PHYSICAL REVIEW B

VOLUME 31, NUMBER 11

1 JUNE 1985

Vortex states in rotating *He- 4 in a weak magnetic field

Xenophon Zotos and Kazumi Maki
Department of Physics, University of Southern California, Los Angeles, California 90089-0484
(Received 5 October 1984)

We study theoretically the phase diagram of vortex states in *He-A4 in a weak magnetic field
H ~Hy(30 Oe). We find that the lattice of 27 analytic vortices proposed by Fujita et al. has the
lowest free energy for H << H,, while for H >> H, the lattice of vortex pairs (Seppald-Volovik vor-
tices) is more favorable. In the vicinity of the transition temperature (7 >0.87,) the lattice of
dipole-locked vortex pairs appears between the above two configurations in a magnetic field
H ~0.5H, and for a rotation speed {2 <0.04 rad/sec.

I. INTRODUCTION

The recent NMR experiment on rotating *He-A4 by
Hakonen et al. has greatly advanced our understanding
on the vortex structure.! It is now established both exper-
imentally and theoretically that in a high magnetic
(H~10H, where Hy~30 Oe is the magnetic field
equivalent to the dipole-orientation field) the lattice of
Seppila-Volovik (SV) vortices has the lowest free ener-
gy.>~> On the other hand in a low magnetic field
(H < H,) the square lattice formed by 27 vortices® has
the lowest free energy. ,

The purpose of this paper is to construct the phase dia-
gram for different vortex structures as a function of vor-
tex density n, (or the rotation speed), reduced magnetic
field H/H,, and reduced temperature 7/7,. In the
course of the present analysis we have discovered a third
possibility; the lattice of dipole-locked vortex pairs (DLP)
which has the lowest free energy in a narrow window in
magnetic field for T'>0.75T, and for ry/&, > 70, where
rolmn, )~ 172 is the intervortex distance and & ~10 um is
the dipole coherence length. At lower temperatures the
lattice of SV vortices appears to transform directly into

the square lattice of 27 vortices as the magnetic field is
decreased. The ultrasonic attenuation experiment can
provide the most direct probe to observe the predicted
textural transformation, since the asymptotic direction of
?away from the vortex centers is unidirectional for the SV
vortex lattice, while it becomes bidirectional (.e., it
spreads uniformly in the plane perpendicular to the rota-
tion axis) for the 27 vortex lattice. Therefore, the at-
tenuation coefficient should experience a sudden jump at
the transition from one vortex structure to the other.

II. FREE-ENERGY ANALYSIS

We shall evaluate separately the free energies for the
three vortex structures within the Wigner-cell approxima-
tion. We limit ourselves to the lattices formed by the cir-
cular and the hyperbolic vortices as these lattices have
lower energy than the corresponding ones with the radial
and the hyperbolic vortices. We shall start with the gen-

* eralized Ginzburg-Landau free energy as given by Cross,’

where the coefficients are evaluated within the weak-
coupling theory® with the Fermi-liquid coefficients as
determined by Greywall:®

F=3xXnC} [ &3r{k TV +k,(TX VDY + k3 (V) curll —T(T-curlD)] — k4 (V@) T(T-curll)

+ks(divD)?+ke(Tx curll)? + ky(T-curlD?+ | (Tx V)d | 2+A | (T-V)d | 2

+Er -T2 +£5%d2)

where
V®=Va+cosfVy . (2)

a is the phase of the order parameter and the orbital vec-

tor T is defined in terms of the Euler angles f3, v as fol-
lows:

T=( —sinf3cosy )X + (sinBsiny )y +cosfBZ , (3)

while the magnetic d vector is defined as

d=(—siny cosy)X + (sinX cosy)y +cosXZ . 4)

The last two terms in Eq. (1) are the dipole energy and the
magnetic energy, with &£y =(Hy/H)&, and we take the
magnetic field in the 2 direction parallel to the rotation
axis.

A. Seppild-Volovik vortex

We have already analyzed extensively the free energy of
this texture in Refs. 3 and 4. Therefore, we shall summa-
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rize the relevant results here. We use a hyperbolic coordi-
nate system (u,v) defined by

X =c coshu cosv ,
(5)

y=c sinhu sinv .

2c¢ is the distance between vortices in a pair. We
parametrize the angles «, 3, v, ¥, and X as follows:?

a=¢,+dy, v=—1+d+7/2,

y
—cC

y
X +c

1 1

¢1=tan_ ’ ¢2=tan_

>

COSBZCOSUe —a(coshu —1) ,

X=m/2, Y=m/2.

¢ and a are variational parameters, a dictates the ap-
proach of Tto the £ -y plane from the vertical direction at
the center of the vortices. The magnetic vector d lies in
the X-9 plane practically parallel to the y direction,
asymptotic direction of the T vector. The free energy per
unit length for a pair is given by

f1=(f/mXyC]) =4k, +k)In(ro/E)+ASf,
=A11n(r0/§l)+Afl . (7)

o is the intervortex distance related to the density of 47
vortices n, and the rotation speed () by

ro=(mn,)~2=(h /2rm;Q)"/* .

In Fig. 1 we present the results for the temperature
dependence of Af;, a, and c¢/&. The coefficient
A, =4(k,+k,) of the logarithmic term is readily inter-
preted as due to the circulation considering the asymptot-
ic unidirectionality of the T vector and the 47 vorticity of
the vortex pair.

FIG. 1. Free energy Af,, a, and c=c /&) as a function of
temperature ¢ =T /T, for the SV vortex pair.
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B. Dipole-locked vortex pair

In a high magnetic field the stability of the Seppala-
Volovik vortex pair, where d lies in the X-9 plane, is
guaranteed by the gain in magnetic energy despite the loss
in dipole energy near the center of the vortices. Therefore
by decreasing the magnetic field at H ~H, we expect a
textural transition where the d vector becomes practically
parallel to the T vector. In the following we will examine
only the dipole-locked case as we expect it to be a very
good approximation in a weak magnetic field. We use the
same variational functions as for the SV vortex except
that we take X =0 and ¢y=v (.e., 7| |8) The free energy
is given by

f2=4(k1+k2)1n(r0/§H)+Af2
=A11n(r0/§H)+Af2 . (8)

Now the length scale is the magnetic coherence length £y
so that the logarithmic term and the vortex distance ¢ are
scaled by £y. The temperature dependence of Af,, ¢ /&y,
and a is shown in Fig. 2. As expected when the vortex
pair becomes dipole locked, 2¢ increases to an intervortex
distance roughly 4 times larger than that in the SV pair.

C. 2w single analytic vortices (.S)

We shall calculate the free energy of the single circular
and hyperbolic vortices separately and then we will sum
them to compare with the vortex pairs. We use cylindri-
cal coordinates (7,¢) and we parametrize the Euler angles
(a,B,7) as follows:!°

a=¢,
—a,r T .
cosfB=cosy=e ° , y=¢=_¢+? for circular , (9)

ahr

cos[)’:cosy:e - , ‘y:l/j:(;b for hyperbolic .

T0.0

141,

4-100.0

FIG. 2. Free energy Af,, a, and ¢=c /&y as a function of
temperature t =T /T, for the dipole-locked vortex pair.
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We again consider only the dipole-locked case and we take
ro corresponding to rotation speed () related to rgy by
ro=ro/V'2. The free energies of the two vortices are
given by

Se=4k +ke+Mnlro /Ex)+ASf. ,
fo=2k+ky+ks+kc+1+Mn(ro/Ep)+Af ,
fi=fe+fn=AIn(ro /Eg)+AS; .

The results for Af3,a.&y, and a, &y are plotted in Fig. 3.

(10)
(11)

III. PHASE DIAGRAM

We can qualitatively understand the vortex phase dia-
gram by considering first the logarithmic terms in the free
energy. The logarithmic term of the SV vortex pair scales
with &, while those of the 27 single or DLP scale with
£py. Therefore we expect that at high magnetic fields the
SV vortex is more favorable and that there is a textural
phase transition to dipole-locked single or DLP vortices at
lower field of the order of H,. To determine the phase
boundary between the lattice of the SV vortices and that
of 27 vortices we equate the free-energy expressions (7)
and (11) and we obtain

r()/é‘LZS(H/Ho)s, (12)
where

5 oxs | M2—AS

B VI

and the exponent €=A,/A;—A,. The temperature
dependence of the coefficients 4; and A4, is shown in Fig.
4. Near T, A,<A, so that € is negative, near
T~0.75Tc A=A, so the exponent € diverges. At this
temperature the critical field which separates the SV vor-
tex from the 27 vortex lattice becomes independent of the
vortex density n,. For T <0.75T, the exponent becomes

-100.0

0.0

1.0 T o5 t

) FIG. 3. Free energy Af3, a. =a.&y, and @, =a,€y as a func-
tion of temperature ¢ =T /T, for circular and hyperbolic single
(S) 27 vortices.
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FIG. 4. Free-energy logarithmic term coefficients 4, and 4,
as a function of temperature t=7/T,.

positive. In Table I we give the values of 8 and € for
several temperatures.

In passing we should note that the coefficient 8 depends
on the energies Af; and Af; which reflect the internal
structure of the vortices. As we are using a variational
method we can only attach a semiquantitative meaning to
these coefficients. On the other hand, the exponent € de-
pends on the k; coefficients of Cross’s free-energy expres-
sion; they are calculated within the weak-coupling theory
which is believed accurate within 10%. Then, it would
not be difficult to determine experimentally the field
dependence of the phase boundary lines.

Comparing the coefficients of In(ry /&) for the 27 vor-
tices and DLP we can conclude immediately that in the
dilute limit the latter is more stable for T close to T,
while at lower temperatures the 27 vortex lattice is always
favored. At first sight the DLP appears to become more
stable than the 27 vortices in the high-density limit for
T <0.73T,.. However, it is easy to see that in this region,
where ro <20&,, our calculation is no longer valid as in-
teraction between vortices should be taken into account.
Therefore for T <0.75T, the DLP cannot be stable for
any vortex density.

TABLE 1. Values of 8 and € for several tempertures.

T/T, 5 €
1.0 2.4 —5.0
0.8 164.0 —21.0
0.6 0.3 + 7.8
0.4 1.1 . + 3.8
0.2 0.44 + 5.4

’
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FIG. 5. Vortex phase diagram as a function of 7o=ry/£&, and
magnetic field H /H,, at several temperatures T =T/T,. The
dotted line denotes the limit of validity of the calculation.

IV. CONCLUSION

We have compared the free energies of three possible
vortex configurations, the lattice of SV vortices, that of
DLP and that of 27 vortices. We find that in a high mag-
netic field the lattice of SV vortices has the lowest free en-
ergy, while in a small magnetic field that of 27 vortices
has the lowest free energy. Furthermore, for 720.75T,
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and for small rotation speed the lattice of DLP becomes
stable in a window of magnetic field for H ~0.5H,. We
have constructed the phase diagram, which can be tested
both by NMR and by ultrasonic attenuation experiment
(see Fig. 5). ’

However, although the NMR satellites associated with
these three configurations are distinct (note that there will
be no satellite associated with DLP as f] 1& in the equili-
brium configuration'!), low-field NMR experiments are
rather difficult due to the small resonance frequency. Ul-
trasonic attenuation, on the other hand, will provide clear
signature of the transition between the SV vortex lattice
and the 27 vortex lattice, since for the SV vortex lattice
the asymptotic direction of ?away from the vortex center
is unidirectional (say, in the 9 direction) while for the 27
vortex lattice it is bidirectional (spreads in the X-J plane).
The detection of the transition between the SV vortex lat-
tice and the DLP lattice may be somewhat more subtle.
However, since the distance between vortices in a pair
jumps almost by a factor of 4 associated with this transi-
tion, this transition may be as well accessible to the ul-
trasonic attenuation experiment.
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