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Phonon absorption of far-infrared radiation in small-metal-particle systems
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The phonon absorption of small Al spheres is calculated within the jellium model. By taking into
account the effect of local jellium-density modulation due to normal modes of elastic oscillations, it
is shown that the excitation of a phonon by far-infrared radiation is associated with a transition di-

pole moment on the order of 10 a.u./sphere. The origin of the dipole, whose magnitude is rela-
tively insensitive to sphere size, can be traced to the incomplete screening of jellium-density modula-

0
tion near the particle surface. The resulting phonon absorption for a system of 10-A Al particles is
calculated to be comparable in magnitude to Drude absorption at similar frequencies. Conditions
for the experimental observation of the effect are discussed.

I. INTRODUCTION

Recently the interest in various aspects of small-metal-
particle systems, i.e., far-infrared absorption, ' surface
enhanced Raman scattering, surface effects in optical
properties, etc. , has prompted renewed theoretical investi-
gation of their electromagnetic characteristics. In particu-
lar, the problem of electronic polarizability and optical
response of metal spheres ' has been the subject of de-
tailed model studies. However, for frequencies in the far-
infrared regime, the possibility of phonon absorption"
suggests that a complete analysis of the metal-sphere
response should include the calculation of ionic polariza-
bility in the presence of free electrons. In this work I use
the jellium model to calculate the phonon absorption in
the quasistatic limit. It is shown that, in contrast to bulk
metal, the phonon absorption by small metal spheres can
be fairly appreciable because the sphere surfaces not only
break the momentum conservation requirement for ab-
sorption transitions (which forbids acoustic phonon ab-
sorption in bulk crystals), but also enhance the coupling
between the phonon and the electromagnetic radiation
through incomplete screening of the surface jellium-
density modulations arising from elastic vibrations. In
what follows, formulation of the density-functional ap-
proach is given in Sec. II. Section III presents calculated
results together with a discussion of the conditions for the
experimental observation of the effect.

II. FORMULATION

and a I ——2.8712, a 2 ———„, a 3 ——0.7386, a4 ——0.056 41,
a5 ——0.079 53, where all quantities are expressed in atomic
units (energy unit =27.2 eV, charge unit =I electronic
charge, length unit =0.529 A). Let n (r) denote the
equilibrium electron-density profile which minimizes H.
For small disturbances about the equilibrium state, the
functional H[n(r)] can be expanded about n (r):

H[n(r)]=H[n (r)]+5H' '[5n(r), n (r)] . (2)

Here 5n(r)=n(r) —n (r), and 5H' ' is a quadratic func-
tional of 5n(r) The .first-order term 5H'" in the expan-
sion vanishes because it is given by the expression

5H"'= f p 5n(r)d r,
where p is the (constant) chemical potential by definition.
Since the number of electrons must remain constant, the
integral of 5n(r) is required to be zero. I assume that the
deviation 5n(r) from the equilibrium profile n (r) is
caused by two sources: a local modulation of the jellium
density Qb, +(r) = n+ Vu(r) ass—ociated with a given nor-
mal mode of elastic oscillation with amplitude Q and dis-
placement field u(r), and the presence of an external elec-
tric field eo associated with the far-infrared radiation.
Since the electron response time is expected to be much
shorter than the far-infrared oscillation period of both the
electric field and the elastic normal mode, b, +(r) and eo
are treated as static quantities in the calculation of 5n(r)
The consideration of elastic oscillations and its coupling
to the electron density n(r) gives rise to the following ad-
ditional energy terms:

Consider a sphere of radius R with positively charged
uniform jellium density n+ and electron density n(r).
The energy of the system H can be written as a function-
al' of n(r):

H[n(r)]= f d &(E„;„+E„,+Ec,„&),

Hphonon +~HcQ Q

e, 2 2 2H b,„,„,g m (Q +co Q ),
J

5'=-,' f d'rd'r'

(3a)

(3b)

where

Ez;„=a&n' (r)+a2[
~

Vn(r)
~

ln(r)],
E„,= n4~ (r) Ia—3+a4/[az+n ' (r)]I,
Ec,„&

———,[n(r) —n+] f d r'[n(r') n+]I
~

r —r'—
~

[Q 6+(r)b, +(r') —2Q5n(r')b, +(r)]X, . (3c)
r —r'

Here H„h,„,„ is written in the canonical form for normal
modes of elastic oscillations, mj' denotes the effective os-
cillator mass of the jth normal mode of vibration, cu& is
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H =H h, „+5H,',
2 2~0+HO

Hphoton =
2 4m.

d p'

(4a)

(4b)

the frequency of the normal mode, and 5' is obtained
by substituting [no +Qb, +(r)] for no+ in Eq. (1) and col-
lecting terms containing 5+(r). The integral of one of the
terms, b+(r)[n (r') —,n+ ]/ I

r —r' I, is noted to be zero in
anticipation of the fact that whereas [n (r') —n+] has
spherical symmetry, the perturbation b, +(r) which gives
rise to dipole moments and phonon absorption, possesses
dipolar symmetry. This accounts for a term's absence in
Eq. (3c). In addition to elastic vibrations, the energy due
to the presence of electric field can be written in the form

tial and final states differing by 1 phonon number of the
jth normal mode, the matrix elements can be evaluated
from the standard quantization of the phonon (harmonic-
oscillator) Hamiltonian H ph, „,„.

1 fi(b
I Q, I

a) = —. , (n+1)'~',
l 2IJ COj

where A is Planck's constant h divided by 2m. , n denotes
the number of phonons in state

I
a ), and n + 1 the num-

ber of phonons in state
I
b). Therefore, Eq. (7) can be

written as

8 3

vf g I pJ I
5(ficoJ fico)—,

3

5H,'=go J r[5n(r) Qb+(r)—]d r . (4c) where

In the expression for 5H,', Eq. (4c), the term involving the
integral of eo r[n (r) —no+] has been set to zero due to
symmetry consideration. The total energy of the system
can now be written as

Htotal H [n ( ) ]+Hphonon +H photon +~H r
0

aH =SH"'+SH,~+SH,',
(sa)

(5b)

where AH is regarded as the perturbation term. Now we
recall that 5n(r) is caused by elastic vibrations and the
presence of electric field. For Q and eo small, linear-
response theory dictates that

5 n (r) =5s (r)so+ 5t(r) Q,
where 5seo and 5tQ denote the induced electron-density
changes associated with the presence of electric field and
jellium-density modulation, respectively. When this ex-
pression for 5n(r) is substituted into AH, three types of
terms emerge. One type is proportional to Q and
represents that part of the phonon energy associated with
compressing a plasma. This type of term can be renor-
malized away and regarded as part of Hph with coj
modified to include the additional contribution. The
second type of term is proportional to e0 and represents
the classical interaction energy between the electric field
and the polarizable sphere (with a rigid core). The third
type, proportional to eoQ, represents the interaction ener-

gy between the electric field and the normal mode of elas-
tic oscillations. If we denote this energy as 6H;„,= —p e0,
then

I pi I
=IC~QJ is the effective dipole moment generat-

ed by the jth normal mode of vibrations.
Given 6H;„„one can use Fermi's golden rule to calcu-

late the rate of transitions and absorption. In particular,
in the noninteracting limit the absorption by individual
spheres is additive and the absorption constant q is given
by

%~A
I p, I

'=(n, +1) (9b)
2IJ COj

and we have used nJ =[exp(ficoJ. /kit T) 1] ' to d—enote
the average phonon occupation number of the jth mode in
thermal equilibrium (kit is Boltzmann's constant, T the
temperature). In general, if we have a collection of
spheres of various sizes, the effect of local-field correction
means that the complex dielectric constant e of the com-
posite is given by'

I' R o,'zdR,a+2
Ro

ccrc =f
x3p x d~ 2hc

r

(10a)

&& X I pi I' 4v +i 2ir5(vJ —v)
vJ

(10b)

Here c is speed of light, and R0 the most probable radius
of the distribution. From the dielectric constant e the ab-
sorption constant g can be simply obtained as
4mvlm(E'~ ).

From the above discussion it is seen that the task of cal-
culating the phonon absorption lies essentially in the
evaluation of

I p~ I
. For a given phonon mode and elec-

tric field eo, such evaluation requires the knowledge of the
electronic response 5n(r). In the remaining part of this
section I describe the procedure by which the calculation
of 5n(r) can be accomplished. First, in order to evaluate
the jellium modulation b, +(r) due to a vibration mode, it
is noted that from general symmetry arguments 5H;„, is
nonzero only for those normal modes of oscillation with
dipolar angular dependence. Thus the displacement field
u(r) must be of the form'

Sm
vf QKJ I (,b I QJ a)

I
5(ficoh, fbi)), —u(r)/Q= r[j't (k„'r)+2A„j t(k„'r)/(k„'r)]cosO

—OI A„[k„'rj,(k„r )]'/k„'r +j &
(k„'r )/k„'r ) sinO,

where v=1/A, expresses frequency in wave numbers, X is
the wavelength, the factor —,

' comes from directional
averaging of p relative to eo, f is the volume fraction of
metal spheres, a is the initial state, and b is the final state
of transition. In this case, since QJ will only connect ini-

where r and O are unit vectors in the radial and polar an-
gle directions, respectively, k„"'=co„/u, t, ~

is the compres-
sional (shear) wave vector for the nth eigenmode with fre-
quency co„, u, ~, ~

is the compressional (shear) wave speed,
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5s(r)=cos8~ g Cj&(P;r/a),
i=1

(11a)

j& denotes spherical Bessel function of order 1, and ( I,A„)
is the eigenvector associated with the nth mode. (Here
n =1,2, . . . indexes the eigenfrequencies in ascending or-
der. ) Once b, +(r) is obtained as —no+ V u(r)/Q, the next
step is the calculation of 5s and 5t through the principle
of energy minimization. Since electron-density perturba-
tion must vanish at the center of the sphere (from dipolar
symmetry) and become exponentially small at some suit-
able distance (-8 a.u. ) out from the sphere boundary, it is
natural to expand 6s and 5t in terms of the complete set of
functions as

M,jXJ ——F~(Q) (12a)

where a =R+8 a.u. is the outer radius of the region in
which 5s and 5t are defined, p s are the roots of
j~(p;)=0, 8~ is the polar angle defined by taking the
electric-field direction as the z axis, and 82 is the polar an-
gle defined relative to the dipole symmetry axis of the
elastic oscillation. The angle between the two symmetry
directions will be denoted as 8&2. Since 5s(r)eo and 5t(r)Q
are linearly additive, the expansion coefficients C; and Dz
are determined by the minimization conditions
d(bH)/dC;

~ & o ——0 and B(bII)/dDJ ~,, O=O, respec-

tively. The two infinite sets of linear simultaneous equa-
tions that result differ only in the forcing terms:

5t(r)=cos82 g Djj &(Pjr/a),
j=1

(1 lb) where

3 5
Mij Mtj a +cij a

1

J x dx 2ND(ax)j~(pxj)~(p~x)+2N~(ax) 2 j'~(p;x)j'~(pjx)0 a'

(12b)

+ N2(ax) j'& (p;xj)&(pjx)+ j~ (pjxj)~(p;x)a a
(12c)

csg ——'
8~

p'p'

4~y«4
3

a

y(p;)5;J —sin/31 y(p;)+ y(pz)5;~ —sinp; y(p~)
3 3

(12d)

(12e)

4 3a„[sina„j~ (/3;R /a ) —sin(P;R /a )j~ (a„)j sinP; [sina„—3j & (a„)]
(P;R /a ) [(/3; R /a ) —a„] P;a„(R /a )

(12f)

y(x) =(3—x )sinx —3x cosx, a„=—Rco„/U„XJ ——Cz for the forcing terms F,", and XJ DJ /n+ for the for——cing terms FP
associated with the nth mode of oscillation. The functions No, N&, and N2 in Eq. (12c) can be expressed in terms of the
equilibrium (spherically symmetric) density profile n (r ):

Np(r)= —,a~ [n (r)] +a2[n (r)] +2a20 3 dn (r) n (r)
dT T

N, (r)=a2n (r),
dno(r)

N2(r) = —2a2[n (r) j
. dI'

{2a5+[n (r)]'~ I——,
'

[n (r)] 2a3+a4a5
{a +[n (r)]'~ [

(13a)

(13b)

(13c)

o g Fe (ItrI i) Fg y(a )

m

('14)

In terms of the above-defined expressions evaluated for
the jth phonon mode, the constant K~(

~ pj ~
=IC~Q/) may

be expressed as

III. RESULTS AND DISCUSSION

For numerical calculation of phonon absorption by
small Al spheres I use for n+ ——( ', m.r, )

' with r, =2.07—
appropriate for Al. Equilibrium electron distribution is
calculated variationally by using the two-parameter trial
function

Substitution of Eq. (14) into Eq. (9b) completes the ex-
pression for

( pj ).
No(r) =c{1+exp[2b(r —R —a )]

+exp[ 2b(r+R +a )]]—
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th
K) 4—

2 x10-'—

(a)
)

I

n=1 —4 x10-2
) p=1.7x10-3 a.u.

suggested by Snider and Sorbello, where a and b are vari-
ational parameters and c is a normalization constant
determined by the condition that the volume integral of
no(r) is equal to 3 mR n+ for ensuring electrical neutrali-

ty. The compressional and shear wave speed of Al used'
in the calculation are 6.5X10 cm/sec and 3.4X10
cm/sec, respectively. Figure 1 displays the results of nu-
merical evaluations for 5s and 5t using thirty basis func-
tions for their expansions, Eqs. (lla) and (lib), with
R =13 A. Good convergence of the result is confirmed
by checking the sensitivity of the final answers to the
number of basis functions used in the evaluation. In Fig.
1(a) it is seen that the electron-density response to the
electric field exhibits a peak centered about 0.8 A outside
of the sphere boundary. This behavior is similar to that
obtained by Snider and Sorbello, and by Ekardt. It
should be noted that the peak in 5n(r) is responsible for
screening of the electric field from the sphere's interior,
and the fact that the peak is outside the jellium sphere
boundary indicates that the polarizability of a small metal
sphere actually increases with respect to its classical value.

The physical basis of the latter result lies in the fact that
the jellium Coulomb potential has a "soft" boundary, and
the electrons, with their light mass, tend to spill over. As
pointed out before, ' this type of behavior is in sharp con-
trast to the prediction of those theories using local dielec-
tric function for the metal sphere or infinite potential bar-
rier at the sphere boundary [in terms of dielectric response
theory, the evaluation of 5n(r) in the present formalism is
equivalent to the calculation of the static, nonlocal dielec-
tric constant of a metal sphere within the framework of
the jellium model]. In Fig. 1(b) one of the curves shows
the radial dependence of jellium-density modulation,
b, +(r), for the n =1 normal mode (frequency =49.3
cm '). The other curve gives the radial dependence of the
difference between 6+(r) and its induced electron-density
response 5t(r) It i.s seen that whereas deep inside the
sphere the electron-density variation closely compensates
the jellium-density modulation, near the surface the com-
pensation is not nearly so complete. As a result, there is a
surface double layer which, with its dipolar angular
dependence (both b, + and 5t have cos8 dependence), gives
rise to two oppositely aligned dipoles of nearly the same
magnitude. Evaluation of the net dipole moments for dif-
ferent sphere radii and different normal modes shows that
the magnitude of p is nearly a constant as a function of
sphere radius but can vary appreciably from one phonon
mode to the next. For R =13 A, dipole moments of the
first five modes are p = 1.7 && 10, 1.6)& 10, 1.6&& 10
4.9)& 10, 1.2X 10 a.u. The especially small value of
the n =4 mode can be accounted for by the fact that there
is a large shear component in its displacement field, which
gives no dilatational change of the local volume.

To calculate the far-infrared absorption resulting from
the coupling of the dipoles to the electromagnetic radia-
tion, Eq. (10) is used. It should be noted that since the
metal particles contain only an integer number N of elec-
trons, the integral in Eq. (10a) should really be expressed
as a summation over discrete radii R& ——X' r, . For met-
al particles with electron number distribution given by a
discrete log-normal distribution,

I
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FICx. 1. Electronic response to electric field and phonon oscil-
0

lation for a sphere with radius R =13 A. (a) Electron-density
change under an electric field. (b) Jellium-density modulation
and the residual left after being compensated by the screening
electrons. The units of the plotted quantities are in atomic

0
units: ao denotes the Bohr radius, =0.529 A, and e denotes
electronic charge.

v(cm- ~)

FICx. 2. Frequency variation of the total absorption normal-
ized by the volume fraction of metal particles. Parameters used
in the calculation are given in the text. The dipole moments of
the three phonon lines are p I

——0.0024, p2 ——0.0027, and

p3 ——0.0037, in a.u.
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P(N) = [(2n.)'~ N 1np]

&&expj —[ln(N/No)] /2(in@) ],
the frequency dependence of the calculated total absorp-
tion (Drude' plus phonon) is plotted in Fig. 2 for tem-
perature T=O. In the calculation I have used Xo ——125
(RD-5 A), @=1.05, i.e., a narrow size distribution, and
ascribed a width' I „=0.01v„ for the phonon-absorption
lines. It is seen that the phonon absorption is comparable
in magnitude to Drude absorption and is clearly visible
against the Drude background (at room temperature the
peak should be even higher). This conclusion remains
valid even if I &'s are much larger (e.g. , by a factor of 3).
However, the phonon absorption would become smeared
and submerged in the Drude absorption for a broad size
distribution, e.g. , p=1.6. This fact emphasizes the im-
portance of well-defined particle sizes for the experimen-,
tal observation of phonon absorption. For particles larger
than 10 A (5 A radius), the fact that the dipole moments

are roughly constant means that the absorption constant
has a Ro size dependence as can be inferred from
Eq. (10). This restricts the observation of phonon absorp-
tion to particle systems with Ro ( 10 A (20 A particles or
smaller).

In summary, calculation within the quasistatic jellium
model has shown significant coupling between the pho-
nons of metal particles ~20 A in diameter and the elec-
tromagnetic radiation. It is proposed that experimentally
these phonon-absorption lines not only could serve as a
probe of particle structure and possible lattice softening
effects, but their observation (or nonobservation) under
controlled conditions may also help to elucidate the origin
of the absorption enhancement effect at infrared frequen-
cies. '
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