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Magnetic form factor of the O2 molecule
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The polarized neutron data of Cox et al. on y-02 are reanalyzed using the spherical harmonic ex-
pansion technique of Leoni and Sacchetti. The results are found to be in good agreement with the
spin density derived from Gaussian atomic orbitals. Several errors in the work of Leoni and Sac-
chetti, as well as in the interpretation of neutron scattering measurements on O.-Oz, are discussed.

The magnetic form factor, defined as the Fourier
transform of the spin density, is an important connection
between the electronic structure of a magnetic system and
the neutron scattering cross section. From the viewpoint
of electronic structure, the simplest magnetic systems are
probably the condensed phases of oxygen. It is therefore
particularly important to compare theory and experiment
for this model system. Several groups have measured the
magnetic form factor, and all have claimed good agree-
ment with theory 'I.n the course of neutron scattering
measurements on a- and P-oxygen, I have discovered seri-
ous errors in the interpretation of several of these mea-
surements. It is the purpose of this paper to rectify these
errors, and provide a comprehensive comparison with
theory.

The magnetic form factor has been determined by two
experimental techniques: measuring the intensity of mag-
netic reflections in antiferromagnetic a-O2, and by using
polarized neutrons to observe the magnetic-nuclear in-
terference in a magnetized sample of paramagnetic y-02.
Because of the weakness of the crystal binding-energy
scale relative to the atomic orbitals which are responsible
for the magnetism, one expects that the molecular form
factor will be independent of the crystal structure. Conse-
quently, the measurements on o. and y phases should
agree, and one can speak simply of the molecular form
factor without reference to a specific crystal structure. I
will discuss the a-02 measurements at the end of this pa-
per; for now, I note that, because only a few magnetic re-
flections are seen, relatively little information is available.
In contrast, in their experiment on y-02, Cox, Samuelsen,
and Beckurts (CSB) were able to determine the ratio of
magnetic to nuclear amplitudes for 27 Bragg reflections.
This enabled them to construct a Fourier synthesis map of
spin density in the magnetized sample. However, the spin
distribution was severely smeared by the librational
motion of the molecules, thereby limiting the extent to
which these results could be compared with theory.

In order to account for the distribution of molecular
orientations in Y-Oq, Leoni and Sacchetti (LS) expanded
the form factor and orientation distribution in spherical
harmonics, and fitted the measurements of CSB. How-
ever, as discussed below, the LS calculations contain con-
ceptual and computational errors that render the claimed
satisfactory agreement with experiment fortuitous. I re-

w, = f dn w (a) Yt* (a) . (2)

The normalization of w(a) implies woo
——(4m) ' . If the

form factor f (K) depends only on the magnitude of K
and the angle P between K and a, it can be expanded in
Legendre polynomials:

f ( K)= g (2l +1)i'At(K)Pt(cosp),
X=O

where

At(K)=
t f sinPdPPt(cosP)f(K) .

In the present case, the symmetry when nuclei are inter-
changed implies that only even I need be considered.

If one now considers the averaged form factor f,„(K)
of an ensemble of molecules with orientational probability
distribution w(a), the addition theorem of spherical har-
monics may be applied to show that

f,„(K)=4' gi wt~At(K) Yt~(K) .
X, m

The crystal structure of y-O2 is shown in Fig. 1(b). It is
an 215 structure with two different orientational distribu-
tions at the two molecular sites. CSB carried out a crys-
tallographic refinement of the structure and concluded
that the I molecules form a bcc lattice of molecules
predominantly oriented along (111) directions and the
axes of the II molecules are generally perpendicular to the
rows of molecules. CSB proposed two models, labeled E
and H, for the static orientational disorder of the II mole-
cules. In model E, the average molecular orientation is
along one of the (100) directions, with a large librational
amplitude. Model H differs by having molecules statisti-
cally disordered, 22' from the (100) directions. See Ref.
2 for full details.

The application of the orientationally averaged form

capitulate their analysis as follows.
Define w (a)d 0 to be the probability that the molecular

axis is in an element of solid angle d A about the direction
a. Expanding w (a) in spherical harmonics,

w(a)= gwt Yt (a),
X, m

where
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and H, they calculated F„„,for each reflection. To the
extent that the thermal motion smears F„„, and F g
identically, y(K) will be unaffected by this correction,
and F,g obtained by multiplying the calculated F„„,by
experimental y will accurately reflect the magnetic struc-
ture of a hypothetical crystal free from thermal disorder.
In this way, they intended to preserve the essential struc-
ture of w(a), while compensating for the large thermal
motion.

In their interpretation of these corrected experimentalF,g, LS regarded the orientational distribution of mole-
cule II as adjustable parameters. This is incorrect, as the
orientational distributions are fixed by the structural
models of CSB. In addition, they regarded molecule I as
spherically symmetric, so that only woo is nonzero for
molecule I. Equation (2) shows that w~ is bounded by
P~, whereas the converged values of LS grossly exceed
these limits. Their fits to the magnetic amplitudes can
therefore not be regarded as reliable.

The first calculation of the Oz magnetic form factor
was given by Kleiner, who showed that the density of
atomic P+ orbitals is an accurate representation of the
spin density. Following Kleiner, I used Meckler's Gauss-
ian wave functions for Oz, which give a spin density pro-
portional to

FIG. 1. (a) Sketch of Oq molecule, indicating region of con-
centration of P atomic orbitals, responsible for magnetic interac-
tions. (b) Crystal structure of y-0&. I molecules form a bcc lat-
tice (center site not shown) and II molecules occupy sites on
cube faces. (c) Calculated magnetic form factor for O& mole-
cule. Dashed line illustrates results of Meier and Helmholdt at
P=O' and 90' (from Ref. 4).

factor to the interpretation of the diffraction experiment
of CSB may require some clarification. Short-range
orientational correlations would be seen as diffuse scatter-
ing between the Bragg peaks. Dynamical effects of
molecular orientation, having perhaps the energy scale of
librons, will cause inelastic scattering. To the extent that
the data of CSB-measured elastic Bragg scattering, it is
the time averaged, long-distance limit, i.e., the single-site
average-orientational distribution, which is measured. It
is therefore appropriate to use the form factor of Eq. (3)
in calculating the structure factor for a given reflection in
the crystal. The magnetic structure factor is then given
by

F,s(K)=4mP g pji (w( )JA((K)F(~(K,zq)e ', (4)
j, l, m

where rj is the position of the center of the jth molecule
in the unit cell, zj is the direction of the symmetry axis,
and YI~(K,zj ) is a spherical harmonic calculated for po-
lar angle equal to the angle between K and zj, and azirnu-

thai angle between K and any cube axis. The magnetic
scattering length P is 0.27&10 ' cm for spin 1 and g
factor 2, and pj is the magnetization in units of the Bohr
magneton. This is equivalent to LS Eq. (31).

CSB did not measure F,g directly, but instead report-
ed y(K)= F, (Ks) F/„„,( K). On the basis of models E

&bi ~

p(r, g) a: raisin ge "" [cosh(2brRo) cos9 —1] .

Here r and 0 are polar coordinates centered between the
nuclei, Ro ——1.21 A is the internuclear separation, and the
parameter b controls the spatial extent of the atomic P or-
bitals. The form factor f(K)= f d re' 'p(r) calculated
numerically is shown in Fig. 1(c). -As discussed below, the
best fit to experiment is for b =4.1+0.2 A . For com-
parison, the calculated form factor of Meier and
Helmholdt for three Gaussian orbitals matched to a self-
consistent field calculation is also shown. The agreement
between these two calculations is satisfactory. Alikhanov
et al. calculated the same quantity, but their results differ
significantly.

In order to calculate the scattering amplitudes from Eq.
(4), A~(K) was determined for l =0—6 by matching the
calculated A (K) at four angles. Expansion in Legendre
polynomials on a finer grid gave the same results. The
A~(IC) agree with those calculated by Kleiner, but differ
substantially from the results of LS Fig. 2. Evidently,
there is an error in the derivation or evaluation of LS Eq.
(26) for AI(K). This error, combined with the fitted wpp

and w40 led LS to reasonable agreement with the experi-
mental data, despite the fact that the calculated form fac-
tor is incorrect. The Ai(K) for the nuclear amplitudes are
given by 2j~(KRo/2).

Using these A~(K) and the disorder parameters w~ for
CSB models E and H at zero temperature, I have calculat-
ed the nuclear and magnetic structure factors. The error
in truncating the series for A (K) at l =4 is at most 4%,
determined by comparing the nuclear structure factors
from the spherical harmonic expansion with those given
in CSB Table IX. For reasons which wi11 be clear below, I
compare the ratio of the amplitudes to the experimentally
measured values rather than comparing calculated F,g to
those derived by CSB. The magnetization at the two in-
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2
y ...(K, ) —y .„,(K, )

(N —m —1),

where N is the number of data points (24) and m is the
number of independent parameters (3). When the calcula-
tions were extended to l =6, the fits did not improve sig-
nificantly. In the present case, the standard errors of the
experimental points are dominated by counting statistics,
and so one would expect X —1 for a perfect fit to the
model. The agreement for model H is satisfactory, and
model E significantly worse.

One potential source of systematic error is the some-

dependent sites and the b parameter were varied to obtain
the best fit. The relevant w~~ are listed in Table I and the
calculated ratios for each reflection are given in Table II.
Two refiections, (432) and (521), gave ratios quite dif-
ferent from experiment. No adjustment of parameters
was able to bring them into line, so I excluded them from
the fit. The quality of fit is measured by the parameter
X, defined as

TABLE I. Disorder parameters for CSB models E and H,
and for direct refinement with spherical harmonic orientation
distributions. Bottom two rows show the range of orientation
probabilities calculated from the specified disorder parameters.

w4pI

w44I

w2pII
w4pII
w44II

Site I
Site II

Model E
—0.329
—0.198
—0.315

0.317
0.443

—0.20 +0.26
—0.19 +0.67

Model H

—0.329
—0.198
—0.315

0.317
0.021

—0.20 +0.26
—0.08 +0.30

Direct

—0 019+0 029
—0.011
—0 257+0 010

0.111+0.025
0.085 +0.023

—0.65+ 0.88
—0.27+ 0.30

what arbitrary nature of the CSB models of orientational
disorder. If the ratios of magnetic to nuclear structure
factor were indeed independent of the degree of orienta-
tional disorder, the two models would describe the data

TABLE II. Ratios of magnetic/nuclear structure factors for 26 Bragg reflections in y-02 ~ Experi-
mental values are from Ref. 2, Table IX. Numbers in parentheses are relative deviation from the exper-
imental values. The last three rows show magnetization of the two sublattices, in units of the Bohr
magneton, and goodness of fit parameter for the fits. All quoted errors are standard deviations.

110'
200
210
211
220
310
222
320
321
400

410
411
330
420
421
422
430
431
432
521b

600
442
532
621
542
444

Experimental

0.1090+0.0200
0.0200+0.0010
0.0169+0.0010
0.0169+0.0024
0.0149+0.0024
0.0215+0.0035
0.0098+0.0007
0.0078+0.0013
0.0074+0.0015
0.0058+0.0010

0.0138+0.0030
0.0110+0.0019
0.0 1.21+0.0020
0.0042+0.0007
0.0024+0.0009
0.0080+0.0013
0.0044+0.0034
0.0098+0.0021

—0.0110+0.0050
—0.0019+0.0025

0.0063+0.0009
—0.0048 +0.0021

0.0158+0.0016
0.0046+0.0015
0.0101+0.0031
0.0075+0.0008

Model E

0.0901{—0.9)
0.0198(—0.2)
0.0162( —0.7)
0.0169(0)
0.0081(—2.8)
0.0253(1.1 }
0.0111(1.8)
0.0084(0.5 )

0.0091(1.1)
0.0055( —0.3 )

0.0105(—1.1)
0.0075( —1.8 )

0.0072( —2.4)
0.0052( 1.4)
0.0034( 1 ~ 1 )

0.0062( —1.4)
0.0059{0.5)
0.0110(0.6)
0.0135(4.9)
0.0587(24.2)

0.0097(3.8)
—0.0046(0. 1)

0.0097( —3.8)
0.0047(0. 1)
0.0035( —2. 1)
0.0041{—4.3)

Model H

0.0788( —1.5 )

0.0198(—0.2 }
0.0164( —0.5 )

0.0168(0)
0.0107(—1.8 )

0.0222{0.2)
o.o104(o.9)
0.0083(0.4)
0.0092( 1.2)
0.0065(0.7 )

0.0099( —1.3 )
0.0077( —1.7)
0.0107( —0.7)
0.0041( —0. 1)
0.0038( 1.6)
0.0069( —0.8)
0.0086( 1.2)
0.0115(0.8)

-0.1435(-26.S)
0.0208(9. 1 )

0.0054( —1.0)
—o.oo63( —o.7)

0.0154( —0.2)
0.0029( —l.2)
0.0063( —1.2)
0.0085( 1.3 )

Direct

0.0837( —1.3 )
0.0197{—0.3 )

0.0168(—0. 1)
0.0170(0)
0.0097( —2.2)
0.0206( —0.3)
0.0101(0.5 )

0.0088(0.8)
0.0093( 1.2)
0.0065(0.7)

0.0104( —1.1)
0.0091{—1.0)
0.0101(—1.0)
0.0042(0. 1)
0.0034( 1.1)
0.0074( —O. 5 )
0.0074(0.9)
0.0087( —0.5 )

—0.0819(—14.2)
0.0443( 18.5)

0.0082(2. 1 )
—0.0091(—2.0)

0.0126( —2.0)
0.0036( —0.6)
0.0070{—1.0)
0.0079(0.5)

p I
p II
X2

'See footnote 9.
Not included in fits.

0.109+0.006
0.089+0.004

4.17

0.106+0.003
0.090+0.002

1.26

0.106+0.003
0.0092+0.002

1.46
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equally well. This is particularly worrisome in view of the
fact that of the 26 peaks for which y was determined,
I'„„,was not directly measured for eight. It is therefore
possible that the assigned I'„„,has large systematic errors
for these reflections. Consequently, I have fitted I'„„,
from CSB Table IV directly to a model where the molecu-
lar disorder is entirely specified by a spherical harmonic
series. The symmetry of the molecular environment has
been incorporated as follows. The environment of the I
molecules has T point group symmetry. %'hen combined
with the inversion symmetry of the molecule, this yields
octahedral symmetry for w (a). Therefore, wt is nonzero
only for l even and m a multiple of four. Furthermore,
w2p =0, and w44 ——w& 4 ——( —,4 )

'
w4o and w64 ——w6 4

1/2

= —(
—', )'~ w6o. The II molecules have D4 point group

symmetry, which gives the same set of wIm nonzero. I fit-
ted 29 reflections (including three duplicates measured in
two different zones) up to (444) from CSB Table IV. '

Following CSB, I did not fit the four strongest reflections
because of possible extinction effects. The disorder pa-
rameters wi for l =0,2,4 were varied, as well as isotro-
pic Debye-Wailer factor. The rms thermal amplitudes of
the molecular centers are 0.52+0.01 A for the I molecules
and 0.50+0.01 A for the II molecules. Fits to all 40 re-
flections were somewhat worse. The results for l truncat-
ed at 4 are given in Table I. The R factor, defined as

& = 2 I +Obs«, ) —+model(K, )
I g I +ebs(K, )

I

is 0.117. A fit including w6O and w64 terms was only
slightly better, with R =0.115. As a probability distribu-
tion, w(a) must be positive throughout its domain. Table
I shows that for all models there are regions in which the
w(a) reconstructed by Eq. (1) from wi is negative, evi-
dently due to truncation of the spherical harmonic series.
However, the direct fit of w~ violates this requirement
significantly more than models E and H.

The fit to y(K) for this directly modeled set of disorder
parameters is listed in Table II. g is 1.46 for this model,
which is essentially as good as for model H of CSB.
Table II shows that the troublesome (432) and (521) re-
flections are still substantially incorrect for the directly
measured orientational disorder model.

As a final attempt to understand this discrepancy, the
wi were adjusted to obtain the best fit of y(K). X for
the 26 ratios is 4.30. While this is no worse a fit than
model E, this set of disorder parameters cannot be taken
as an acceptable description of the molecular disorder.
When applied to the experimental nuclear structure fac-
tors from CSB Table IV, the R factor is 0.30, significant-
ly worse than for other models.

The (432) and (521) reflections were among the weakest
studied in the polarization analysis data set of CSB.'
Furthermore, CSB Table IX shows that these two reflec-

tions are particularly sensitive to the extrapolation to zero
temperature. Their low intensity implies that the struc-
ture factor is very near zero due to phase cancellation
from different regions of the unit cell. It is likely that the
structural model is inadequate to describe them.

In summary, the spherical harmonic expansion tech-
nique of LS is useful for interpretation of the magnetic
structure of y-O2, when correctly applied. A magnetic
form factor derived from Gaussian I' atomic orbitals
gives satisfactory agreement with the experimental results.

I conclude with some brief comments on the measure-
ments of antiferromagnetic Bragg peaks in a-02. The dif-
fraction measurements have been carried out on powder
samples, in which there is a distribution of orientations of
sample crystallites. Alikhanov et al. argued that one
should compare the spherically averaged form factor to
experimentally determined intensities. This is incorrect.
The 02 molecules in a powder sample are in individual
crystallites. Any crystallite which is aligned with the in-
coming beam and the detector so as to meet the diffrac-
tion condition is made up of molecules with a specific
orientation to the Bragg wave vector. For a given reflec-
tion, the angle p between K and a is well determined
(neglecting thermal libration within the crystallite). For
the (101) reflection, K =1.31 A ' and P=62.4, for
which f =0.84. For the (100), K=1.58 A, P=47.5,
and f=0.70. If one assumes that the spins are directed
along the monoclinic b axis, the structure factors of the
two reflections are equal. In this case, neglecting thermal
motion and Lorentz factor, the ratio of intensities of these
two magnetic Bragg peaks should be 1.45. The measured
values in the literature are all somewhat higher than this
value: 2.2 by Collins, 2.0 by Alikhanov et al. ,

' 3.3 by
Meier and Helmholdt, and 2.2 by Stephens et al. The
spread in the experimental values is rather large, pointing
up the significance of preferred sample orientation.
Meier and Helmholdt argue that the spins are oriented
slightly away from the symmetry direction, based on the
ratio of these two magnetic peak intensities and the obser-
vation of several other extremely weak magnetic peaks.
Molecular librations are significant in a-02, in the range
9'—20' rms. ' In view of these difficulties of interpreta-
tion, the strength of antiferromagnetic Bragg peaks in a-
O2 does not seem to provide a reliable measurement of the
molecular form factor.

I am grateful to R. Meier for communication of results
prior to publication and to D. Cox for communication of
unpublished results and useful discussions. This work
was supported in part by the Research Corporation and
by the National Science Foundation under Grant No.
DMR-82-08570.
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