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We report measurements and a self-consistent theory of the capacitance oscillations in a two-
dimensional electron gas in the quantum-Hall-effect regime. The capacitance shows very strong
structure which can be quantitatively explained as a function of temperature and frequency via the
modulation of the conductivity of the inversion layer, without explicit reference to the density of
states, except through the conductivity. When the Fermi level is in the localized portion of the den-
sity of states between the Landau levels (quantum Hall effect), the conductivity decreases rapidly
and is difficult to measure; the capacitance signals, however, persist as the conductivity falls by
many orders of magnitude. A new theoretical model of this resistive-capacitive, two-dimensional
layer was developed which successfully accounts for the predominant features of the data and allows
extraction of conductivity information from the capacitance measurements. Although previously
the capacitance was thought to provide a mechanism for directly determining the density of states,
this is shown not to be possible. Using the model to extract the conductivity, the temperature depen-
dence of o,, was found to be activated, i.e., Ino ~1/T, in agreement with other measurements. No
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appreciable frequency dependence of o, was found over a two-decade range of frequency.

I. INTRODUCTION

A substantial body of knowledge has been obtained over
the last decade in the study of two-dimensional layers in
semiconductors.! The density of states of an electron sys-
tem determines many important behavior characteristics.
Most studies of the density of states of two-dimensional
systems are made via transport measurements, €.g., con-
ductivity. The conductivity in these systems in a magnet-
ic field, B, however, can fluctuate widely, and, in certain
regions of theoretical and experimental interest, vanish (or
nearly so) altogether. The early motivation for this work
was based on the assumption that, since capacitance is a
charge-sensitive measurement, it would be able to directly
measure the density of states D(E,B). Some early work
in this area was carried out by Zemel and Kaplit* and by
Voshchenkov and Zemel,? but new information and in-
terest stimulated by the quantum Hall effect (QHE) has
motivated this attempt to update and expand the -capaci-
tance technique that they pioneered. Our conclusion,
based on a new understanding of the complications in the
device, indicates that it is probably impossible to directly
determine the density of states with capacitance. This
work deals with the use of the capacitance technique to-
gether with a new way of interpreting the measurements
which effectively amplifies the behavior of the conductivi-
ty in the important regions where it is difficult to measure
directly. ‘

Early theoretical studies® used combinations of lumped
resistors and capacitors in an attempt to model the two-
dimensional (2D) capacitance measurements. A later
model by Stern* used a one-dimensional distributed sys-
tem of resistors and capacitors. These discrete component
models did not lend themselves to extraction of physically

31

interesting quantities from the measurements. This paper
describes a new, two-dimensional model based on a single
physical parameter, the conductivity.’

The measured capacitance signals are shown to exhibit
the form predicted, and deconvolution to obtain the con-
ductivity is demonstrated. Of recent interest in the study
of 2D systems is the notion of “localized states” of elec-
trons. Information about these states is difficult to obtain
since the conductivity drops to very low levels as more of
the electrons become localized and, therefore, unable to
conduct. The temperature and frequency dependence of
the conductivity are derived from the capacitance data in
the QHE region and are compared with current under-
standing of localization.

The capacitance model can be used to compare the
rather complicated capacitance signals with the theoreti-
cal understanding of the 2D EG so that information
might be inferred from the capacitance measurements. Of
key importance is the relationship between capacitance
and conductivity, since the conductivity reflects the
underlying density of states. Although the density of
states is not explicitly contained in the capacitance model,
theoretical relationships between the conductivity and the
density of states are possible. A calculation shows that
even a simple example of such a relationship is able to ac-
curately recreate most of the important features of the
data.

A. Samples

The samples used throughout this work were silicon
metal-oxide-semiconductor field-effect transistors
(MOSFET’s). A matrix of different Corbino disk
geometries as well as a sample containing both a Corbino
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TABLE 1. Device characteristics.

Sample dox L w m
' (A) (um) (um) (cm?/V sec)
Tektronix Corbino? 488 30 660 5430—6600
Bell Labs Corbino® 10500 60 1200 2850
Bell Labs Hall bar 10500 1000 200 2850

2 Provided courtesy of Jeff Harrang and Tektronix, Inc.
b Provided courtesy of D. C. Tsui, then at AT&T Bell Laboratories.

disk and a Hall bar were available. Table I lists the
characteristics of various samples used.

All the capacitance data were taken using the annular
Corbino geometry. When a magnetic field is applied per-
pendicular to the plane of the Corbino sample the current
moves in a logarithmic spiral path between the source and
drain. Since symmetry prevents the establishment of a
Hall electric field in the tangential direction, there is no
contribution to the measured conductivity from nondiago-
nal terms in the conductivity tensor so that a direct mea-
sure of o,, is obtained. The Hall bar is a complementary
configuration to the Corbino disk and was used to observe
the quantum Hall effect for comparison with the capaci-
tance data. Here the Hall electric field is established when
a magnetic field is applied, and the current flows in a path
that is complicated close to the source and drain ends. By
using a constant channel current the resistivity tensor
components p,, and Pxy> measured at points away from
the source and drain, are easily obtained. Note that a
two-point conductivity measurement made between the
source and drain contacts will yield a combination of o,
and o,, which is not easily deconvolved.® Because the
combination of the two tensor components never gets
small at high magnetic fields, the capacitance technique,
which is sensitive to small effective conductivities, is not a
useful tool for probing the bar geometry.

II. CAPACITANCE TECHNIQUE AND MODEL

A technique was developed capable of measuring ex-

tremely small capacitances (below 30 fF with a resolution
of better than 0.1 fF) using measurement frequencies from
20 kHz to near the dc limit (< 10 Hz). The capacitance
method used in this study is to apply a dc bias and a su-
perimposed ac modulating voltage to the gate, and mea-
sure at a channel contact (source or drain) the components
of the induced current both in- and out-of-phase with the
modulation voltage.  That a phase-sensitive measurement
of the current can provide a way of determining im-
pedance parameters is most easily seen in the simple case
of applying an ac voltage, V), to a series RC circuit. The

complex current I is
®*VyRC? oV,C
I, =————sad ]l _ = _—""_-—=,

1 + (wRC) 1 + (wRC)

where I, and I_ refer to the real and imaginary com-
ponents of the current. These correspond identically with
the signals taken from the in-phase and out-of-phase
lock-in amplifier outputs (measured with respect to the
phase of the modulation voltage, V). Equation (1) can be
inverted to obtain the values of R and C,

(1)

R = - apa Lo oWl @
I 417 C I +1°
Note that in the case where R is negligible, I_ = o V,C,
the expected result for the ac current through a pure capa-
citor. This relationship also holds for the oxide capacitor,
C,x, formed by the gate of the MOSFET and the 2D EG,
allowing calibration of the oxide capacitance.

The schematic of a typical capacitance-voltage mea-
surement is shown in Fig. 1. Since most measurements
reported are of capacitance as a function of V,, the term
“C-P is used by analogy with the standard device char-
acterization tool. When the gate voltage of a MOSFET is
changed, the number of electrons in the inversion layer
also changes, so a small ac voltage on the gate induces
periodic fluctuations in the inversion-layer charge density.
To effect these density changes charges must move in or
out of the inversion layer via the channel contacts. At the
low temperatures used in these experiments (1.3 K),
charge-density changes by electron-hole recombination are
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FIG. 1. The schematic arrangement of a capacitance mea-
surement. The ac modulation, Vj, is superimposed on a slowly
varying dc bias, V., which is controlled by the computer. The
current from the device is converted to a voltage by a current
sensing preamplifier. The lock-in amplifier provides outputs
both in-phase and out-of-phase with the modulation, corre-
sponding to the real and imaginary components of the device
current. The computer reads the lock-in output several hundred
times and averages to improve the signal-to-noise ratio.
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not possible, and if neither the source nor the drain is con-
nected, no C-V signal is observed; the depletion-layer
boundary is therefore shown to be frozen. Because all the
measured current must flow through the channel, not only
the oxide capacitance but also the channel resistance con-
tribute to the measured impedance of the system. Initially
one might suppose that this would pose no difficulty
since, after threshold, the inversion layer is metallic. In
the presense of a large magnetic field, however, the con-
ductivity of the inversion layer undergoes extreme fluc-
tuations, approaching zero in some circumstances, and
this radical behavior will be reflected in any measurement
of the device impedance. The fact that the conductivity
of the device plays a part in the measurement means that
this technique can be used to study electron transport.
More importantly it means that early attempts to actually
measure the density of states in a MOSFET directly with
ac capacitance can never succeed. When the Fermi level
is between Landau levels the simple C = dQ /dV type of
argument is obscured by the resistance of the channel
becoming a strong (and unknown or model-dependent)
function of the density of states. The best that can be ac-
complished is to extract information about the conductivi-
ty. In order to do this, however, one is required to develop
a model for the capacitance behavior of the 2D EG.

A. Early device models

When the quantum limit of this system was first inves-
tigated,’ the Si MOSFET was modeled using discrete
components to represent the.various conceptual parts of
the system [see Fig. 2(a)]. The lumped circuit elements
representation was initially developed to explain the
room-temperature behavior of these devices. This model
is insufficient to describe the behavior of the system when

quantized at low temperatures. It is, however, useful as a -

~ visualization of the various components and represents the
predominant conceptualization of the system until the
present work. The model is based on the charge distribu-
tion which exists in MOSFET’s in inversion, shown in
Fig. 2(b).” The dominant component is the oxide capaci-
tor, Cox. At room temperature both the inversion layer
and the depletion region change their charge density in
response to changes in the gate voltage. The capacitor C,
represents the change in depletion charge (at the back
edge of the depletion region) when more voltage is applied
to the gate. The inversion layer at the Si-SiO, interface is
modeled separately as a resistor, R;, and a capacitor C;.
R; is the resistance of the channel, and C; represents the
change in inversion-layer charge when the surface poten-
tial changes, dN /dV;. This should, in principle, be relat-
ed to the density of states, dN/dE,. This early study did
not include such a calculation, and no explicit extraction
of D(E) was published.

In 1974 Stern* extended the discrete-component model
by taking the limit of a one-dimensional system of infini-
tesimal resistors and capacitors. The potential as a func-
tion of position in the discrete-component  chain was
determined, and the measured current was to be calculat-
ed. The circuit element, C;, was again used and was relat-
ed to the density of states via a variational calculation,
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FIG. 2. (a) The model for the 2D EG used in Ref. 3. The ar-
rangement of the components reflects the room-temperature
model used by device engineers for MOSFET’s. (b) The charge
density as a function of z in a MOSFET. The positive charge
on the gate metal, Q,,, is compensated by negative charge in
both the inversion layer, Q;, and the depletion region, Q;. The
depletion charge is the result of the acceptor states moving
below the Fermi level because of the band bending and becom-
ing ionized. At the temperatures used in this experiment, most
of this charge is frozen out.

with the essential result C; ~ D (E) for small D(E). The
form predicted for the measured current was

tan (a /2)
< b
a/2

where a = (ioR;C; A difficulty arises when at-
tempting to use the data to extract the density of states.
The resistance of the channel, R;, always appears as a
product with C;. Because R; becomes difficult to measure
in the QHE regime, there is no explicit way to extract C;
from the capacitance data alone.

Recently® it has been suggested that in the quantum-
Hall-effect regime (when the Fermi level is between the
Landau levels), the Hall resistance, h/e? = 25879 Q,
could be used, thereby allowing the extraction of D(E),
but the complicated current flow paths in the bar
geometry device used and mixing of the tensor com-
ponents of the conductivity in that geometry make the as-
sociation of Ry with the distributed resistance of the
one-dimensional Stern model questionable.

(3)

)1/2
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B. Resistive plate model

In this work a different approach was taken to interpret
the C-V behavior of the 2D EG. Rather than trying to
extract the density of states directly, the conductivity can
be obtained. The conductivity is of importance in verify-
ing models of electron behavior in crystals as well as
features of the density of states. A model of the C-V
current in the device from which information about the
conductivity can be extracted is required. Earlier models
treat the system as one dimensional when, in fact, the ma-
terial properties are determined by the two-dimensional
nature of the system. The system is, therefore, treated as
a two-dimensional annular capacitor with one metallic
and one resistive plate with conductivity o,,. Because of
the low temperature the depletion capacitance, Cy, can be
initially neglected, as experimentally verified above.

Assume linear response:

J=G6E=—-5VV, (4)
where
Oyxy —O
- xx xy
g = 5
Oxy Oxx

and V(7,t) is surface potential at position 7 in the channel
(see Fig. 3). Because of the circular symmetry no physi-
cally relevant quantity can depend on theta. This gives

dV(r)

J(r) = —0yy o (5)
The continuity equation,
VI(rt) = — M, (6)
ot
can be written
dJ,(r) _ 4o an(r,t). o
dr dV, ot

It should be noted that the second term of the gradient in
Eq. (6), (1/7)3J /96, which arises in the cylindrical coor-
dinate system, is zero by symmetry. Only the radial com-
ponent of the current is relevant, and the two-dimensional
nature of the calculation is less evident. It is fundamental
to the Corbino geometry that o,, plays no part in deter-
mining the source-drain current.

The “effective” gate voltage at any point in the channel
plus the voltage drop along the channel must equal the
applied voltage (see Fig. 3),

Velr,t) + V(rt) = Vg + Voe ', (8)
so that

aV,(r,t .

—%(tr_) = —io[Vy—V(r)le . 9)

Since all quantities have a common factor, e ~/?%, it will be
dropped from subsequent equations. Note, however, that
the spatial functions are complex. Substituting Eq. (9)
into Eq. (7) yields
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FIG. 3. The resistive plate model of the 2D EG developed in
this work. -V (r,?) is the surface potential. The current in the
resistive system is shown to depend only on the conductivity of
the inversion layer.

A i0Coy[Vo — VM1, (10)
dr
where dQ /dV, has been replaced by C,, (with dimensions
of F/cm™?. In previous works the concept of
“inversion-layer capacitance” was introduced instead. ¥,
was no longer considered proportional to N, and the data
were explained as effects of C; (despite the difficulty in-
troduced by R;). However, here dN/dV, is assumed al-
ways constant [= (1/e)C,,], and when the Fermi level is
between Landau levels, localized states are being filled as
the dc bias is being swept. The features of the data are due
to the conductivity changing, not an explicit effect of
D(E). Given sufficient time to respond, a change in the
gate voltage, AV,, will always induce a change in the
inversion-layer charge density equal to (dN /dVy )AV,.
Taking another derivative with respect to » in Eq. (10)
and using Eq. (5) produces the following differential equa-
tion for the current density:

d,(r)

ey a’J(r) =0, (11)

~ where the complex quantity « is given by
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iwC o L*?
— s (12)

a =
O xx

and L is the length of the channel. Using the appropriate
boundary conditions one obtains the predicted form of the
C-V current,

Ic.y = Icyo _______tanill(a) , (13)

where Ic_y is the current that flows in the metallic case,
i.e., when o, is very large. [Note that because of the rela-
tionship between tanh and tan for imaginary arguments,
i.e., tanh(ix) = itan(x), the relationship developed by
Stern, Eq. (3), predicts the same form for the current as
Eq. (13). This is a universal form for the current in a dis-
tributed resistive-capacitive system.]

Equation (13) indicates that the measured current
should be parametrized by the single quantity, a. Figure
4 shows the form of I, and I_ as a function of «a
(@ = |a]). This curve contains all the information about
the C-V current, and will henceforth be referred to simply
as “tanh(a)/a.” Several features are noteworthy for later
comparison with the data.

(1) When the conductivity is large (small «) the imagi-
nary component of the current is near one and the real
component is small. This is the region where the device
behaves essentially like a two-plate capacitor; the im-
pedance approaches 1/iwC,,.

(2) As the conductivity falls and « rises, the real and
imaginary parts of the current approach each other. As
the two curves near each other, the real part peaks and
then the curves meet. The peak in the real part occurs
when

1.0

08 Imaginary part=1_

0.6

tanh(a) /a

04
Real Part=14

02

i

0.1 10 10 100
||

FIG. 4. The theoretical form of the capacitance current which
predicts how the real and imaginary parts of the measured
current should depend on the frequency and conductivity. Using
Eq. (12) the measured I, and I_ currents can be inverted to
determine the conductivity at a given frequency. Note that
since a?> ~ 1 /0, this curve covers six orders of magnitude of
conductivity.

I_ 0.620
— = = = 1.49 = 1.512),
I, 0.415 (e )

and the two curves meet when
I_. =1, =0.345 (a = 2.263).

These conditions will allow correct alignment of the data
and model. This regime corresponds to the resistive and
capacitive components of the impedance being within
about two orders of magnitude of each other at the mea-
surement frequency.

(3) When the conductivity becomes very small, the real
part follows the imaginary part downward toward zero.
In this regime the conductivity has fallen to such an ex-
tent that the resistive component of the impedance dom-
inates the signals. The system behaves like a resistive
transmission line where the output is phase shifted 45°
with respect to the input.

In summary, the resistive plate model differs from
those previously used to describe the 2D EG in a MOS-
FET. As indicated above, models which treat the inver-
sion layer independently require two quantities, R; and C;,
to determine the density of states explicitly, and these are
not clearly defined from an experimental or theoretical
point of view. Equation (13), however, even though it is
similar to the current relationships determined by Stern, is
based on only one well-defined physical quantity, the con-
ductivity. Although the density of states is not explicitly
available, o, itself is important for understanding these
systems. In the next section the measured C-V signals are
presented, and are seen to reflect the tanh(a)/a behavior
developed here. In Sec. IV the relationship represented by
Eq. (13) is used with simple assumptions about the con-
ductivity and its dependence upon the density of states to
predict the C-V current. o

III. MEASUREMENTS

In this section general aspects of the capacitance data
will be discussed, and a comparison of C-V with conduc-
tivity will show how the capacitance can augment the
conductivity measurements. Unless otherwise specified,
all measurements were made at a temperature of 1.3 K
and a frequency of 1000 Hz. Applied magnetic fields
were always perpendicular to the plane of the 2D EG.

A. General features of capacitance data

Figure 5 shows the capacitance of a MOSFET with no
applied magnetic field. Several features common to all
C -V measurements should be noted.

(1) Capacitance data always consists of two curves
which are the in-phase and out-of-phase components of
the lock-in output. As previously discussed these corre-
spond to the real and imaginary components of the calcu-
lations. For all the data presented the real (in-phase) com-
ponent will be labeled I, and the imaginary (out-of-
phase) component will be labeled 7 _.

(2) Over most of the gate voltage sweep both parts of
the signal are constant and the imaginary part is much
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FIG. 5. The B=0 T capacitance. The real part I, and the
imaginary part /_ of-the measured current as a function of V.
The threshold, Vi, is much more sharply defined by the capaci-
tance than the conductivity, which is shown as the dashed
curve. After threshold I_ reaches a plateau which is effectively
the oxide capacitance, ~ 13 pF.

larger than the real part. This is the general signature of
metallic conductivity in the 2D EG. The device is essen-
tially a two-plate capacitor with impedance 1/iwC,, and
the current associated with that impedance will be nearly
aligned with the imaginary axis. This corresponds to the
region of small a in the resistive plate model.

(3) The turn-on of the capacitance is rather sharp with
I _ rising rapidly to its plateau level and I, having a peak
before falling to a low value. This is a characteristic rela-
tionship between the real and imaginary parts of the
model.

Also shown in Fig. 5 is the conductivity (dashed line).
Here is an example that the C-¥ can provide information
that is not easily obtained from the conductivity. The
threshold voltage, Vy,, is more sharply defined in the
capacitance data and is clearly lower than would be es-
timated from conductivity measurements.” Data from
many different samples indicates that the threshold mea-
sured by conductivity could differ by several volts from
that measured by C-V.

We show in Fig. 6 the conventional conductivity o,
with B = 9 T. This data, measured on the same sample
as the capacitance data to be presented, displays the fami-
liar conductivity features of the QHE. The conductivity
has peaks when the Fermi level is in a region of high den-
sity of states and goes to zero when the Fermi level is a re-
gion of low density of states. Since the energy gap between
levels is only a few meV, a cusp would normally be ex-
pected between the peaks in the conductivity (actually a
narrow gap of a few mV in gate voltage). The wider re-
gion of gate voltage over which o, is zero is attributed to
the filling of localized states which do not contribute to
the conductivity, and is the region where the Hall resis-
tance attains a quantized plateau (the quantum Hall ef-

FIG. 6. The B=9 T conductivity. When a large magnetic
field is applied the density of states is quantized and this is re-
flected in the conductivity. The Landau levels are labeled (n).
When o goes to zero over a finite span of ¥V, localization is
occurring (the quantum-Hall-effect region).

fect). When the density falls below some value, the con-
ductivity exhibits a “mobility edge.” Although there is no
conduction across the channel, localized states are being
filled, so a finite region of gate voltage is traversed.

Figure 7 shows the capacitance with a 9-T magnetic
field applied. The striking feature is the presence of struc-
ture between the levels—precisely where the conductivity
of Fig. 6 was small. Several features are of note.

(1) The model developed in Sec. II B is in general agree-

n=0 n=1 n=2
13PF - ( =~
V I_
™
G
[
o
c
S L i
©
o
Q
[}
(3]
J‘ u L,
(o] 2 4 6

Vg (V)

FIG. 7. The B=9 T capacitance. The capacitance current is
modified from its B=0 value in precisely the regions where o is
small in Fig. 6. The behavior of the C-V current also reflects
the form of Eq. (13). The double hump structure in 7, at the
n =0 — n =1 Landau-level gap is the signature of moving over
the peak in the real part of tanh(a)/c in Fig. 4 and then back
again.
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FIG. 8. Detailed comparison of measured and derived con-
ductivities. The measured conductivity, o, (dashed curve), and
the measured conductivity, oc.p (solid curve), in the first Lan-
dau level.

ment. The real part of the signal is near zero when the
imaginary part is at its plateau, and rises when the imagi-
nary part falls.

(2) The double peak structure in I, results from the de-
creasing conductivity between Landau levels making «
large [Eq. (12)], and thereby moving the measurement
over the peak in the real part of the tanh(a)/a curve (Fig.
4). As o increases upon exiting the Landau gap, the pro-
cess is mirrored.

(3) As seen in the B=0 data, when the conductivity is
large, the capacitance does not contain much information.

(4) The most important feature is the existence of accu-
rately measurable signals in the regions of gate voltage
where the conductivity is small. The conductivity and
density of states can be extracted in this region where lo-
calization is occurring. The experimental variable’s tem-
perature and frequency will be investigated with regard to
their effect on the 2D EG at values of gate voltage corre-
sponding to a wide range of density and conductivity
behavior.

Figure 8 shows the first Landau level of the measured
conductivity, o, (dashed line), and the conductivity de-
rived from capacitance, o¢.y (solid curve). The o¢.p was
obtained from the measured C-V of Fig. 7 by numerically
inverting tanh(a)/a to yield a, and then calculating «
from Eq. (12). Although the general form of the measured
conductivity is remarkably well reproduced, the vertical
scale of oy is systematically underdetermined by a fac-
tor of order 100 compared to the data. This is presently
not understood, although a possible explanation is dis-
cussed at the end of Sec. IV.

B. Temperature

The conductivity is sensitive to temperature when the
2D EG is localized. In this section the temperature
behavior of the capacitance will be investigated at points
where localization is expected to occur and the depen-

~—

FIG. 9. Hopping conductivity. When the Fermi level is below
the mobility edge, electrons are promoted via phonon assistance
to the mobility edge in order to conduct.

dence of the conductivity on temperature will be extract-
ed.

Hopping (or activated) conductivity is expected for An-
derson localization in the 2D EG of a Si MOSFET.!%-!!
This type of system was shown by Mott to have a “mobil-
ity edge” below which the conductivity quickly vanished;
these mobility edges are at the sides of bands where the
density of states is small.'?> If the Fermi level is in the gap
between two Landau levels, conductivity must be phonon

I_
n=0 n=1
(a) (d)
g T=2.06
2 L.
2
g 33 Vg(v) 44
©
[
N
]
£
g
(b) (e)
T=1.87 T=1.276
(c) (f)
T=1.70 T=1.125

FIG. 10. Temperature dependence of the capacitance. The
capacitance measured at the n =0 — n =1 Landau gap on the
Bell Corbino sample at six different temperatures. (a) 2.06 K,
(1) 1.87 K, (c) 1.70K, (d) 1.359 K, (e) 1.276 K, and (f) 1.125 K.
The diminishing of the C-V structure with increased tempera-
ture is due to the increase of o which results from the disap-
pearance of localization.
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assisted (see Fig. 9). Since the conductivity depends on
“the number of electrons which can be thermally promoted
to available final states, when E, is in the center of the
gap,

o = amme-—(AE —-21‘)/2kBT’ (14)
where AE and I' are the spacing and width of the Landau
levels, respectively. This provides a mechanism for deter-
mining the effective level width as well as verifying the
form of the localization.

Figure 10 shows the real and imaginary parts of the
capacitance as a function of ¥V, around the n =0 — n =1
Landau gap for six different temperatures measured on
the Bell Corbino sample. The increasing strength of the
capacitance structure reflects the decrease in o with 7.
Figure 11 shows the capacitance (normalized to the oxide
level) plotted as a function of 1/7T for a Tektronix Corbi-
no sample with V, fixed at the center of the the
n =0 — n =1 Landau gap. The data clearly follows the
form of tanh(a)/a, so that extraction of conductivity in-
formation is possible using Eq. (12). Figure 12 shows the
least-squares fit of the data to Eq. (14). The position of
the mobility edge with respect to the band center is I' in
Fig. 9. The analysis of Fig. 12 gives I' = 2.013 meV,
giving a localized region of ~1.4 meV in the density of

states between the first and second Landau levels. These

results confirm activated conductivity and demonstrate
the ability of capacitance to yield important information
about the 2D EG.

Measurements!?' 1* indicate that in Si, where surface
roughness is the predominant scattering mechanism for
the electrons, the classically measured lifetime (from low-
B-field mobility) and the quantum lifetime (width of the

1.0 ™ T T

tanh (a)

normalized capacitance

O 1

0.3 0.4 0.6 0.8
k-1

T (K™1)

FIG. 11. The temperature dependence of the C-V at the bot-
tom of the n =0 — n =1 Landau gap. The solid lines are a
least-squares fit of tanh(a)/a to the data, and agree well except
for the capacitance signal, I_, at the lowest 7. The systematic
divergence of I_ there is attributed to stray capacitances, e.g.,
depletion capacitance. Because this interference is predominant-
ly in the 90° quadrature of the signal, the conductance, I, is
not effected.
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FIG. 12. The extracted conductivity plotted against 7~'. The
slope of the line gives the activation energy which is interpreted
as an effective broadening of the Landau levels.

Landau levels) should be about the same. If ' derived
above is converted to an effective br()adening,15 it corre-
sponds to a low-field mobility of ~5230 cm?/V sec, com-
pared with the measured low-field mobility of
5400 cm?/V sec. The mobility edge linewidth is, thus,
close in value to the impurity broadened linewidth.

C. Frequency

Another rather different view of localization pictures a
surface potential containing hills and valleys where pools
of electrons can become energetically trapped. As more
electrons are introduced the connected regions grow in
size until a filling level is reached where there exists a
connected path throughout the potential and conduction
can begin. A useful concept is that of a “localization
length,” i.e., the size of the region in which an electron is
localized.!® If the localized electrons are being driven by
an ac source, at low frequencies they will continue to ap-
pear localized since there is sufficient time per cycle to
drift to the edge of the confining potential. At some fre-
quency, however, the drift distance will become less than
the localization length,

24
N2 < dioc» (15)

and the localization should be less evident.

Figure 13 shows how the C-V signal varies across the
first Landau level as a function of frequency for the Tek-
tronix Corbino sample. As the density of free charge de-
creases (when the Fermi level is in the Landau or spin
gap), the capacitance reflects the marked decrease in the
conductivity as expected. As the frequency is decreased at
a particular Vg, the capacitance structure is diminished.
The parameter o is an explicit function of frequency,
however, and the behavior in Fig. 13 can be explained by
this dependence on f alone, and no functional systematic
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FIG. 13. Frequency dependence of the capacitance. The
capacitance measured on a portion of the first Landau level of
the Tektronix Corbino sample at six different frequencies.
(a) 30 Hz, (b) 100 Hz, (c) 300 Hz, (d) 1 kHz, (e) 3 kHz, and
(f) 10 kHz. The change in the C-V structure reflects the depen-
dence of tanh(a)/a on frequency, and not any dependence of o
on f. When the frequency was below about 9 Hz the C-V struc-
ture was not observed at all. The arrows indicate where the
analysis described in the text occurs.

dependence of o on f is necessary. The explicit frequency
dependence of a is suppressed by the following procedure:

(1) Choose a value of gate voltage at which to deduce o.
For this example the two QHE regions, ¥V, = 1.4 V (spin
gap), and ¥V, = 2.35 V (Landau gap), were used. These
points are indicated by arrows in Fig. 13(d).

(2) At each frequency find the value of @ which best
fits the real and imaginary parts of the data on the
tanh(a)/a curve.

(3) Since a®* « f/o, taking the logarithm of both sides
yields

Ina = LInf + %m%. (16)

A least-squares fit of the a values obtained in step (2) us-
ing the form of Eq. (16) is shown in Fig. 14. The top
curve is the Landau gap data, and the bottom curve is the
spin gap data. The fit to a straight line indicates that o
has no significant frequency dependence at these frequen-
cies. The y intercepts of the two lines allow the deter-
mination of the conductivity ratio between the spin gap
and the Landau gap,

s _ 10.17.
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FIG. 14. Least-squares straight-line fit of relationship be-
tween a and f to the frequency data indicating that the conduc-
tivity has no appreciable frequency dependence. The top curve
is from the n =0 — n =1 Landau gap, and the bottom curve is
from the n =0 spin gap.

This information, which is difficult to obtain from direct
conductivity measurements (see Fig. 6), indicates that the
localization in the region between Landau levels is much
stronger than that in the region between the two spin
states which agrees with a model of the density of states
to be developed in Sec. IV.

It is important to note another aspect of the frequency
data. As the frequency is decreased, the capacitance
structure is diminished. If the frequency is made low
enough, the structure disappears altogether. This oc-
curred at about 9 Hz in this sample. This is definitive
evidence that the C-V in a MOSFET does not provide in-
formation about the density of states even if the frequency
is made very low, as thought by earlier researchers.’ The
fluctuations in the capacitance are completely explainable
by the effect of the conductivity in a resistive-capacitive
system.

D. Fraction of localized states

Figure 15 shows the resistivity tensor components, and
the C-V 'signals of a MOSFET measured on the same
chip (Bell Hall bar and Corbino disk, respectively). The
measurement was made near the n =0 — n =1 Landau
gap. The Hall resistivity, p,,, shows the quantum-Hall-
effect plateaus, and the measured Hall resistance of
6436+1 Q was h /4e? within our experimental accuracy.

Because the increase in the 2D EG density is propor-
tional to Vj, it is common to consider the ratio

A VHall

_ 2V Han_ 17
floc AVg—LL ( )

as the fraction of localized states in the 2D EG.!7 AV,
is the width in gate voltage of the QHE plateau and
AV, 1y is the spacing in gate voltage of the Landau lev-
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FIG. 15. The quantum Hall effect. (a) The resistivity tensor
components measured on the Bell Hall bar near the
n=0 — n =1 Landau gap. p,, is multiplied by 5. The value
of p., at the plateau is with 0.3% of the expected value of
h /4e®. (b) The capacitance of the Bell Corbino sample mea-
sured at the same place as the resistivity. The capacitance pro-
vides a sharp indication of when p,, (or equivalently, o,,) falls
indicating that the QHE is occurring.

els. The p,, data of Fig. 15(a) indicates that approximate-
ly 13% of the. electrons are localized. However, fi,
determined this way depends upon the precision and flat-
ness of the plateaus, and the size of AVy,; depends upon
how close to zero oy, is.!® The C-V data shows that un-
less very severe constraints are placed on the “flatness”
condition of o, the actual region over which the conduc-
tivity is dominated by the QHE is overestimated.

IV. CALCULATION OF THE QUANTIZED
' CAPACITANCE

In Sec. II a model of the inversion layer was developed
which predicted the form of the capacitance current given
the channel conductivity. This section will use some of the
details of the behavior of a quantized 2D EG to generate
theoretical corroboration for the rather complicated
behavior of the capacitance seen in the previous section.

For this illustrative calculation o,, will be assumed to
depend on the density of states in a particularly simple
but physically meaningful way,'® namely,

o o« DXEj). ‘ (18)

There are two factors which dominate the description of
the quantized density of states: (1) the overall form as a
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FIG. 16. (a) The density of states used to generate theoretical
C-V. To properly account for the width in ¥, of the measured
capacitance structure in the QHE region, a background density
(shown dashed) was required. (b) The g factor that was required
to obtain agreement with the data.

function of energy and (2) the broadening of the various
components as a function of Landau-level index. For the
samples used in this study the valley splitting is not very
strong, and in the following will be ignored.

The most comprehensive theory of transport in the 2D
EG (Ref. 15) predicts an elliptical form for the Landau
levels. In this calculation a Gaussian form is used because
it conveniently provides the more physical tapering of
D (E) at the band edge.

To introduce spin into the density of states naively re-
quires only the determination of the spin splitting,
AE; = gupB, where g is the Lande g factor, and pujp is
the Bohr magneton. The g factor usually has a value of
2, and with B=9 T this gives AE; = 1.04 meV (the Lan-
dau level spacing is 5.48 meV). In these 2D systems, how-
ever, the g factor is not constant at a value of 2, but oscil-
lates due to exchange effects depending upon the position
of the Fermi level.?’ There are theoretical calculations of
this effect,?! and here the form of the enhancement was
approximated and scaled as necessary to give best agree-
ment with the data.

The overall broadening as a function of gate voltage,
and therefore Landau-level index, can be measured by the
low-field mobility. Ando has calculated!® the relationship
between the low- B and high- B lifetimes as

r? = 2 #iw, -ﬁ—~. (19)
o

Te
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This was used to extract from low-B mobility data the
overall form of the broadening of the Landau levels.
Figure 16(a) shows the density of states used. The
amount of overlap between neighboring levels reflects the
broadening, and increases in the higher Landau levels
where the broadening is greater. Figure 16(b) shows the
g factor which was used. The enhancement decreases
with increasing ¥V, since the increasing broadening
reduces the difference in population between adjacent spin
levels. The conductivity was derived from this density of
states using Eq. (18). In order to represent the effect of
localized states, a constant background [shown dotted in
Fig. 16(a)] was added to the density of states, and this was
integrated to obtain N o« V,. This background was not
included in the calculation of o. The effect of this is to
create a region of gate voltage over which. the density is
increasing, but the conductivity is low. This models the
essential features of the density of states which lead to the
quantum Hall effect. This calculated conductivity was
used with the tanh(a)/a relationship to generate the
predicted C-V curves shown in Fig. 17(a). Typical mea-
sured C-V data is shown in Fig. 17(b). The tanh(a)/a
behavior is clearly seen in the region when the density of
states is low (between the Landau levels). The conductivi-
ty used in Eq. (12) to generate Fig. 17(a) was scaled up by
a factor of 10. This disagreement in the magnitude of
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FIG. 17. Results of the calculation of the capacitance versus
gate voltage. (a) The predicted form for the current as a func-
tion of V,. (b) The measured C-V data. The agreement be-
tween the theory and the data is remarkable, and demonstrates
that the resistive plate model assumed for the 2D EG is reason-
able.
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conductivity is probably linked to a similar scale factor
which occurs when inverting capacitance to obtain o¢.p
in Fig. 8; both are discussed in the next section. The ex-
cellent overall agreement of this calculated capacitance to
the highly structured C-V data is solid evidence that the
basic interpretations made in the resistive plate model are
valid, and provides additional evidence that the present
picture of the 2D EG-is accurate.

A. Circulating current

The disagreement between the absolute magnitude of
the measured and derived conductivities is presently being
investigated. Although not fully understood at this time,
a likely cause for this discrepancy is the omission in the
model of the induced EMF caused by the current, Jy,
which circulates around the Corbino disk (see Fig. 3).%
The capacitance measurements were typically made with
the outside annular contact floating.?> Because of this, a
Hall potential can be established at right angles to Jg,
which will oppose the potential induced by the flow of the
radial current, J,, through the resistive 2D layer. This
will self-consistently reduce J,, and, since the resultant

* potential is less than expected, cause an underestimation

of the conductivity.
One might introduce this effect into the resistive plate
formalism, through the following modification to Eq. (5):

Ve  dVy
ar T ar

T (r) = , (20)

— Oxx

where V3 is the resistive potential, and V is the induced
potential. Since an induced EMF would be proportional
to Jg = J, 0y, /Oxx, a second parameter is introduced
into the model, namely the Hall conductivity, o,,. Be-
cause Oy, is constant over the range of gate voltage
relevant to capacitance measurements in the QHE region
(see Fig. 15), its effect might be accounted for if the rather
complicated differential equation derived from Egs. (20)
and (10) can be solved. This effort is currently under way.
The constant level of oy, in the QHE region would also
explain why the form of oc.p agrees while its absolute
magnitude does not.

If this explanation is borne out, it might provide direct
evidence concerning the presence and magnitude of the
dissipation-free, circulating Hall current.?*

V. CONCLUSIONS

The capacitance technique developed here reflects the
complexity which characterizes the 2D MOSFET system
at low temperatures under magnetic quantization. The
measurements made demonstrate that the capacitance can
provide relevant physical information about the 2D EG.
A new model was developed for the two-dimensional
resistive system and successfully applied to measured data
to extract meaningful information about the 2D EG. By
treating the 2D EG as a resistive plate capacitor, the con-
ductivity was the only physical parameter necessary for
interpretation of the data. The model predicts a specific
relationship for the real and imaginary parts of the mea-
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sured current, tanh(a)/a, where a =
(ioCyL? /0, ). Although this form is similar to
that developed by previous investigators, the relationship
of the experiment and the theory is a new one, not the
equivalent circuit model used previously. The advantage
of capacitance is seen to be its ability to expose details of
the behavior of the conductivity when the conductivity is
very small. This is especially important in regions where
the 2D EG is undergoing localization, since the conduc-
tivity is typically difficult to measure in these regions.

To investigate the capability of the capacitance to pro-
vide information about the conductivity when the 2D EG
is localized, both the temperature and the frequency
dependence of the capacitance were measured in the
quantum-Hall-effect regime. When the conductivity was
extracted from the capacitance data, the temperature
dependence was found to be of the form expected for sim-
ple localization, i.e., Ino ~ 1/7T. This corresponds to ac-
tivated conductivity, where the electrons in the localized
states between the Landau levels are promoted by low-
energy phonons to the nearest mobility edge, the position
of which is found to be far from the center of the band.

Using capacitance measurements to deduce the conduc-
tivity as a function of frequency from 10 Hz—20 kHz, no

systematic frequency dependence was found.

Finally, to demonstrate how the capacitance-determined
conductivity could aid theoretical studies the 2D EG, a
calculation of the predicted form of the C-V data, was
made. A form for the density of states consistent with
present understanding of the 2D EG was used to generate
predicted capacitance versus gate voltage relationships
which agree well with the highly structured data. The
calculation demonstrated that both g-factor enhancement
and localized states are important in reproducing the form
of the data, and provides confidence in the interpretations
made about the capacitance measurement.
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