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A new phenomenological model describing nonequilibriurn superconductivity is proposed which is charac-
terized by the introduction of a quasithermal distribution of phonons with energies of 0—~. The model ex-
hibits p, -model-like and T -model-like 6 vs n and p, vs n characteristics when the excess quasiparticle

density n is low and high, respectively. The estimate/ critical density n, for the onset of instability is much

lower than that of the p,
" model. These results are in fairly good agreement with the experimental results

reported by Willemsen and Gray, and Akoh and Kajimura.

Nonequilibrium superconductivity which develops under
the intense injection of quasiparticles is of great interest in

physics engineering. Many papers have been published
dealing with the quasiparticle lifetime, instability near the
multiple-gap state, and the proposal of functional supercon-
ductive devices. ' As for theoretical works, many physical
models have been proposed which describe the observed
nonequilibrium phenomena. However, no one has given
a satisfactory explanation for the experimental results. The
subject which has attracted the most attention is solving the
instability appearing in the nonequilibrium superconductivi-
ty. In a recent paper, Iguchi and Konno proposed a new set
of rate equations to describe more adequately the nonequili-
brium quasiparticles and phonons. These were character-
ized by the addition of extra phonon generation via a relax-
ation of hot quasiparticles. ' Their model was later pointed
out by Chang and Chi to not give a stable inhomogeneous
nonequilibrium state for quasiparticle injection above a criti-
cal value. "

An attempt is made in the present work to present a new
phenomenological model for a more reasonable description
of nonequilibrium superconductors. A new feature of this
model is the introduction of a quasithermal distribution for
phonons with energies of 0—~. This can be compared to
that of the conventional treatment where phonons with en-
ergies of 0—2A are completely ignored. Here, 4 is a super-
conductive gap parameter. Our present view is strongly sup-
ported by Chang's calculation revealing that a large amount
of relaxation phonons are created in the energy range of
0-24 during the injection of quasiparticles even when the
injected quasiparticle energy is not equal to nor higher than
4A. Furthermore, it might be possible that the nonequilibri-
um phonon distribution tends to relax to the quasithermal
equilibrium one via intense internal thermalization of the
phonon system. Though we do not have conclusive evi-
dence, these two facts suggest that it is much more reason-
able to approximate the real phonon distribution by a
quasithermal distribution over the energy range 0—~, rather
than one over the energy range 2A —~ as in the convention-
al treatment. A further advantage of the present treatment
is that one can more reasonably define the effective lattice
temperature T,ff of the nonequilibrium superconductors
than with the T' model, and simultaneously one can ex-

press the nonequilibrium quasiparticle distribution as

f (E)= Il + exp[(E —p, ,ff)/kT, ff])

where p, ,ff is an effective chemical potential.
A set of rate equations for the quasiparticles and phonons

is given by

where
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dt 2

N„p —N„T,
+8$
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Nq=4N(0) f'(E)p(E) dE

f OO

N„=AT rf JI „dx, XG =
~G e —1 kTeff

XN „0= 2 T,rr J „dxe"—1

N„Tp=AT X
dxe"—1

(6)

N~ and N„are, respectively, the quasiparticle number densi-
ty and the phonon density with hew ~25. N„p and N„rp
denote the total density of phonons in nonequilibrium and
equilibrium states, respectively. The notation other than
that above is the same as used in Refs. 6—8. Here, we con-
centrate our attention on Eq. (2). Time variation of the
phonon number density N„(hem ~ 26) is, as is well known,
due partly to quasiparticle recombination and also partly to
pair-particle breaking. For phonon escape from the non-
equilibrium superconductor to a cold bath, we introduced
the third term of Eq. (2) where the excess phonons are
redistributed obeying a quasithermal distribution function
with T,ff. It should be note'd that the phonon redistribution
is performed on the basis of phonon number conservation,
for simplicity, as Parker did for an estimation of the effec-
tive temperature T . Moreover, in the present treatment,
the excess phonons are alloted to the energy range from
0—~ to build up the quasithermal distribution, instead of
the partial energy range 2A —~ as in Parker's treatment.
Since the phonon distribution is peaked at rather low ener-
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FIG. 1. Effective chemical potential p,,ff as a function of the ex-
cess quasiparticle density n. Solid curves indicate the superconduc-
tive state. Beyond the end point of the curve, the system falls into
the normal state via a first-order phase transition.
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FIG. 3. Gap parameter 6 as a function of n. Curves derived
from the p, and T models are also drawn. The experimental
results shown by solid circles are reproduced from Ref. 13.

gy, the excess phonons with h co = 0 —24 make up a signifi-
cant part of the escape term. This important process was
not taken into account in the conventional model.

Combining Eqs. (I)-(6) with the self-consistent BCS
equation

I=+(0)V I" d~ t..h
' '"

E 2kTrf

one can easily obtain p, ,ff, T,ff, 4, and so on in terms of the
normalized excess quasiparticle density n. Our calculation
was carried out for pure lead at 1.4 K. The pair-breaking
time r~ of 3.4& 10 " sec was deduced from Kaplan's ex-
pression for the near-equilibrium state. '

From comparison of the curves in Figs. 1 and 2, it ap-
pears that the nonequilibrium behavior for small n can be
almost exactly described by an increase only in p, ,ff and not
in T,ff. On the other hand, for n beyond some critical value
depending on 7„, a dramatic decrease in p, ,qf as well as a
steep increase in T,ff is seen. These results a11ow us to say
that our proposal is a unified model which expresses the

so-called p,
' and T' models for small and large n, respec-

tively. There is some experimental data due to Willemsen
and Gray, ' and Akoh and Kajimura, ' which compare well
to the present calculation. %illemsen and Gray reported a
sudden decrease in p, and an increase in T' against an in-
crease in the injector voltage beyond 400 p, V. Although
their experiments were done on Al film, the qualitative
agreement exists between our calculation and the experi-
ments. Akoh and Kajimura found a shift of the 5 vs n

curve from that of the p,
' model to the T' model with in-

creasing n. Their results are reproduced by the solid circles
in Fig. 3 together with our calculated results, showing good
agreement with the experimental results and the calculation
for 7„=1& 10 " sec.

Finally, we discuss the critical quasiparticle cfensity n, at
which instability begins to occur. According to Chang and
Scalapino, '5 a necessary condition for the occurrence of sys-
tem instability is that d Fr/dN~ (0 where Fr is the system
free energy at T,ff. In Fig. 4, the result of numerical calcu-
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FIG. 2. Effective temperature Teff as a function of n.
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FIG. 4. dF~/dW& as a function of n. The calculation was per-
formed for 7„=1X10 sec. The peak of dF~/dW~ is indicated
by an arrow.
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lations for dEr /dW, is depicted with a reference curve of the
p, model. The quasiparticle densities n given by the arrows
are the critical values n, beyond which the superconducting
system falls into instability. It is very interesting to see that
the n, estimated from the present model is much smaller
than that obtained by the p,

' model. Besides, the value of
n„0.021, obtained by the new model is very close to the
experimentally determined value ( ~ 0.034) by Akoh and

Kajimura. '6

In conclusion, we have proposed a new model describing
nonequilibrium superconductivity. The experimentally ob-
served b, vs n, p,

' vs n, and T' vs n characteristics, and the
critical quasiparticle density n, for the onset of instability,
are to a certain extent, explained semiquantitatively by this
model.
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