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The isotropic spin-1 dipolar and quadrupolar coupled Hamiltonian is studied by means of
double-time Green’s functions. The equations-of-motion hierarchy is decoupled by using the con-
cepts of cumulant averages and self-consistently identifying the statistically independent operators
of the system. Our results satisfy all relevant spin-1 identities. In contrast to current mean-field
theories, we obtain structure-dependent critical curves separating paramagnetic, dipolar, and
dipolar-quadrupolar phases. We obtain the ground-state ( T'=0) order parameters for both the dipo-
lar and quadrupolar phases, and specifically determine the dependence of the latter on the relative

dipolar and quadrupolar coupling strengths.

I. INTRODUCTION

Physical systems which include both bilinear (dipolar)
and biquadratic (quadrupolar) exchange interactions are
usually characterized by the presence of unquenched orbi-
tal angular momenta which can couple through some
form of superexchange. Such systems include the rare-
earth intermetallics,"’? the rare-earth arsenates and phos-
phates® as well as UO, (Ref. 4) among others. These sys-
tems generally exhibit two ordering parameters.

The simplest Hamiltonian which can include both bilin-
ear and biquadratic exchange is the isotropic spin-1 model
which has been extensively studied using effective field
calculational techniques. Chen and Levy® used the mean-
field approximation (MFA), Ferrer and Pintanel® used the
MFA with the Oquchi pair approximation and Chakra-
borty’ used the MFA with a Lagrange multiplier method.

This and related models have also been treated by
double-time Green’s-function (DTGF) methods® which
have been generally criticized for being based on weakly
defined decoupling schemes and for producing ambiguous
results. Recently, Bloomfield and Brown® have developed
a DTGF decoupling scheme based on the concepts of cu-
mulant averages and statistical independence. This
scheme has produced well-defined, unambiguous results
for the transverse Ising model (TIM)® and spin-1 isotropic
quadrupolar coupled systems.!® Their scheme is here ex-
tended to treat a model which includes competing isotro-
pic bilinear and biquadratic exchange interactions for all
temperatures and exchange ratios.

II. DOUBLE-TIME GREEN’S FUNCTIONS

The retarded commutator (= —1) or anticommutator
(p=+1) DTGF is defined!! as

e—tEt

ePE 1

BA())=L(1—mc-my L [
(BAW)=5(1-mC 74— [ dE .

KA@;B)) M= —i®@ —t')[4(1), B(t)],),  (@.1)
with
A(t)=e'Htge—1H |

2.2)
[4,Bl,=AB +7BA ,
and
1, t>0
O(t)=
D=10 1 <o0. 2.3)

The single angular brackets denote a thermal average. It
follows that (4 (¢);B(¢') )™ is a function of ¢ —¢' only.
The Fourier transform of the DTGF is defined by

CABYDrie= [ dt ' EHOC A0 BN, e—s0*
2.4)

and satisfies the equation of motion,

EQA;BYP =([4,B1,) +([4,H] ;BN . (2.5)

The DTGF equation of motion represents a hierarchical
series which must be decoupled to obtain a closed system
of equations. Note that the Fourier-transformed DTGF,
Eq. (2.4), is sectionally holomorphic with the retarded
DTGF analytic in the upper half of the complex E
plane.'> 13

It has been shown!? that the commutator DTGF cannot
have a pole at E =0, i.e., '

c'-'=o0, (2.6)
where
C= lim E{A4;B)Y , 2.7
E—0t

and that the correlation {BA (¢)) can be calculated as

lim ( CA;BYT, je—CA;BNI) ), 2.8)
€—0

with B=1/kT. The response of the system to an external field, the genéralized susceptibility, is determined by the com-

mutator DTGF and is given by!% !>
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X 4p(E)=— lim {A;BN5 ). 2.9

e—0t

The e—07 poles of DTGF represent the excitation energies of the many particle system and must, therefore, be real.

III. MODEL—ISOTROPIC BILINEAR AND BIQUADRATIC INTERACTIONS

We use the S =1 operator basis consisting of the three dipole operators S{, @ € {x,y,z} and the five quadrupole opera-
tors QF, p€{0,1,xy,xz,yz} where

QP =V3[(SPP—31, O'=(SP?*—(S1)?, QP =[S7.S7]., OF=I[S7.81,, QF=I[S!,Sf1, . G.1

In this basis the isotropic nearest-neighbor coupling of the dipolar and quadrupolar operators is described by
Ho=—% 3 1,57~ 4 3940007 » 62
i,j,a ‘

and uniform field couplings to Q,~ and S} are described by

Hi=—0,307, and H;=—Q,3 S7. ‘ (3.3)
i i

We consider two cases:

(A) the possibility of an ordered phase with (Q?)=~0 by studying the full Hamiltonian H =H,+H, in the limit of
Q]—)O.

(B) the possibility of an ordered phase where {S7)0 by studying the full Hamiltonian H =H,+H, in the limit of
Qz'—>0

We consider case (A) flrst and write the equations of motion for the elght basis operators,

[SXH]_=iV30,0—ik 2 Ju(SESt—S7SP)

+ip 2 Tl QP (V307 — 0 — Q70 — QP 0 — (V307 + 0011 (3.4a)
(S7,H]_= —ivV30Q{+iA ZJ,-I(S;’S,"—S,-"SIZ)

—ip EJ,I[Q V3Q)— Q:‘F QY+ QPO — (V30— 001, (3.4b)
[SfH]_=—ikA ; Ju(SISF—SFSh) —iu 2 Ju(207 Q! —20/ 0P + Q" QF — 00! , (340)
[QP,H]_=—iV3A ; Ja(Q*SF— QS —iv3u ; Ju(S7Q*—SFor) , (3.4d)
[0/, H]_=—iA ; Ju(QY'SF—207Sf+ QF*St) —ip 2 Ju(287QY — 1O —SFOr) (3.4¢)
[Q¥,H]_ =i\ ;L-,(Q,?‘ZS,"— PSP —20)SH +iu EJ.I(ZS Q/ —S7or+stor , (3.4f)

[sz>H]_=i‘/3915iy—i7»;Ja[stySf—(Qf —V30)St — Q¥*Sf]

+iﬂ§Ju[Sszxy+Sy V30P—0/)—sior], (3.4g)
[QF H) = —iV3Q.ST+id 3 Jul(Q/ +V30ST +Q7SI ~QFSP)

—ip zJ,,[(Q, +V3Q7)SF+STQP —SFO] . (3.4h)
Invoking translational invariance we define (S{*) =a, a € {x,y,z} and
(Qf)=4q,, pE{0,L,xy,xz,pz} .

Taking the thermal average of both sides of Egs. (3.4a) and (3.4b) we have

quxzzﬂlqyz:() . (3.5a)
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From Egs. (3.4d) and (3.4¢e) we obtain the correlation identities

0=(A—p) 3 Ja({QF"ST ) —(Q*St)) , (3.5b)
1 .
0=(A—p) 3 Jy({QF'ST) +{QFSI) —2(Q”SF)) , (3.5¢)
]
0=(A—p) 3 Jy({QFSF) —(QFSt) —2(Q/SP)) , (3.5d)
1
0=V3Qy —(A—p) 3 Jy[(QPSF) — (@] —V3QD)ST) —(QI*SP)], (3.5¢)
1
0=v3Qx —(A—p) STl ((Q!+V3Q)SF) +( Q7S —(QFSP)] . ‘ (3.5f)
1
In addition we note that due to the rotational symmetry of the full H, all single site correlations vanish with the excep-
tion of qg.
We define

GyF M =USERNT, KPR =[S R;1,)
(3.6)
GERP=CQBR Y™, KENT=((QL.R;],) ,

for R; any member of the basis set of operators and R =(R;). Using the equations of motion of the basis operators, Eq.
(3.4), the eight DTGF equations of motion are

EGHRM=KZR™ 4 iv3Q,GlPR ™ _ir ;L,( (SESHR WP — (SISER; NI
+ip 3 L[ KQF (V3P + QI R N — K QPO R NP + € QP QIR N — (V300 + 01O R, ',
1

(3.7a)
EGHR W =KIR ™ _iv30,GFR ™ —id 3 Ty ({SESHR; WP — (SESER; W)
1

—ip 3Tl QF(V3QP— QiR N — K QPO R NP + QP QPR NP — K (V3P — 0I5 R; T
1

(3.70)
EGHRMW=KZRM X T Jy((SISER; NP — (SESHR; W)
1

—ip 3 Ja2EOP QLR N 20/ 0 R N + K QP Q% R N — K OF QPR V) (3.7¢)
1

EGIRM=KIR™ _iv3L S Ju( K QFSER; P — K QFESER, W) — iV 3 Ju((STQIER, N — (SFOIER YY)
1 1

: (3.7d)
EGy "M =KyR™—ir ; Ta(CQFSER, N — 24 OPSTR NP + QPSR V)

—ip 21‘, Tu2{SFQP; R, N — (ST R N — (SFQIR M) (3.7¢)
EGYRM=K»R™ 1 i) ; T K QFSER NP — L QI SHR; W — 2K QI SER; W)

+ip ;J,.,(z«s,.zQ;;R,. WP — (SFOIER VD + (STOrSR, M) (3.76)
EGER™ = KR 4 11/30,GR M iA ;Jn[«Q,-"ySi‘;R,- WP — K QPSHER; NP — (@ —V3Q))SHR,; N ']

+i#§Jiz[(<S,~"Qz’";R,-.>)§}”— {STQI5R N — (STV3QP— O/ KR NPT, (3.7g)

EGIR M=K M —iv3GH M ik B I € +VIQDSHER VE + K QPSER; N — K QFSER; D]
1

—ip 3Tl (@ +V3ONISER NG + (SO R; NP — ( SFOF5R; W] (3.7h)
1
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IV. DECOUPLING SCHEME—CASE A

In order to obtain a closed soluble set of equations, the
equations of motion for the DTGF’s must be approxi-
mately decoupled. A decoupling scheme based on the
concepts of cumulants and statistical independence has
been used by Brown and Bloomfield*!° for the TIM and
quadrupolar coupled systems and we follow their scheme
here.

On the right-hand side of the equations of motion there
are thermal averages of three operator products all of
which contain the operator R; and are of the form

(QPWSHNR;) , (R;QANSHD)) , (SHDSF(DR;) ,
(R;SHDOSF(D) , (QPWOF(DR;) , (R;QF(1)Qf (1))
which appear in '
KQPSHR VY,

The cumulant averages'®
products are

(QF(DSH(DR; ), =(Qf (1) S,“(t)R > — q,,(S,‘”(tR )

(4.1)

USESERNY , (QPOF R NG .

of the first two three-operator

(R QS (1)), =(R; QL(1)SF(2)) — qp(R SHE))
—a(R;Qf(1)) —R ({QFS/*) —2aq,) ,

The decoupling is based on the assumption that one can
choose R; such that at least one of the operators in every
three operator products to be decoupled is statistically in-
dependent of the others. This allows us to set!®

(QF()SP()R; ). =(R; QF(DSf(1)) . =0, 4.2)
and obtain the approximation
([QF(DS(2),R;15) =q,([ST(2),R;1,) +a([Qf(1),R;1,)
+(14+1)R({QFSf) — —2aq,) (4.3)
to obtain the decoupling approximation

CQFSER; DT =g, G X W+ aGfR ™

+“+’7 R((QFSF) —2ag,) .  (44)

Proceeding in a similar fashion we obtain the decou-
pling approximations

((Q Qf,R >>(E17 =quf SR( 77)+qp GP ,R (1)
+1—+1_~7W)_R(<Qfo">—2qpqpl) 4.5)

and

(SEST R WD =aGE R 4o/ GERm

(1+7m)R
E
The statistically independent operators will be self-

consistently identified as those with diagonal susceptibili-
ties [in the approximation of Eqs. (4.4)—(4.6)] that diverge

+ ({(SESF Y —2aa’) . (4.6)

as go orders.

Using the decoupling approximations in the DTGF
equations of motion and imposing the correlation identi-
ties [Egs. (3.5)] together with the fact that the only non-
vanishing single site correlation is g4, we obtain, after per-
forming a spatial Fourier transform, the approximately
decoupled equations,

EGERM k2R | i3/30,GIR™
+i1/§,uq0J0kGyz’R“’) , (4.72)
EGPR™ =k 2R _iv3(0,+1goJo )GER™ | (4.7b)
EGZRM —gzRm 4.7¢)
EGYRM —gyRM (4.7d)
EGLRM _ g LR 4.7¢)
EGPR _gR 4.7)
EGPR™ =k R L iv3[ Q)+ go(uo— A )IGER™
(4.7g)
EGER™ =K —iv3[Q) +qo(udo— M JGE R
(4.7h)
where, e.g.,
GER 1 Se ik: f,,Gx R(n)
0L
xR _ 1 5 ik xRy o
Kphtin =F§j Tk ,
and
Sy ey
4.9)
Jo=Jo—Jy -
Equations (4.7¢)—(4.7f) determine
GERM _gER™ /g GOROD _gORM /g )
(4.10)
GLR _gLROD /g GoR) _gmnRo) yp

while Egs. (4.7a), (4.7b), (4.7g), and (4.7h) may be solved
to obtain

EK R 4 iv3(Q, +qoud g ) KPR

x,R(n) _
o a E’—w} , (4.11)
GPR™ — EKPR'™ —iv/3(Q 4 goud o) KR
K P ,
(4.12)
geron_ EKEH T 430 +g0(ulo— MK
k - ’

2 2
E — Wk

(4.13)
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GIPR™ EKPRD —iv3[Q+qo(udo— M) IKER™
E*— o} ’

with (4.14)

ox="3[Q+qoulo(1—y)]'"?

X [Q1+goudo(1—Ayi/p)]'?, (4.15)

where

r=Jx/Jo . (4.16)
In the limit Q;—0, ’

o =V3qoudo(1 =y ) 2(1—Ay/u)'* . (4.17)

Since (4.17) represents the excitation energy of the system
and is real only for A/u <1, this solution is restricted to
the region A < pu.

Using (2.9), the diagonal susceptibilities are given by

X,=—Gh*(E =0) . (4.18)
Defining
X0=q0/Q, , (4.19)

and using Egs. (4.10)—(4.14), we obtain as the only non-
vanishing diagonal susceptibilities

Xo=Xx:=Xyz » (4.20)
Xo
= Y (4-21)
X=X,y 14+XoJolp—2)
For ¢, ordering,
(4.22)

li o,
df}(ﬂo%

and from Egs. (4.20)—(4.21) Xo, Xx;, and X, are the only
diagonal susceptlblhtles which diverge as gy orders. We
identify QF, Q7% and Q}* as the members of the set of
basis operators [Eq. (3.1)], which are statistically indepen-
dent of every other member of the set.

For self-consistency, we require that at least one of
these statistically independent operators appear in each of
the “higher-order” DTGF’s on the right-hand side of the
equations of motion, Egs. (3.7). To meet this requirement

we must'® choose R ; to be one of the statistically indepen-
dent operators.
Defining
g |SRiS) s vElxpz] (4.23)
v (R;Q}), vE{0,1,xy,xz,yz} )
and
(4.24)

Rv_ 1
akv=ﬁ2 ua ’
K

we obtain, by using Egs. (4.11)—(4.14) in Eq. (2.8),

—K§* T i1V (Qi+pgoda) |
2 2 g

afr=

X K{PR(=) coth

Box ] , (425
2

ry_ —KER T iv3 (@ 4pgodo0)
ETTTTT T
(1
[0}

X KR () coth %El . (4.26)
re —KERT i3 (D4 go(pdo—AJy)]
=T, 2

(4
[n]
X KPR coth B 2“ ] 4.27)
Ryz KPR 13 [Q4-g0(pdo— ATy )]
%k 2 2
(O
[0}
X KFR) coth B 2“ (4.28)

Using Eq. (4.10) in Eq. (2.8) yields a series of identities. It
is important to note that the correlation Eqs. (4.25)—(4.28)
are obtained from both the =41 and = —1 versions
of Eq. (2.8).
Using R; Q] , Q% and Q7 in Egs. (4.25)—(4.28) gives
ay =aky—'ak aﬁ’yz=aﬁz’x
, ©(4.29)

which are exactly true due to the symmetry of H, and

al?*=—iv3qy/2 , (4.30)
at® =iv3q,/2 , (4.31)
aiz,xz =a{z,yz
Q+qo(uJo—AJy)
EEW LU R [ ’: k° 1 oh % 4.32)

Performing the sum over all k for Egs. (4.30) and (4.31)
and using the S =1 identities, .

0 St=i(vV30P -0 /2,
o sf=—i(vV307+0/ /2,

we find (Q/)=¢;=0. Summing Eq. (4.32) over all k
and using the S =1 identities,

(4.33)

p_1 (4O

(Qj =3 3~‘/§"Q1},
(4.34)

0
a1 |4 91

we obtain

4 490 _ 3¢90 o [Qi+g0lo—Mi)] Bax

3TV N = o coth | =5~ |»
(4.35)

with wy given by Eq. (4.15).
For the nonordering region we use go=2X{); to write
Eq. (4.35) in the form
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4 a0 VX 1+Xo(udo—AJy) |72
3 V3 N « 1+Xoud ok
B30
X coth ——2—1—(1+X0;LJ0k)1/2

x[1 +Xo(,uJo—7\Jk)]”2] ,
: ' . (4.36)
and take Q; and go—0 to obtain

2 Xo 1 1
3 B N k 14+ pXoJ ok )

At the critical temperature X, diverges and we obtain

kT, +

(4.37)

= , (4.38)
where the Watson sum is defined by’
Fim=L 3 (1—p0". (4.39)
N <

We find the critical temperature to be structure dependent
with :

kT, kT,
=0.4396 , =0.4785 ,
HJQ sc ,J'JO bee
(4.40)
kT,
=0.4956 .
o fee

In the notation of Chen and Levy,” who use the MFA,
we find

izt g.;ﬁ;’ tf>cc ’ (4.41)
—_—= = 10. , bce, .
1 F(—1
20 (=D 15,6504, sc,
while their structure-independent result ‘is
kT,
—=0.72. (4.42)
Iy

In agreement with mean-field theory, however, we find
that T, is independent of A. Thus, in the special case of
A=0 our Hamiltonian, Eq. (3.2), reduces to the isotropic
quadrupolar model and our results are identical to those
obtained by applying this scheme to that case.!®
For the ordering region (7 < T,), g, does not vanish as
);—0 and in this limit Eq. (4.35) becomes
4 4 V3o v
3 V3 uN %

1—Ay/p
I—yy

X coth lgl/:_mquo( 1—y )72

X (1=Ay/p)'”? 1 . (4.43)

EDWARD B. BROWN AND LOUIS F. UFFER 31

TABLE I. Ground state go vs the ratio A/u (=1,0/I5 in
Chen and Levy) for bcc lattice at T =0 [from Eq. (4.44)].

A —\/qu
0.0 1.779 886
0.1 1.794279
0.2 1.808 121
0.3 1.823370
0.4 1.840210
0.5 . 1.858 854
0.6 1.879 644
0.7 1.903 104
0.8 1.929907
0.9 1.961 336
1.0 2.00

Taking' B— o and anticipating g, negative, we obtain an
expression for g, in the ground state,

4 -
V3go=— 72
3 s 1—Ayy/p
N k 1—’)/k
where V3go=(OF!) in the notation of Chen and Levy.
The ground state g, for a bee lattice structure is tabulated

as a function of the ratio A/u in Table I and shown in
Fig. 1.

, (4.44)

V. DECOUPLING SCHEME—CASE B

In this case we study the Hamiltonian,

H=-0,35+H,, (5.1)

1.0 . . r

0.8 - -

0.6 - —

N
T
1

0.4 4

0.2 - ;

0.0 | L | 1
1.8 1.9 2.0 .

_\/3'(10

FIG. 1. A/p=1I,0/I5 vs —V3go=—(02%) at T =0 for bec
lattice from Eq. (4.44) and Table 1.
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in the limit Q,—0 in order to study the possibility of z
ordering. From the symmetry of (5.1), the only nonvan-
ishing correlations are z and qo. Proceeding in a manner
identical to that followed in Sec. III we obtain the correla-
tion identities

0=009y, —(A—p) 3 Tyl Q”SI") —( Q’SF)
1

— Q! =V3QMs)1,

Qox =0,y =0, (5.2a)
(5.2¢)
0=(A—p) 3 Ju({Q*ST) —(QST')) , (5.2b)
: ] 0=0sG,; —(A—p) 3 Ju[(QPST) — QS
0=20,g,, —(A—p) 3 Jy({ QST —( QST ) 1
y : |
—2(QFS?)), (5.2¢) +(Q/ +v30M5M)1,
0=20,q, —(A—p) 3 Jy({ Q7S] — (Q7*ST) (5.2
1 ) \
—2(Q/s?)), (5.2d) and the approximate Green’s functions,
J
Kkz,R('q)
Gf(’R(mz——— , G%R(ﬂ):Kg,R('q) , (5.3)
1,R(7) ; X .
GLrm _ EKLT +2ABKPRT gy EKPRT 2B KT 54
E?_4B} P Tk E2_4B} ’ '
1 .
Gi,R(f]): Ak(E) {ESKﬁ,R(TI)+1E2(AkK{,R(17)+CkK{Z,R(‘I]))_E[(BlZ‘+Cka)K§,R(11)__(Ak+Bk)CkK)kCZ,R(‘I))]
— i (A By —C D )(BL KPR k2R ™)y | (5.5)
1 )
G{,R(Tl)= Ak(E) {E3K{,R(’Il)_IEZ(AkKi,R(’q)+CkK{Z,R(11))_E[(B]2(+Cka)K{,R(1])__(Ak_i_Bk)CkK{Z,R(n)]
+i (A By — CeDO)(BKER™ _C KPR (5.6)
GER™ = A.jE) (EKPR™ HIiEADKER™ + B KR )+ E[(Ax+ By )D KPR ™ — (A4} + CyDy KR ™)
+i(AgBy —Cy Dy (D KPR — 4 KPR} | (5.7)
GPR M = — :E) (EKPPRD _EAD KER™ 4+ Bk PR ™)+ E[(Ax+Bi)DKER™ — (A} + CDOKER ™ ]
k
— i (A By — Cy D)DK ER™ — 4, K2Ry (5.8)
|
where D, =V3qo(udo—AJy) , (5.9d)
Ak:QZ+M0k N (5.9a) and
By=0,+z(Mo—pJy) , (5.96)  A(E)=E*—EA}+B}+2CyDy)+(AyBy—Cy Dy )? .
Co=V3q0 o » (5.9¢) (5.10)
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Defining
Xz =z /‘0’2 5

(5.11)

and using Egs. (5.3)—(5.8), we obtain as the only nonvan-

ishing diagonal susceptibilities,

Xx :Xy:Xz ’ (5.12)
Xz =X ——-——3(2——[1+3x X u—A)Jol, (5.13)
xz =Ayz = 1_'_(}\_#))(”]0 z M —. ol .

X,
Xi1=Xyy = (5.14)

1-{—(}\.—#))(2]0 ’

where ¢ =V"3q,/z. We shall see self-consistently that

Ki,R(—)

EDWARD B. BROWN AND LOUIS F. UFFER 31

lim lim¢=0, (5.15)
Q, z—0
so that in this limit, Eq. (5.13) becomes
X
sz:'Xyz: (5.16)

1+()M—M)XZJ0 '

The critical temperature for z ordering is defined by
X,— o and we see from Egs. (5.12), (5.14), and (5.16) that
the only divergent diagonal susceptibilities in the X,— o
limit are X, X,, and X,. Reasoning as in Sec. IV we thus
conclude that R; must be chosen from the set {S7,S7, S7}.

Using Egs. (5 3) and (5.4) in Eq. (2.8) yields a serles of
identities while Eqgs. (5.5)—(5.18) give [for both the
1= +1and = —1 versions of Eq. (2.8)]

akx _-2—+i(AkK{’('R‘_’+CkK{z’R‘“))I§(”+i(AkBk——Cka)(CkK{z’R(“ By KPRNri~Y (5.17)
KpR R( R(=)yp(—1)
aﬁ’y:_—kz——z(A KPR 1y K”R“’)I“) i(AxBy—Cy D (C KER ) B KPR N i—Y | (5.18)
af® = KPR L i (DKER T + B KPR LY i (A By — O DODGKER ) — kPR Y (5.19)
Ryz Kpr xR(—) x2,R(=)yp(1) -) x2,R(=)yp(—1)
ak’y :—_—_i— (D K +B K )I I(AkBk—Cka)(DkKk _AkKk )Ik , (5.20)
T
where Summing Eq. (5.24) over all k gives g,, =0, which is
n _on 2 true from the symmetry of H. Summing Eq. (5.25) over
1 = @hcothBon/2) ~ox cothlfox/2) | (521)  all k yields identities. Summing Egs. (5.26) and (5.27)
2wix— o) over all k and using the S =1 identities
2 2 :
and w7y and wy are the roots of A (E), i.e., . e Qz +Q 528
AYE)=(E?— 0B E?— o) . (5.22) N ) e
i * S7,8%in Egs. (5.17)—(5.21) gives
Using R;=S7,S7,S} in Egs. g (S,-y)2=i 4 Q, _o! l ’ (5.29)
ak -—aky—ak afg’:O, (5.23) 2|3
which are exactly true due to the symmetry of H, and SFQF=+(SF—iQ”), (5.30)
e =2 _ _ap (5.24) SIQF =3 (SF+iQP) , (5.31)
2
] we obtain
al’ = iv3q0 =—al™, (5.25)
2 2D LS a4+ eI
3 2v3 N<%
and
XX ___ A (1)
ap*=(zA4+V'3qoC )i . +_11V2( By —Cy D )(V3qoCy—zB IV
+(AkBk—Cka)(\/gquk——ZBk)Ik_ = ,lv(,y R k s
520 . " ©.
= (zDy + 3qOBk)Ik
akxzz(sz—i—\/?’qOBk)IL” 2 N % k
+( A By — D )(zDy — V3qo A I~ =ay”* +'11V S (ABy — C Dy 2Dy —V3qo Ay )T
(5.27) « (5.33)



Setting z =X,Q, and letting z,Q,—0, we obtain from
Eq. (5.33)

lim ¢=0, (5.34)
Q,,z—0
thus confirming self-consistently Eq. (5.15). In the
z,Q,—0 limit, Eq. (5.32) gives, using Eq. (5.34),
X
2 _ 1lls "2 (5.35)

37BN € 1+ o

thus determining X, above the dipolar ordering tempera-
ture, Tp. As T—Tp, X,— o and we obtain
kTp 3

Proceeding as in Sec. IV we also obtain from Egs. (5.32)
and (5.33) the ground-state solutions z =1 and go=1/V3.
From Eqgs. (4.38) and (5.36) we see that T, < T, for A <p.
Thus, for A <, go orders with z=0 and z cannot order
as described in this section since inequality (5.15) cannot
be met. The results of this section are therefore restricted
to A>pu.

We find the transition temperature T, depends on the
lattice structure and (as in mean-field theory) is indepen-
dent of the coupling parameter u. In the special case of
pn=0, the Hamiltonian, Eq. (3.2), reduces to that of the
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isotropic Heisenberg model and our result for Tp, Eq.
(5.36), reduces to that of Tahir-Kheli.!®* These results for
Tp in the p=0 case are within 1.5% (bcc), 0.6% (sc), and
0.8% (fcc) of the Padé approximant results.!®

VI. CONCLUSIONS

We have self-consistently identified the operators whose
susceptibilities diverge in the ordered phase as the statisti-
cally independent operators in the spin one basis set. Us-
ing this approximation to decouple the Green’s function
hierarchy, we have obtained results which contain no am-
biguities and obey all relevant spin-1 identities.

In this particular application to isotropic competing bi-
linear and biquadratic exchange, our scheme produces re-
sults which are valid for all values of temperature and
couplings. We find the phase space of the system parti-
tions itself into two regions which we label case (A) and
case (B). In terms of the ratio of the couplings A/u, case
(A) is restricted to A <y with g¢40, z =0 in the ordered
region while case (B) is restricted to A >pu with both z and
q0+0 in the ordered region. The topography of the phase
space is therefore the same as in the MFA but with phase
boundaries that are lattice structure dependent. In addi-
tion we have found the ground-state (T =0) order param-
eters for both cases as a function of the ratio of the cou-
plings.
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