-order approximants.
The Pade approximants fail to indicate any convergence

for temperatures (ktt T/Jz) from 0.55 to the critical point.
Outside the vicinity of the critical point (15% above and
below T, ) the Pade approximants show definite conver-
gence and the results agree with the exact values, with un-
certainties smaller than the size of the dots.

It is quite encouraging to find that the linked-cluster
series yields accurate results up to the vicinity of the criti-
cal point for a two-dimensional model. While it is diffi-
cult to estimate the absolute accuracy for the three-
dimensional model, it is generally true that the series con-
verges much faster for the higher-dimensional lattices.
We can therefore conclude that the results for the fcc lat-
tice should be reliable apart from the uncertainties indi-
cated by the error bars. The precise critical behavior is,
however, not deducible with confidence in the present
work. Much longer series can be obtained using the
current method. Work on a longer series is in progress to
improve the results in the critical region.
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