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Critical wetting of surfaces in systems with long-range forces
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We solve the mean-field equations for a lattice gas in the presence of a substrate. All forces in the sys-

tem are long ranged. We show that, for a suitable choice of potentials, critical wetting can occur and we

observe it explicitly for the first time. This contrasts with all previous calculations and with claims in the
literature that first-order wetting is generic.

The nature of the different kinds of wetting transitions
which are possible has become of increasing interest, ' '

particularly in light of the several experiments recently un-
dertaken to study this transition. ' There is little doubt that
a first-order wetting transition can occur. In such a case,
the excess surface density n, adsorbed on the walls of a con-
tainer enclosing a gas at two-phase coexistence jumps
discontinuously from a finite to an infinite value as the tem-
perature T is increased. The observation of the analogous
first-order transition in binary liquid mixtures has been re-
ported. ' The possibility of a continuous transition, denoted
critical wetting, is less clear. If all forces in the system were
of short range, critical wetting could occur and the fluctua-
tions of the adsorbed film would be crucial to the critical
properties. However, it was found in a solid-on-solid
model that, in the presence of long-range forces of the kind
to be expected in experiment, the fluctuations of the inter-
face were unable to bring about a wetting transition at all.
The only wetting transitions observed were first-order ones
which are not brought about by fluctuations. Thus, in con-
trast to models with short-range forces, fluctuations are not
important to the nature of the wetting transition with the
consequence that mean-field theory (MFT) should provide
an adequate description. Further support for this view can
be obtained from Ref. 3(b) from which the upper critical
dimension can be obtained. In this paper, the MFT values
of the critical exponents ~ and v are given for the case in
which all forces are long ranged and the surface free energy
of a system with excess surface density n, varies, for large
n„ like a/n, (o.=2 for van der Waals forces) plus higher-
order corrections of arbitrary power b/n, ' From th. ese ex-
ponents and the fact that hyperscaling should hold at d' —1,
where d' is the dimension of the bulk at the upper critical
dimension of the wetting transition, one obtains
d'= 3 —4/(r+ 2) which is less than three. 4 Thus, provided
only that the wetting transition does not occur within the
bulk critical region, MFT is expected to yield the correct
critical behavior in three dimensions for the wetting of a
substrate-vapor interface.

Even within the context of MFT, the existence of critical
wetting cannot be established unless the kind of system in
which it is likely to be found is known. This question can
be studied by constructing a surface free energy per unit
area, f, (n„T), and the ancillary function Q, (n„T)
= f, (n„T) pen, with p—o( T) the chemical potential at
coexistence. The value of n, at coexistence occurs at the
minimum of 0,.

If this minimum occurs at a finite n, the system is not
wet; if it occurs at an infinite n„ the system is wet. Much

about the possible wetting behavior can be inferred from an
expansion of 0, for large n, . It is convenient to express 0,
in terms of P

—= n, ' ~ 0. Thus,

Q, (Q, T) = Qg(O, T)+a(T)$ + b(T)Q + +

where'the leading Q2 behavior arises from van der Waals
forces, 5 and not for reasons of symmetry. When the system
is wet, a ( T) is positive and the global minimum occurs at
/=0. As usual, there are two mechanisms by which this
global minimum can shift to a nonzero value of P which
represents a system that is not wet. The first occurs be-
cause b(T), or the coefficient of a higher-order term, is
negative causing a local minimum at nonzero P. As the
temperature is lowered, this local minimum becomes the
global one and a first-order transition occurs. At this transi-
tion, a(T) is still positive The m. echanism occurs inter alia
in models in which the only forces that are long range are
those between adsorbate and substrate. " In such models,
a(T) is always positive. [See Eq. (3) below. ) The second
mechanism can occur if b(T) is'positive and a(T) can
change sign from positive to negative as the temperature is
decreased. That a ( T) can change sign was recently shown
to be plausible. Then a critical wetting occurs at T„, where
a(T„)=0, and the excess surface density diverges like
(T T) ' as T„ is ap—proached from below. 3 b Thus, it
appears that critical wetting in a system with long-range
forces could occur.

In light of this expectation it is a surprise that of three
MFT calculations which have been carried out on systems in
which all potentials are long-range Lennard-Jones 6-12, alI
of them report first-order wetting transitions only 8'0.
Indeed, it has been suggested 3 ' ' '5 that this behavior is
generic. ' Spurred by the disagreement between our expec-
tations and these results, we have carried out an MFT cal-
culation on a lattice-gas model of absorption' ' in which
all potentials are long ranged. However, we have been
guided in our choice of potentials by an approximation to
the free-energy function Q, (n„T). As a consequence, we
have found, for the first time, critical wetting in such a
model system with long-range forces.

We have considered the lattice-gas Hamiltonian

H= T x UIJC)Cg+ x [tt(l) po]C(
IWJ I

on a cubic lattice with unit lattice constant where the occu-
pation variables c&

= 0 or 1, and l is the distance of the ith
site from the substrate. We take the substrate-absorbate in-
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teraction u(l) to depend on this distance only and to have
the asymptotic form, for large I, u(l) ~ —u31 3

—u4l + . +, with u3 positive. The interaction v» is
between two particles only. To facilitate comparison with
u(l), it is convenient to construct the interaction
v(m) =v(~m() between an atom and a plane of adsorbate
atoms a distance ~m( from it, v(m)=gjvtj with i and j
contained in planes parallel to the substrate a distance

~ m(
apart. From this, the interaction t(l) between an atom and
a semi-infinite substrate composed of adsorbate atoms is
constructed:

temperature T„given by

nt(,T„)= u3/t3

provided that

T& (u, /t ) &1 .

At this temperature the sign of b(T) is positive or negative
according to whether (t4/t3) is less than or greater than
(u4/u3). Thus, we choose a potential for which Eq. (5) is
satisfied and for which

t(l) = X v(m)
m=l

with asymptotic form at large I, t ( I ) —t31 t41

+ +, with t3 positive. The MFT equations are

13.n = tanh( T,/3. n/T)

with T„ the bulk transition temperature, given by and

v(m) = —a(ctm '+c2(m( '), m= +1, +2, . . . ,

= —ec3, m =0

t4/t3 & u4/u3

In particular, we have solved the MFT equations with

(6)

ksT, = —~ X v(m) (2)
u(I) = —a(c41 3+ c51 4), I ~ 2

= —ec6, I = 1

and An= nG —nL, the difference in the densities of the
coexisting bulk liquid and gas, and

r

M(l) =tanh h(l) —~ X v(l —m)M(m)
m=1

AT

where the average value of the variable c& in a plane a dis-
tance I from the substrate is [1+M(l) ]/2, and where

The excess surface density n, is then

n, = X (~[1+M(I)]—ng)
/=1

Note that we have replaced M(m) by its bulk value An for
m greater than a cutoff q which was usually taken to be 80.

To obtain guidance as to a potential which might favor
critical wetting, we examined the following sharp-kink ap-
proximation to 0, ( n„T):

fl, —= [+(( l'n), T) —+((ng), T) ]/&

where A is the substrate area, and

F( ( nt), T) = I X v 4J n, nj + X [u ( I ) —I4c ( T) ]n,
lWf l

+ ks T X [ n~ ln( nI ) + (1—n~) ln(1 —n~) ]

with c~=0.7, c2=0.3, c3=1.4, c4=0.2, c5=0.6, and c6=1.
For these potentials, Eq. (2) yields ks T, /a = 0.88,
u3/t3 0.86, and t4/t3= 1.82 & u4/u3 = 3. In order to
determine the absolute minimum of the MFT surface free
energy, an accuracy of a part in 10+' was necessary in the
difference of this free energy evaluated for nearby solutions
of the MFT equations. The size of the cutoff was chosen so
that its effect on this difference was less than one part in
10+12

The excess surface density obtained for this potential is
shown in Fig. 1 plotted versus t= (T, T)/T, . A—fter a-
smooth increase to two layers followed by a jump to eight
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and nt'= nL, ( T) if the distance from i to the substrate is less
than or equal to I and ni'= ng(T) otherwise. The excess
surface density is (nL, —ng)l The asym. ptotic form of this
function is the same as Eq. (1) but with a ( T) replaced by

L

a ( T) = —(nt. —ng) (t3nL —u3)/2

which is of the form obtained in Ref. 7, and

b(T) = (nt. —ng) [(t3—Tt4) nL —(u3 Tu4)]/2

(3)
oil
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Because ni. decreases from 1 to ~ as T increases from 0 to
T„a(T) can change sign from negative to positive at the

FIG. 1. Excess surface density and its inverse plotted vs reduced
temperature t= (T,—T)/T, where T, is the bulk critical tempera-
ture.
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layers, n, increases via a sequence of single-layer transitions.
We have followed them to 31 layers. We also show in Fig.
1 the same data plotted in the form of n, ' vs t. The ex-
tremes of each step are shown as points and the solid curve
is drawn through their average. That the solid curve is
linear sho~s that the excess surface density diverges as
(T„—T) ', precisely the form expected from critical wet-
ting. The sequence of discrete layer transitions is, of
course, a consequence of the lattice-gas model and the use
of MFT. This would be absent in a discrete model above
the roughening temperature and also in a continuum model.
The critical wetting temperature T„ is that given by Eq. (4).

We conclude, therefore, that critical wetting can occur in
systems with long-range forces. For it to occur, however, it
is not sufficient that the relative strengths of the leading
terms of the substrate-adsorbate to adsorbate-adsorbate po-
tentials, u3/r3, be sufficiently small [Eq. (5)]. It appears
that restrictions on the amplitudes of the next-to-leading
terms must also be fulfilled [Eq. (6)1. These amplitudes,
which are affected by many-body forces and substrate struc-
ture, are not known at present for any real system. Our
conclusions are not necessarily in conflict with the results of
previous studiess '0' which employed integrals of pure
Lennard-Jones 6-12 potentials for the interactions u and t,

but do conflict with the inference drawn in some of them
that the first-order transitions obtained there were generic.
We note that the use of these particular potentials entails a
specific choice of the expansion coefficient b( T) in Eq. (1),
a choice which is obviously not unique.

For completeness, we note that we have studied a system
with the same potentials as reported above with the single
exception that c5 in u(I) was changed to 0.2. In this case,
t4/t3 = 1.82 ) ti4/u3 = 1. We found that n, increased

smoothly with temperature up to the value 4.81 at t =0.15.
At this point, a first-order wetting occurred, which is con-
sistent with the fact that Eq. (6) is not fulfilled. Were the
potential of a real system known, including its next-to-
leading corrections, the same calculation we have carried
out for two cases above could be repeated to determine the
order of the wetting transition in that system.

In summary, we have studied a lattice model of a gas
which is just at liquid-vapor coexistence and which is in con-
tact with a substrate. All forces in the model were taken to
be of the long-range form expected in real systems. We ob-
served, for the first time, the occurrence of critical wetting
in which the excess surface density diverges as (T„T)—
There. is no reason why such a transition could not be ob-
served in experimental systems. Our calculation shows that
the nature of the wetting transition in a given absorbate-
substrate system is more subtle than previously supposed.
Any ab initio calculation to determine that nature for a
specific system must, correspondingly, be more detailed.
First, the wetting transition depends on the long-range
behavior of both substrate-adsorbate and adsorbate-
adsorbate forces, so that it is not adequate to truncate the
later as in square-gradient approximations. ' Second, the
transition depends in particular on the next-to-leading order
terms in these expansions7 which are affected by many-body
forces and the nature and structure of the substrate. Thus,
it is not adequate to approximate these potentials by struc-
tureless integrals of pair potentials. In view of the present
ignorance of real potentials, the nature of the wetting transi-
tion is an open question to be experimentally resolved.
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