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Diffusion-to-streaming transition of transport electrons in polar semiconductors
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A Monte Carlo simulation of the motion of transport electrons in a polar semiconductor is per-
formed. The electrons are subjected to an electric field; they are in a parabolic band and undergo
scattering with optical phonons. For small electric fields the electrons diffuse, while for strong elec-
tric fields they perform a streaming motion. A model is introduced which describes this diffusion to
streaming transition. Although the model is simple, it leads to good agreement with the Monte Car-
lo results.

I. INTRODUCTION

Conduction electrons in polar semiconductors which
are subjected to relatively high electric fields (e.g. , typical-
ly E-50 V/cm for InSb at T=77 K, E-100 V/cm for
AgBr, E—500 V/cm for AgC1 perform a streaming
motion. This was first proposed by Shockley' who intro-
duced a quasiclassical model in which the electron under-
goes acceleration cycles which are interrupted by LQ-
phonon emission. This Shockley model results in an aver-
age velocity which equals half the critical velocity for
emission of a longitudinal-optical phonon. The saturation
of the electron velocity typical for this streaming motion
is nicely illustrated by recent experiments in the strongly
polar crystals AgBr and AgC1 and to a lesser extent in
InSb.

Subjected to sufficiently low electric fields, conduction
electrons undergo diffusive motion which can be described
by a quasi-isotropic electron-momentum distribution func-
tion. Streaming motion on the contrary is characterized
by an anisotropic electron-momentum distribution. This
was first suggested by Bray and Pinson and later
elaborated by Vosilius and Levinsori who introduced a
"needlelike" distribution in the electron momentum. A
Monte Carlo simulation of the electron streaming motion
which, at least in principle, is equivalent to the solution
of the Boltzmann equation was realized by Kurosawa
and confirmed the highly anisotropic character of the
electron-distribution function.

In the present paper we consider the ideal situation in
which the electrons are in a parabolic conduction band
and scattering is with LO phonons only. Aas and Blo-
tekjaer studied this particular situation and used the
Monte Carlo technique. They elaborated on (i) the trans-
verse cooling of the electron distribution at the intermedi-

ate electric fields and (ii) the runaway of electrons at high
electric fields. The pure streaming condition was investi-
gated by Devreese and Evrard' who solve the Boltzmann
equation quasianalytically at zero temperature using a so-
called "two-circle" model approach. Thornber and Feyn-
man" used the Feynman polaron model' to investigate
the velocity (v)—electric-field (E) relation for aribitrary
electron-phonon coupling strength. The theory of Ref. 11
was recently reviewed in Ref. 13 where it was shown that
the electron-momentum distribution function correspond-
ing to the work of Ref. 11 is a drifted Maxwellian. A
comparison between the Monte Carlo results and the re-
sults based on the Thorriber-Feynman theory is presented
in Ref. 14.

The aim of the present paper is to propose a simple
model which can account for the "diffusion-to-streaming"
transition. This model, which is presented in Sec. II, is
based on a distinction between two sta, tes for the electron
motion: diffusion and streaming. It is assumed that a
given electron has a well-defined probability to be found
either in the diffusion state or into the streaming state.
Simple intuitive arguments are used in the construction of
our model. The correct qualitative features of the
diffusion-to-streaming transition are obtained. In Sec. III
the results of the present model are compared with the re-
sults of Monte Carlo simulations.

II. MODEL FOR THE DIFFUSION- TO-STREAMING
TRANSITION

The essential physics of the diffusion-to-streaming tran-
sition is contained in a one-dimensional picture of the
electron motion. A distinction will be made between two
different electron states.

31 5322 1985 The American Physical Society



31 DIFFUSION- TO-STREAMING TRANSITION OF TRANSPORT. . . 5323

fd(u) = pm
2m.

—P(m /2)(u —ud )~
e

which is centered around

(2)

with p= 1/ks T (ks is Boltzmann's constant, T is the lat-
tice temperature), m is the electron effective mass, and e
is the electron charge.

B. The streaming state

With increasing electric field an increasing number of
electrons gain sufficient velocity to reach the threshold for
emission of an optical phonon. Those electrons partici-
pate in the streaming motion and the time evolution of
their velocity is a "sawtooth" function. For relatively
small electric fields the average electron velocity (u, ) of
electrons in the streaming state is independent of the elec-
tric field: u, = —,

'
v Lo, with v Lo ——(2ir2roLo/m )

' the
threshold velocity to emit a LO phonon with energy
%coLQ. With increasing electric field, the electron partici-
pating in the streaming motion will penetrate the region
u & ULQ and will emit an LO phonon after it has reached
some velocity u & ULQ. The velocity of the electron after
it has emitted an LO phonon is +u' with u' /2m
= u /2m fuo Lo. The pro—bability for an electron to
reach the velocity +u' is

i2+ 2
)

1/2

1 1+ (u'+u Lo/2)

which for u' «uLo is practically equal to 1. We will as-
sume that on the average the electron is scattered to final
states with zero velocity u'=0 The average streaming
velocity u, is equal to —,v . The velocity u is deter-
mined from the energy balance equation'

(m /2)u 1(euE) = f de (3)
LO r, [(2me)'/2]

A. The diffusive state

This state is characterized by an electric-field indepen-
dent mobility, i.e., the average electron velocity increases
linearly with the electric field. The electron velocity is
limited by quasielastic scattering processes which are
described by a scattering rate 1/~d. The electron velocity
distribution is chosen to be a displaced Maxwellian:

1/2

( v ) = —,
'

u one finds

E/Eo ——4a(1+n ) arccosh
ULo

' 1/2

1—ULQ

um

with Eo =ci)Lo(2mcoLo)' /e. For small electric fields one
readily finds for the penetration velocity

3E/Eo
U =ULQ 1+

4a(n + 1)

2/3

This electric-field dependence of the penetration velocity
is similar to the one found in Ref. -17. For InSb at
T=77 K, Eq. (6) becomes

v =vLo(1+68X10 E )

with E expressed in V/cm.
At a fixed value of the electric field n, electrons will be

in the streaming state with a streaming velocity v, =u'm /2.
The other electrons are in the diffusion state. We obtain
for the average electron velocity

(u)=(v) +n. u,

with

(7)

and

U

( v)d ——f du vfd(u)
S

(Sa)

n, = f du fd(u) —f du fd(u) .
S

(Sb)

To derive Eqs. (Sa) and (Sb) we noticed that (i) fd(u) is the
velocity distribution for the case of diffusive motion; (ii)
electrons with a velocity

~

u
~

& u, do not diffuse, they are
in the streaming state.

Equation (7) gives a relation between the average elec-
tron velocity (v) and the electric field E. The latter is
contained in fd(u) through ud erdE/m. In th—i—s paper,
the only scattering mechanism which is considered is
LO-phonon scattering. As was observed by several au-
thors (see, e.g., Ref. 9) the absorption (and successive)
emission of an LO phonon is a quasielastic process. Con-
sequently the diffusion time ~d is determined by the LO-
phonon absorption scattering rate (p =mu):

1 ULQ U
=coLo2a (1+n )arccosh

r, (mu) U ULO
6(v —

uLo )

where the left-hand side of Eq. (3) expresses the average
energy gain of an electron due to the electric field and the
right-hand side of Eq. (3) is the energy loss due to emis-
sion of LO phonons. The scattering rate for LO-phonon
emission is'

through

1

d
~

—pp /217'

1 ULo
=cot o2an arcsinh(u /u 2 o )

r, (p) U

g e
—Pp2/2m

P

(9)

(4)

with n = 1/(e —1) representing the LO-phonon occu-Phoo L()

pation number. Inserting (4) into (3) and noting that

which gives

1
+LO+d a po

sinh(Po/2)

Ko(Po/2)
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with Po P——ficoLo and Eo(x) is the modified Bessel func-
tion of the first kind. In the low-temperature limit, Eq.
(11)becomes

10—

10—
streaming

O, = 0.02

1
LO&d (12)

2cxn

which [using Eq. (2)] gives the standard Frohlich result
for the polaron mobility. '

Using the model introduced above we can study the
diffusion-to-streaming transition. The numerical results
are shown in Fig. 1 for a=0.02 (InSb). The u Erel-ation
is practically linear when less than 10% (i.e., n, =0.1) of
the electrons are in the streaming state. When more than
90% of the electrons are in the streaming state (i.e.,
n, =0.9) the electron average velocity is essentially sa-
turated and we say that the system is in the streaming
state. From Fig. 1 it is apparent that at low temperature
the electric field range over which Ohmic behavior occurs
is extremely small. One can see this also from Eq. (7) by
making an expansion for ud/vLo «1/(Po)' and Po»1
which leads to

C)
LtJ

~ 10'—
n
LtJ

10—
CYI—
w 10—
|JJ
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FIG. 1. Electric field [unit Eo ——coLo(2m%'coLol' /e]—
temperature (unit TD =L)Lp/k) diagram for the diffusion-to-
streaming transition. The transition region (cross-hatched re-
gion) is bounded from above by the condition that 90%%uo (i.e.,
n, =0.9) of the electrons are streaming, and from below by the
condition that 10 Jo (i.e., n, =0.1) of the electrons are streaming.

1/2
po —p i4(v)=ud I+ e

2/3
3eE 2 +2a Po

+
UL~

2 5/2—p, r~ po
e 6v~

2/3v~ 3eE
2 2A

+ ~ ~ ~ + ~ ~ ~ (13)

A linear v-E relation is observed if

ULO

P /8 ~ 1/2
e ' 6v~
p,'" 1 —(v ~/2)

Inserting Eqs. (2) and (12) results in
—7PO/8 6~~

1 —(~~/2)
eE/Eo «2a

p5/4

1/2

(14)

For InSb, Eq. (11) shows that for T= 10 K, respectively,
20 K, the Ohmic regime is limited (for LO-phonon
scattering only) to the unrealistical small electric fields
E«2.2X10 V/cm and E &&1.3 mV/cm. A recent
study' of the polaron Boltzmann equation confirms this
conclusion.

III. COMPARISON BETWEEN
THE MONTE CARLO RESULTS
AND THE RESULTS OBTAINED

WITH THE PRESENT MODEL

Applying the Monte Carlo simulation technique we
have calculated the electron-momentum distribution func-
tion at T=77 K for different values of the electric field
(see Fig 2). In F.ig. 2 we used a=0.02 which is the

electron-phonon coupling constant for InSb. The electric
field was directed along the z axis. Because of cylinder
symmetry around the z axis, the electron-distribution
function f(p~,p, ) is plotted in Fig. 2 which is defined as

f(u p. )=2 fdic" f~tf3D(p)o(pl 9 +7
with f3D(p) the three-dimensional electron-momentum
distribution function. The function f(pt,p, ) was scaled to
f(0,0). With increasing electric field, the distribution
function evolves gradually from a quasi Maxwellian shape
at E=5 V/cm to a more elongated needlelike shape
which is characteristic for streaming motion of the elec-
trons. The penetration of the electron momentum in the

~

u
~

& uLo region increases with increasing electric field.
In Fig. 3 the average electron velocity is plotted as a

function of the electric field for +=0.02 and different
values of the temperature. The Monte Carlo results are
compared with the results for the present model. For
InSb we have ULo ——7.8)& 10 cm/s, Eo ——2.28
X 10 V/cm, and TD ——284 K. The temperatures
T/TD ——0, 0.176, 0.271, 0.5 correspond, respectively, with
T=O, 50, 77, 142 K in the case of InSb. In Fig. 4 we
plotted the relative density of streaming electrons, n„and
the contribution of the diffusing electrons to the average
velocity (v )d versus the electric field for the same values
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llof the temperature as in Fig. 1. For T=0 we have or a
electric field values n, = 1 and, v, d

——=0.
As is apparent from Fig. 3, the model exhibits the fol-

lowing three regimes: (1) a linear regime, i.e., (v) -E, for
sufficiently small electric fields, (2) a saturation regime,
1.e., gU UJQ( /= /2 for intermediate electric field values,
and (3) a regime characterized by penetration o t e
streaming electrons in the momentum region dominated
b Lo- honon emission. In the third regime the average-p o
velocity is (V ) & V Lo/2 which increases very slowly with
the electric field. The above three regimes agree qualita-
tively with the Monte Carlo results.

Quantitatively, the results for (v) obtained with the
model calculation differ at most with a factor of 2 from
the Monte Carlo results. The Inodel introduced here leads
to a smaller transition region because (i) the linear region
extends to slightly higher electric fields and (ii) the satura-
tion of the average velocity sets in slightly faster as com-
pared with the Monte Carlo results.

This can be understood as due to the one-dimensiona 1

nature of our model. In the actual three-dimensional situ-
ation the electron-momentum distribution will also be ex-
tended in the direction perpendicular to the electric field
which as a consequence results in a more gradual
diffusion-to-streaming transition. Remark also that the
Monte Carlo results give a higher penetration of the elec-
tron momentum in the v ~ ULQ region in t e ig iee hi h field
limit than the results of the model. The reason is that at
high electric fields the scattered state +v', after emission
of an LO phonon, has a higher probability, i.e.,

I( I2+ 2 )1/2

(V'+ V«/2)

than the state —U' which has a probability

'2+ 2 )1/2I+,2 2(v +vLo/2)

O =0.02

)
~~ 0.1

C)

FIG. 2. Electron-momentum distribution function for
=0 02 T=77 K and different values of the electric field.CX=

q1/2The electron momentum is in units of p LQ
——{2mAcoLQ)
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I )'/'FICx. 3. Electron average velocity [unit vLo ——(McoLo m)
as a function of the electric field [unit Eo coLo(2mhcoLo)' —/—e]
f =0 02 d different values of the temperature {unit
TD ——A~LQ/k). The curves are the results of the present mo e .
The Monte Carlo results are represented by the different syrn-
bols.
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FIG. 4. Contribution of the diffusing electrons to the average
electron velocity (i.e., (u)d/Uto) and the relative number of
streaming electrons (i.e., n, ) as a function of the electric field
for the same parameters as in Fig. 3.

This implies that on the average, the electron is not scat-
tered to a state ( v

' ) =0, as assumed in our model, but
(U') will be positive. This leads to an average streaming
velocity which is larger than v /2.

The absence of runaway in our model in the electric-
field region E/Eo —10 is understood in the following
way. In the model we assumed that the emission of a I.O
phonon occurs at a,

' fixed threshold velocity v )ULo. In
reality there are fluctuations in the momentum "penetra-
tion depth. " Some of the electrons will penetrate deeply
enough to enter the region where the scattering rate de-
creases with increasing velocity. Such electrons have a
nonzero probability to gain more energy from the electric
field per unit time than they lose by emitting LG pho-
nons. Therefore their energy on the average increases
with time. This runaway is apparent in the Monte Carlo
results (see Fig. 3) for E/Eo ~ 0.6&& 10

In conclusion we have presented a simple model which
can account for the diffusion-to-streaming transition of
electrons in polar semiconductors. Fair quantitative
agreement (within a factor of 2) was found with results
obtained from a Monte Carlo calculation. The present
model may be useful to obtain, with a relatively simple
calculation, a qualitative idea of the behavior of electrons
in polar semiconductors when they are subjected to an
electric field. The extension of the present model to in-
corporate (i) the effects of quasielastic scattering processes
as, e.g., impurities, acoustical phonons, etc., and (ii) of a
magnetic field (crossed electric and magnetic fields) is
postponed to further work.

ACKNOWLEDGMENTS

This work was sponsored by I.I.K.W. (Interuniversitair
Instituut voor Kernwetenschappen), project No.
4.0002.83, Belgium and by a grant from Control Data
Corporation. One of the authors (F.P.) is grateful to the
National Fund for Scientific Research (N.F.W.O.) for
financial support.

~W. Shockley, Bell System Tech. J. 30, 990 (1951).
S. Komiyama, T. Masumi, and K. Kajita, Phys. Rev. B 20,

5192 (1979).
G. E. Alberga, R. G. van Welzenis, and W. C. Zeeuw, Appl.

Phys. A 27, 107 (1982).
4See, e.g., E. M. Conwell, High Field Transport in Semiconduct-

ors, Suppl. 9 of Solid State Physics (Academic, New York,
1967).

5R. Bray and W. E. Pinson, Phys. Rev. 136, A1449 (1964).
I. I. Vosilius and I. B. Levinson, J. Exptl. Theoret. Phys.

(U.S.S.R.) 50, 1660 (1966) [Sov. Phys. —JETP 23, 1104
(1966)].

7W. Fawcett, A. D. Boardman, and S. Swain, J. Phys. Chem.
Solids 31, 1963 (1970).

sT. Kurosawa, in Proceedings of the Eighth International
Conference on Physics of Semiconductors, Kyoto, 1966 [J.
Phys. Soc. Jpn. (Suppl. ) 21, 424 (1966)j; T. Kurosawa aud H.
Maeda, J. Phys. Soc. Jpn. 31, 668 (1971).
E. J. Aas and K. Blotekjaer, J. Phys. Chem. Solids 35, 1053

(1974).

J. T. Devreese and R. Evrard, Phys. Status Solidi B 78, 85
(1976); see also, F. M. Peeters and J. T. Devreese, ibid. 108,
K23 (1981).

'K. K. Thornber and R. P. Feynman, Phys. Rev. B 1, 4099
(1970).
R. P. Feynman, Phys. Rev. 80, 440 (1955).
F. M. Peeters and J. T. Devreese, Phys. Rev. B 23, 1936
(1981).

4F. M. Peeters and J. T. Devreese, Solid State Phys. 38, 81
(1984).

5See, e.g., K. Seeger, Semiconductor Physics (Springer, New
York, 1973).
R. P. Feynman, Statistical Mechanics (Benjamin, Mas-
sachusetts, 1972), p. 221.
A. A. Andronov, V. A. Valov, V. A. Kozlov, and L. S. Ma-
zov, Solid State Commun. B6, 603 (1980).
F. M. Peeters and J. T. Devreese, Phys. Status Solidi B 115,
539 (1983).
J. T. Devreese and F. Brosens, Phys. Status Solidi B 108, K29
(1981).


