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Thermal counterflow experiments on superfluid helium at temperatures close to Tq
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We have studied the relation between the heat-current density 8' and the temperature gradient
VT in the laminar, turbulent, and transition regions in superfluid helium for temperatures close to
Tq in channels of circular cross section. For temperatures Tq —T (0.05 K, we do find simple ex-

ponentional relationships. In the turbulent region, 8'/V T is independent of channel diameter and is
proportional to ( Tq —T) ' '. The critical heat flow 8; is proportional to ( Tq T)S with—P= —0.75
+0.05. For the diameter (d) dependence of 8'„we found 8', ~d', with v= —0.80+0.03. The
transition from the linear region to the turbulent region is very steep but not discontinuous. In the
transition region the characteristic times related to the buildup of the turbulence become extremely

long, especially for the narrowest channel and for T close to Tq.

INTRODUCTION

Heat-conductivity measurements in superfluid helium
typically show the existence of two heat-current-density
regions: the subcritical region and the supercritical re-
gion, separated by an intermediate region (the critical-
heat-current-density region). The heat conductivity in the
subcritical region can be described in terms of a two-fluid
model as a pure laminar-counterflow mechanism. This
leads to the linear London-Zilsel relation, which for cir-
cular flow channels takes the form

32' 8 (1)
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Here, V'T is the temperature gradient, 8' is the heat-
current density, ri is the viscosity, p is the total fluid den-
sity composed as p=p„+p„where p„and p, are the den-
sity' of the normal and superfluid component, respectively,
d is the channel diameter, and S is the entropy. The su-
percritical, or turbulent, phase is commonly described by
introducing a mutual friction force which leads to the
generalized Gorter-Mellink expression
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The exponent I in this expression is usually found to be
3, but it has the tendency to increase when Tg is ap-
proached. A is a temperature-dependent factor. A more
thorough theoretical treatment on turbulence in helium is
given by Vinen and Schwarz. The critical heat-current
density F„which separates the two heat-transport re-
gions, leads, in the two-fluid model, to a critical super-
fluid velocity

Experimental results on the critical velocity and
critical-heat-current density at temperatures close to T~
have been scarce until now because of sensitivity problems
encountered in measuring the very small temperature
differences involved. Additionally, temperature-control
problems become more severe when one approaches Tt„
because of the extremely fast varying thermal properties.

In this paper we describe experiments which investigate
the critical-heat-current region for temperatures close to
T~. In this temperature range it is difficult to obtain a
complete picture by performing measurements on one
channel. Therefore, to get a complete picture, we used
capillaries with three different diameters. The smallest-
diameter capillary, called channel I hereafter, shows the
linear region and the critical region, while only at high
T~ —T the Gorter-Mellink region can be seen. The
intermediate-diameter capillary, channel II, shows the
critical region and the Gorter-Mellink region. The third
capillary, channel III, has the largest diameter, and shows
the Gorter-Mellink behavior and the onset of critical
behavior.

II. APPARATUS

The three channels studied consist of stainless-steel
capillaries. The inner diameters are measured by three
different methods: (a) by microscope, (b) from the
Poiseuille flow of helium gas at room temperature, and (c)
from the heat-transport data in the London-Zilsel region.
The results are shown in Table I.

The experimental arrangement is shown in Fig. 1. The
counterflow tube forms the connection between two reser-
voirs. The top reservoir has a weak thermal contact with
the main helium-bath space by means of an obstructed
tube. Thermometers T1, T2, and T3 are modified Allen
and Bradley carbon resistors (8=220 0) mounted on
platforms which are soldered to the tube. Thermometers
Tl and T2 form the branches of an ac bridge circuit
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Channel
Nominal

diameter (mm)
Measured
i.d. (mm)

Distance
Tl-T2 (mm)

0.125 0.137+0.004'
0.136+0.002b

19.0+0.5

0.25 0.280+0.005b 18.6+0.5

TABLE I. Diameter determination of the three stainless-steel
capillaries and distance between thermometers T1 and T2. The
footnotes detail the methods used to measure the inner diame-
ters (i.d.).

is transferred to the identical heater H2 at the other end
of the tube. In this way the heat load to the top reservoir
and the main bath is constant, greatly facilitating the
thermal stabilization of the system.

During precooling the thermal contact of the lower
reservoir to the helium bath is very weak. Therefore an
additional contact is made via a graphite rod, which acts
as a thermal switch because it exhibits a good thermal
conductivity around liquid-N2 temperatures, but a negligi-
ble one at liquid-He temperature.

0.8 0.80~0.01' 16.0+0.5
III. EXPERIMENT

'Thermal conductivity in the London-Zilsel region.
Chas flow at room temperature.

'Microscopic observation.

which measures the ratio Art/RTz and enables us to
monitor the temperature difference along the tube while
minimizing the influence of the well-known drift in car-
bon thermometers and of the bath temperature instabili-

ties.
The temperature stabilization is realized in two stages.

The temperature of the main bath is controlled by pump-
ing the main bath via an electrodynamic regulating valve.
This valve reacts to an error signal of a precision quartz
manometer. This combination allows us to stabilize the
temperature of the main bath to a precision of 20 pK.
Heater H3 and thermometer T3 give additional electronic
temperature regulation of the top reservoir. This addi-
tional regulation, combined with the above-mentioned
resistance ratio bridge allows us to measure temperature
differences of less than a pK.

Heat currents along the tube are generated by heater
Hl. When heater Hl is switched off the electric current

An example of an experimental run is given in Fig. 2.
Keeping T3 constant the heat current is increased in steps.
Between the steps the heat current is set to zero. Thus a
certain heat current is always preceded by a zero heat
current. As a result the thermal history of the sample is
simple and reproducible. (Only occasionally, to check for
the presence of hysteresis, is a measuring point ap-
proached from the high-heat-current side. However, no
hysteresis was found. ) The results for the three channels
are shown in Figs. 3—5.

Extremely long time constants are sometimes observed.
Times as long as several minutes are needed in order to
reach equilibrium after the thermal current is switched on
(Fig. 2). In some cases times even as long as 20 min are
measured.

IV. RESULTS

From the collected data (Figs. 3—5) we can conclude
that the heat transport of He II in the counterflow config-
uration shows three different regions. At low and high
heat-current densities one has the London-Zilsel region
and the Gorter-Mellink region, respectively. In between
one has a transition region which is the most dominant in
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FICs. 1. Schematic drawing of the counterflow arrangement.
H1, H2, and H3 are heaters; T1, T2, and T3 are thermometers.
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FIG. 2. Example of a recorder output representing an experi-
mental run obtained with a d =0.28 mm channel at a tempera-
ture Tq —T=10 mK. The ratio RTl/RT2 of the two resistance
thermometers along the channel is recorded while different heat
currents are set. From this ratio the temperature differences
can be calculated. The letters under the recorder trace corre-
spond to the letters in Fig. 4. By comparing Fig. 2 with 4 it can
be seen that the long response times are only obser'ved in the
transition region.
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FIG. 3. Logarithmic graphs of collected temperature-
gradient (V'T) data as a function of the heat-current density ( 8')
at different temperatures presented by the T~ —T value for a
channel diameter d =0.137 mm. When two runs ~ere taken at
one value of T~ —T, the different runs are indicated by open
and solid symbols. The straight lines are to guide the eyes.
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FIG. 4. Same as Fig. 3 for d=0.28 mm. The data points
with a letter correspond to the recorder trace given in Fig. 2.

results, d =(0.137+0.004) mm from the thermal data of
He II and d =(0.136+0.002) mm from the gas-flow mea-
surements, agree very well.

our experimental situation. The existence of this transi-
tion region was already 'noted in the measurements of
Brewer and Edwards, '-of Chase, ' and of Childers and
Tough. " The transition region is bounded by two well-
defined threshold heat-current densities. Because of the
very steep slope of the transition region (Figs. 3—5), both
threshold heat-current densities differ only slightly.
Therefore we can identify both with the critical-heat-
current density O' . The 8' so found is shown in Fig. 6.

As shown in Fig. 3 a linear region is observed in chan-
nel I only at low temperatures.

The Gorter-Mellink region is observed for all three
channel diameters. By fitting the data points in this re-
gion with expression (2), the values of m are determined.
As is also observed in Ref. 3, the exponent m increases
with increasing temperature (Fig. 7).
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B. The Gorter-Mellink region

One method of verifying the consistency of the mea-
surements on the different capillaries is to study the quo-
tient 8'/V'T at a given I/T. ' According to Eq. (2) this
should result in a plot independent of the channel diame-
ter as A is expected to be diameter independent.
Figure 8 shows that there is indeed good consistency for

V. DISCUSSIONS

A. Linear region

Only in channel I has a linear region been observed (see
Fig. 3). To verify if the linear region corresponds to the
London-Zilsel region, we calculate the channel diameter
from the thermal-conductivity data, using Eq. (1), and
compare the result with the diameter found from a
helium-gas-Aow measurement at room temperature. The
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FIG. 5. Same as Fig. 3 for d =0.80 mm.



THERMAL COUNTERFLOW EXPERIMENTS ON SUPERFLUID. . . 5725

Wc(Watt/m )
10

WjVT (W/Km)

a
ra

-a i~ ~
r ~ a A

10

00
r

10

102

Wg
+c(0137)

0.5—

0.2—
0.2 0.5 1.0

d(mm)
I I I I

10 10 10 10 1 T T(K)
FIG. 6. Measured critical-heat-current density W as a func-

tion of T~ —T. Solid triangles —channel I, d =0.137 mm; solid
squares —channel II, d =0.28 rnm; solid circles —channel III,
d=0. 80 mm. Open triangles represent results obtained by
Childers and Tough {Ref. 11) on a d =0.129 mm glass channel
and open circles represent results obtained by Chase (Ref. 10) on
a d =0.80 mm stainless-steel channel. The solid lines are paral-
lel lines fitted by a least-mean-squares method to the data points
below Tq —T=0.05 K; the dashed lines are to guide the eyes
only. The inset shows the critical-heat-current density W, rela-
tive to the critical-heat-current density of the smallest channel,
vs channel diameter. The solid line is a least-mean-squares fit to
the data points and shows the exponential dependence

W=Kp, ST S VT g/p
pn

(4)

This expression contains only one parameter, K, which
Soloski and Frederking fitted to published experimental
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FIG. 7. Exponent m of the generalized Gorter-Mellink equa-

tion as a function of Tq —T deduced from the experimental re-
sults.

the different channel diameters.
To compare our results with the published data of

many authors we proceed as follows: Soloski and
Frederking' derived, from a dimensional analysis, a gen-
eral expression relating Wand VT:

1/3
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FIG. 8. Quotient W/V T at supercritical-heat-current density
( W& W ) as a function of T~ —T. This quotient is calculated
(if necessary, by means of extrapolation) from experimental re-
sults shown in Figs. 3—5, taking a fixed temperature gradient of
TT=10 K/m. The symbols represent measurements as fol-
lows: solid circles, d =0.80 rnrn; open circles, d =0.28 mm; one
open square, d=0. 137 mm. The solid-dashed line represents
the result from Eq. (4) (see text). Note that this quotient is in-
dependent of channel diameter.

results. It was found that the results of many authors
covering orders of magnitude of T~ —T will give a value
of K equal to 11.3 in Eq. (4), with a variation of approxi-
mately +35%. The solid-dashed line in Fig. 8 represents
this relation, but with X=15.1. The solid part of the line
indicates the temperature range used in Ref. 14 to deter-
mine K by comparison with the existing data. Our results
show that there is also excellent agreement much closer to
T~ (dashed part).

For the limit T~ —T~O one can write, for p„'
p, =210&( ( T~ —T) i kg /m

and Eq. (4) can be simplified to

V'=cia(Z; —T)'"(V T)'" . (6)

Using' ' S(Tg)=1570 J/kg K, t)(TI, )=24X10
kgm 's ', and p(T~)=146 kg/m, c has the value 24. 1
m'i K "i . Indeed, our data closely follow expression
(6), as can be seen in Fig. 8 when IC is taken to be 1S.l. A
least-mean-squares fit to the points with (TI„—T) (10
K gives an exponent of 0.85, which compares we11 with
the value —, that followed from the analysis discussed
above.

C. Critical region

The observed critical-heat-current densities are plotted
in Fig. 6. At somewhat higher T~ —T there exist many
earlier determinations of W, . For illustration, we show
results of Childers and Tough" on a d =0.129 mm chan-
nel and of Chase' on a d=0. 80 mm channel. A max-
imum in 8' is generally observed around 2.0 K, e.g. ,
Refs. 10 and 20.

At low T~ —T the measured points fall reasonably well
on three parallel lines, indicating a power-law dependence:
W, ~(TI„—T)~. By means of a least-mean-squares —fit
procedure, we fitted three paralle1 lines through the data
points below T~ —T=0.05 K, shown in Fig. 6 as solid
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lines. For the exponent P we find a value of 0.75+0.05.
An interesting point is to use our P value to determine

the critical velocity u„ in the limit of T~ —T~O: Using
Eqs. (3) and (5) it follows that U„~(T~—T) 3+~. In-
serting the value P=0.75 gives a u„value which is weak-
ly decreasing upon approaching T~. Indeed, no strong
temperature dependence is expected theoretically (for a re-
view, see, e.g., Ref. 21). Measurements of the critical
velocity by persistent-current methods also show a
nearly-temperature-independent v„ for temperatures close
to T~. A weak dependence proportional to (Tq —T)'~
is predicted by Jones. The power —,

' corresponds to a P
value of 0.78, which is in agreement with our result.

The diameter dependence of W, can also be deduced
from Fig. 6. The result is shown in the inset of Fig. 6.
The data in this inset were obtained as follows: The mea-
sured data points of channels II and III were compared
with the corresponding results of channel I by using a
linear interpolation between the measured data points of
that channel. We find (within the rather limited d range
covered by this experiment) a very distinct power-law re-
lation: W, ~ d, with v= —0.80+0.03. At higher T~ —T
one generally finds a similar behavior for 8; with v equal
to about —1 (see, e.g. , Ref. 24 and the review in Ref. 21).

As can be seen in Figs. 3—5, the transitions from the
London-Zilsel to the Gorter-Mellink regions are extremely
steep. It must be emphasized that the slope of the transi-
tion region stays finite under all circumstances during our
measurements, and that the points in this region in Figs.
3—5 are stable points both when they are reached from
the low- W direction as from the high- W direction. Thus
we do not observe a discontinuous jump from one region
to the other. However, we now mention two mechanisms
which, even in the case of a discontinuous change under
ideal circumstances, could modify the transition to a more
continuous change under the actual experimental condi-
tions. First, the measurements were performed on tubes
which were relatively long and, therefore, because of the
finite temperature gradient over the tube, one end could
reach the critical-heat-current density before the other.
However, numerical estimates show that this effect is
much too small to explairi the observed behavior. Second,
because of surface roughness of the channels, there are
variations in diameter and, therefore, variations in the
heat-current density and W„as discussed above. A d
variation of 5—10% can explain the observed slope in the
transition region. This variation cannot be excluded for
stainless-steel capillaries that are not specially treated.
Thus we must conclude that experiments on capillaries
specially treated to obtain a constant d are needed to
determine unambiguously whether the observed slope is
due to imperfect capillaries or to more intrinsic causes re-
lated to the nature of the turbulent state.

As is visible in Fig. 2, very long characteristic times are
observed. The response time is much longer than the cal-
culated thermal relaxation time of the system formed by
the capillary and the hot-end reservoir. Another observed
aspect of the behavior in time can also be seen in Fig. 2:
Switching off the heat flow results in an immediate col-
lapse of the thermal gradient. The time constants we ob-
served had the following characteristics: (i) It was clearly

observed that the long times were noticed only in the tran-
sition region. An example can be seen in Fig. 2, where it
is shown that the response times became smaller only at
the heat flow on the border of the transition and Gorter-
Mellink regions. (ii) The times became longer for tem-
peratures close to T~. (iii) The response times were long-
est for the narrowest capillary. (In capillary I we did not
observe this effect at all because the response was masked
by the long characteristic times of the electronic tempera-
ture control that we had to use for that particular mea-
surement. ) Especially the above-mentioned difference be-
tween switch-on and switch-off behavior suggests that we
are seeing the buildup of thermal resistance due to slowly
increasing turbulence. Similar effects (although for much
shorter time constants) have been studied in a more direct
way by Vinen. In his experiment the turbulence was ob-
served by means of second-sound absorption.

Chase' and Ladner et al. also observed effects which
were similar in thermal counterflow experiments. These
authors also observed that the times are largest around the
critical heat flow.

Figure 9 shows schematically how the measurements of
the decay times were performed. Switching off the heat
flow for a short time and then switching it on brings the
temperature gradient nearly back to the value it had im-
mediately prior to switching off. Increasing the time in
the switched-off state in a systematic way allows one to
measure the decay time. In the present experiment, how-
ever, we have studied this only qualitatively, and in accor-
dance with Vinen we find that the decay time is shorter
than the buildup time.

A final point we would like to discuss is the nature of
the observed transition. It has been noted that different
critical-heat-current densities can be observed. Especially
in tubes with a round cross section this effect is very pro-
nounced. An excellent review on this phenomenon was
written by Tough. ' In it he notes that for round tubes
two types of critical-heat-current densities are found:
type I, the lowest critical-heat-current density, separates
the linear region from a turbulent region, while type II
separates the above-mentioned turbulent region from a
turbulent region of a different (but unknown) nature. Be-
cause in most of our experiments the linear region is not
observed, we cannot ascertain with certainty which type

time
FIG. 9. Schematic drawing of a recorder trace of an experi-

ment aimed at the determination of the thermal resistance de-
cay.
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of transition is manifested. However, Tough' argues that
when the circumstances are such that the normal fluid is
not turbulent, a type-I transition is observed. Reasoning
along these lines it seems plausible that in our case, for
the observations close to T~ where the normal fluid has a
very low velocity, the transition is of type I. Also, the u„
that we observe around 2 K (u„d=4&(10 m /sec at 2.0
K and u„d=3X10 m /sec at 1.9 K) agrees well with
the values observed for a type-I transition (compare with
Figs. 39 and 40 of Ref. 15). On the other hand, a type-I
transition is usually accompanied by hysteresis phenome-
na which we do not observe.

- VI. CONCLUSIONS

In the regions where other experiments are available for
comparison, we find generally good agreement. In the
temperature region close to T~, the results obtained turn
out to show simple relationships. The heat-current densi-
ty in the Gorter-Mellink region is proportional to
( T~ —T) , in clos'e agreement with the expectation
based on a dimensional analysis in which a value of —, for
the exponent was expected. The critical-heat-current den-
sity W, is proportional to (T~ T)P, wit—h P=0.75+0.05.
From this value of P it follows that the critical velocity
u„ is weakly dependent on T~ —T: u„cc (T~ —T)
A weak temperature dependence has also been observed at

lower temperatures and is also expected close to T~. For
example, an exponent of —, has been predicted, in agree-
ment with what we found. The diameter dependence of
8' obeys very well the exponential law &, ~d, with
v = —0.80+0.03.

A striking phenomenon observed during our experiment
was the presence of extremely long relaxation times.
More systematic research could possibly give useful infor-
mation on the buildup of the turbulence in the critical re-
gion. Also, the steepness of 8' versus VT is quite strik-
ing. Further investigation is needed on different types of
capillaries to find out whether this aspect of the critical
behavior has to do with the properties of the capillaries or
is intrinsic to the buildup of turbulence in the temperature
range close to T~.
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