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We study the alkali cyanides NaCN and KCN, both pure and mixed in alkali halides, .in the low-

temperature orthorhombic phases (paraelectric and antiferroelectric). Experimental results on the
dielectric properties of these systems indicate that short-range-order effects are important. We in-

vestigate these effects using the Kikuchi method in the limit of the pair-correlation approximation
(Bethe approximation). Our results for the temperature dependence of the dielectric constant for the
pure systems are adjusted to the available experimental data to obtain the three relevant parameters
of the Inodel: coordination number, coupling interaction, and electric dipole moment of the CN
molecular ion. This parametrization is used in the study of the dielectric constants of the mixed sys-
tems and the critical temperature as a function of the CN dipole concentration is obtained. Our
results are in good qualitative agreement with the experimental ones.

I. INTRODUCTION

The study of molecular dipole order and phase transi-
tions in alkali cyanides includes an extensive experimental
investigation of ionic solids of the type
M+(CN )„[X ]& „. These are the mixed alkali-
cyanide —alkali-halide systems, where M stands for an al-
kali metal (e.g., Na, K), X is a halogen atom, and x is the
concentration of cyanide molecular ions in the anionic
sites.

Pure alkali cyanides KCN and NaCN present two
phase transitions. The first is associated with ferroelastic
ordering of the CN elastic dipoles, leading to a lattice
distortion from cubic to orthorhombic structure. The
second, at lower temperatures, corresponds to an antifer-
roelectric ordering of the CN electric dipoles. An in-
teresting feature of the mixed systems is the existence of
critical cyanide concentrations below which one or both
phase transitions are not observed. '

In this paper we are concerned with the low-
temperature phases (orthorhombic paraelectric and anti-
ferroelectric) of the pure and dipole-dilute materials. Ex-
perimental results for the temperature dependence of the
dielectric constant of the pure materials indicate that
correlation effects play an important role in these sys-
tems. We consider pair correlations in the Bethe approx-
imation, and show that several experimental features of
the pure and mixed materials can be understood within
this scheme. The specific heat is also studied in the Bethe
approximation, and our results are in good qualitative
agreement with experiment.

II. THE BETHE APPROXIMATION
FOR A DIPOLE-DILUTE ANTIFERROELECTRIC

SYSTEM

We consider a lattice in which each anion site is in one
of three possible states: 2 and B stand for a site occupied

by a dipole oriented, respectively, up and down along an
anisotropy axis, while C represents a halide ion with no
permanent dipole moment. We consider the halides to be
distributed randomly in the lattice.

For an antiferroelectric system the lattice is divided
into two equivalent sublattices, a and P, so that the pure
ordered system corresponds to all ct (P) sites in state 3
(B). The site probabilities are

PA PB Pc (1 x) PA lPB PcP 13 P

where px is the probability of having a K species in a v
site and x is the dipole concentration in the lattice.
Within mean field (MF), only these probabilities are con-
sidered. In the Bethe approximation, pair correlations
are also taken into account; we call PAL the probability of
finding a K Lnearest neigh-bor pair -in a-P sites, where
K,I.=3, 8, or C. In the present model C sites are un-
correlated; therefore

pf c=(1 x)pX pcs =(I x)pic, pcc=—(I —x)aP a aP P aP

Normalization requirements yield

(Px~ +Pace ) tt (P~tc+PttI)Pz= I It"
X X

PEL
aP

It",I.=A,8

We describe an antiferroelectric system by an effective
Hamiltonian which takes into account only nearest-
neighbor coupling between sites in different sublattices
and a uniform external probe field e:

H= J g 0';t7J. —eg CT;

~'~ ~NN

where o.; =+1, —1, or 0 according to whether site i is in
state 3, B, or C, respectively, and J&0. In terms of the
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parameters defined above, the internal energy per unit
volume is written as

aP aP
ZX ap ap ap aP I AA PBB

J(p~~+paa p—~a pa—~ ) —&N
2 X

TABLE I. Experimental data for the pure cyanides: T„ the
critical temperature, is taken from specific-heat measurements,
T* is the temperature for which the static susceptibility P is
maximum which, for NaCN, coincides with T„g,„ is the
value of P at T* and n, is the density of "active" dipoles which
is X/3.

zX eX ap p
2 x (p~~ paa—» T, (K) T* (K) 0

+max n (cm )

where z is the coordination number and X is the density
of sites in the crystal. In Eq. (5) we define for conveni-
ence the short-range-order (SRO) parameter q. In the
Bethe approximation the entropy for the pure system
(x =1) is given by '

S=Nkg g g px. lnpx.
(z —1)

2 v=a, P K=A, B

KCN
NaCN

'Reference 9.
Reference 11.

'Reference 1.
dReference 3 ~

83'
172'

89'
172d

0.0S'
0.04

O.SOX10»
P.68 && 10»

2 z g pwca. »prcl.
K,L =A, B

I a =PA —PB IP =PB —PA
p p (10)

are easily obtained numerically for all temperatures and
concentr'ations by the natural iteration method introduced
by Kikuchi. The specific heat C~(x, T) =BE/BT is also
calculated numerically from Eq. (5). Similarly, the static
susceptibility is calculated from the relation

d (P~ Pp)—
X(x,T)= np

dE

n=lim I [p~~(e) pea(e)]-
a~0 EX

Minimization of the free energy F=E —TS yields the
following analytic results in the zero-field limit (e~O):

(i) The critical temperature

2J/kg
C ln[z/(z —2) ]

(ii) The SRO parameter for T & T,

g = —t nah(J/AT) .

(iii) The static susceptibility for T & T,

yo( T) np

kgT 1+(z —1)

where n is the density of "active" dipoles, i.e., dipoles
which are aligned with the probe field, therefore n =N/3
and p is the individual dipole moment.

The pair probabilities and therefore the SRO parameter
g and the long-range-order (LRO) parameters

tric orthorhombic phase. Moreover, the maximum of the
integrated dielectric loss in KCN is found' to occur at
T*=89 K which is higher than T, =83 K, the antifer-
roelectric ordering temperature. These features cannot be
understood in a simple mean-field scheme. We therefore
include correlations between dipole pairs in the Bethe ap-
proximation.

To apply the formalism in Sec. II to the antiferroelec-
tric cyanides, we adjust the parameters in the model by re-
quiring the theoretical predictions to reproduce the experi-
mental data for the pure cyanides given in Table I.

For KCN, T, , T*, and g „in Table I are obtained
from Eqs. (7), (8), and (9) for the parameters given in
Table II. For NaCN, since no maximum is observed in g
for T & T„we have one less experimental datum to fit the
parameters. Therefore we take the same value of p ob-
tained for KCN and fit T, and g,„ to obtain J and z,
which are given in Table II.

Our results for the static susceptibility versus tempera-
ture for pure KCN and NaCN are given in Fig. 1. For
T & T, we also give the MF result (dashed line):

&MF(T& T )=0 0

T+T,'
with T, given in Table I and C fitted to reproduce X(T, )

in each system. A fully quantitative comparison with the
measured behavior is difficult for two reasons. First, the
measured data are not static but dynamic ones in the
10'—10 Hz. Secondly, the measured dielectric constant
e( T) does not contain only the dipolar susceptibility X( T),
but also the very large e(T) background of the host ma-
terial. As the latter is very strongly decreasing towards
low temperatures, a weak increase of Xd;~ under cooling at
T & T, is often not recognizable as a "maximum" in the
composite e(T) curve. A full analysis of the newest and

—[p~~(o) —pan(o) l] TABLE II. Values of the parameters calculated to fit data in
Table I: electric dipole moment p, coupling interaction J, and
coordination number z.

III. THE PURE AND DIPOLE-DILUTE CYANIDES

Experimental results on the temperature behavior of the
dielectric constant of KCN and NaCN (Refs. 1—3) show
it to decay very slowly with increasing T in the paraelec-

KCN
NaCN

p (eA)

0.13
0.13

J (mev)

3.1

5.0
3.4
4;1
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X
(l 0 )

4

Tc= l72 K

best experimental data is underway and will be published
soon. Qualitatively, however, all experimental curves in
Refs. 1—3 show, in comparison to Fig. 1, that several
features not predicted in MF theory are obtained in the
Bethe approximation and are therefore due to short-
range-order effects

(i) P increases very slowly under cooling for T & T,
[often not visible in composite e(T) curves].

(ii) X (T) is maximum at T*&T, for KCN.
(iii) The kink at T=T, of g (T) is smoother in KCN

than in NaCN.
Results for the temperature dependence of the specific

heat C, (T) of the pure system are given in Fig. 2. The
calculated values go slowly to zero for T & T, , which is
due to correlation: in the mean-field (MF) treatment we
would expect C~(T & T, ) =0. The calculated discontinui-
ty at the specific-heat anomaly at T, reproduces within
30% accuracy the observed ones. '" Note that the fit-
tings in our model do not involve any experimental data
for the specific heat.

The behavior of the mixed systems is studied using the
same parameters J, z, and p given in Table II for the pure
systems. In Fig. 3 results for the static susceptibility
versus temperature are presented for several values of the
dipole concentration x. As the dipole concentration is de-
creased, the maximum in the curve is displayed towards
lower temperatures, the susceptibility is lowered in value
and becomes a smoother function of the temperature. In
the experimental study of the dielectric constant of
K+(CN )„(Cl ) ~ „(Ref. 1) the strong temperature

(0) N

O
E

O
5 - (b) KCN

o +
C3

0.0 0.5 1.0 l. 5
T/T

FIG. 2. Specific heat of pure NaCN and KCN calculated in
the present model.

dependence of the host material e(T) must again be con-
sidered and subtracted. After doing this, the above
features are observed, namely the existence of a very weak
maximum in all curves, which occurs at lower tempera-
tures as x decreases, and, the rapid decay of X(X,T) as
T—+0.

The critical temperature of the mixed system T, (x) is
determined, for each concentration, as the temperature
below which the I.RO parameters in (10) become nonzero.
The critical temperature corresponding to the susceptibili-
ty curves in Fig. 3 is also indicated there. Notice that as
x decreases, T, becomes much lower than the temperature
for which g is maximum.

The decrease of the critical temperature with x as cal-
culated in the present model as well as by MF is presented
in Fig. 4. While MF gives a linear decrease of T, with x,
the Bethe approximation predicts a much faster decrease
and no I.RO below x;„-0.6. The critical temperature is
determined experimentally from the low-temperature A,-

X
(lO-') T'= 89 K

X

(lO ')
K t c N ~ x I HALIDE ~ I-x

x= I.O0.9

=83K

2

0.5 f.o T/T.
C

FICx. 1. Static susceptibility of pure NaCN and KCN calcu-
lated in the present model. For T ~ T, the MF results are given
by the dashed line.

0.5

FIG. 3. Static susceptibility for dipole-dilute KCN for the in-
dicated values of the dipole concentration x. The critical tem-
perature for each concentration corresponds to the circle in the
curve; no phase transition occurs for x &0.59.
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FIG. 4. Critical temperature for dipole-dilute KCN as a
function of dipole concentration. The MF result is given by the
dashed line. The circles are values measured by Moriya et al.
(Ref. 12) for the K+(CN ) (Br )& system.

like specific-heat anomaly. The fact that T, decreases
with x faster than predicted by MF has been observed in
specific-heat measurements in K+(CN ) (Cl ) t „(Ref.
4) arid in K+(CN )„(Br )& „(Ref. 12). For these mixed
materials no low-temperature specific-heat anomaly has
been observed below a dipole concentration of about 0.9
for the Cl mixture and 0.8 for the Br mixture.

IV. DISCUSSION AND CONCLUSIONS

The treatment presented in Sec. II for pure and dilute
antiferroelectric (or antiferromagnetic) systems is an
effective-field theory which improves classical MF by tak-
ing into account SRO effects in the disordered regions to
the extent of pair correlations. The improvement obtained
over the MF results as compared to experiments dipole-
dilute cyanides shows that correlation effects are relevant
and must be taken into account in the study of these ma-
terials.

The model Hamiltonian (4) proposed for the cyanides is
obviously oversimplified to describe these antiferroelectric
systems in which long-range dipolar and elastic interac-
tions are responsible for the electric dipole ordering. '

Therefore the calculated values of the parameters (Table
II) must be regarded as "effective" values and are allowed
to be quite different from the corresponding physical
quantities in the system. The value of p has only been
measured (by Curie Law) for dilute CN defects in KC1,
yielding' p =0.077 eA. If the same value holds for pure
KCN and NaCN our effective p value is a factor 1.7 too
large. Similarly our effective z value is somewhat larger
than the expected z = 8 value.

Our results for the static susceptibility show that the
temperature for which it is maximum is not necessarily at
the critical temperature. This is because the uniform

probe field has a symmetry different from that of the an-
tiferroelectric dipole system. Therefore, the linear-
response function X does not diverge at T, but is continu-
ous and changes concavity at T, and may or may not
have a maximum at that point. For antiferroelectric sys-
tems, the specific-heat anomaly should be used in the
measurement of T, rather than dielectric properties.

In the zero-temperature limit we obtain a different de-
cay rate of X than the experimentally observed one, '
since freezing effects are not incorporated in our model.
At very low temperatures the molecular ions are not able
to "jump" over the elastic barriers in the crystal and this
effect inhibits the system to fully respond to external
probes.

Our model treatment is applicable only for elastically
ordered systems, in which all elastic dipole moments are
oriented parallel to one anisotropic axis (with the electric
dipole moment "up" or "down" along this axis). This is
the case for the orthorhombic structure, possessed by pure
KCN and NaCN and by the K+(CN )„(Cl )& „mixed
system. Pure RbCN, however, forms an elastically or-
dered monoclinic structure, ' in which the CN mole-
cules are not oriented all parallel to one axis, but form two
subgroups of molecules, oriented parallel to two different
axis directions with about 90' angular difference. It is evi-
dent that our model treatment does not apply to this case.
Dielectric measurements show indeed a very different
behavior compared to KCN and NaCN: the dielectric
susceptibility raises with Curie-law ( T ) behavior down
to the lowest measurable temperature (32 K), showing
noninteractive paraelectric behavior without any dipole or-
dering. '

Recent neutron measurements' showed for the dipole-
dilute K+(CN )„(Br )& „system a monoclinic structure
similar to that of RbCN. For x close to 1 (i.e., close to
pure KCN) this mixture is mostly orthorhombic, but with
decreasing x it becomes a mixture of orthorhombic and
monoclinic structure, with the latter taking over rapidly
and becoming the only essential one for x &0.9. Dielec-
tric measurements indicate that only the orthorhombic
part and not the monoclinic part of the material is show-
ing electric ordering effects. Therefore our model is not
valid for this mixed system over a wide x range.
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