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Effect of a magnetic field on the thermodynamics of dilute XY quantum chains

Monica Maccio and Angelo Rettori'
Dipartimento di Fisica dell'Uniuersita degli Studi di Firenze, I-50725 Firenze, Italy

Maria Gloria Pini
Istituto di Elettronica Quantistica del Consiglio Nazionale delle Ricerche, I 50-127 Firenze, Italy

(Received 2 November 1984)

We investigate the effect of a magnetic field along the z direction on the magnetization, longitudi-
nal susceptibility, and specific heat of the dilute XY quantum chain. The introduction of the field
emphasizes the effect of the strong discretization of the modes giving rise to anomalies in the field
dependence of the thermodynamic properties which should be experimentally observable at low tem-

peratures.

I. INTRODUCTION

The XFmodel of a linear chain of spin —,, first studied

by Lieb, Schultz, and Mattis' and Katsura, is of great in-
terest because many properties can be calculated exactly.
In fact, using the well-known Jordan-Wigner transforma-
tion, the XY spin Hamiltonian is mapped onto a simple
free-fermion system. In the presence of a magnetic field
along the z axis the static and dynamic properties have
also been exactly calculated by Niemeijer. For fixed
T =0 he found a divergent behavior for the longitudinal
magnetic susceptibility 7 indicating a second-order phase
transition in the neighborhood of a critical field.

Since the Hamiltonian of the XFmodel is exactly diag-
onalized even in the case of a segment with any number of
spins, exact results can be obtained for the physical prop-
erties of the dilute system. In a magnetic system, dilution
can be achieved by the random substitution of a number
of magnetic ions with nonmagnetic ones which divide the
chain into noninteracting segments. The physical proper-
ties can be calculated summing over the various segments
with opportune weighting factors. Recently, Thorpe
and Miyazima (TM) calculated the thermodynamic prop-
erties for the dilute isotropic XY model in zero field. In
the low-temperature limit they found that the specific
heat is determined by segments with an even number of
spins, while the susceptibility is determined by segments
with an odd number. The most striking consequence of
the dilution appearing from their results is an exponential
behavior, near T =0, for the specific heat versus tempera-
ture.

In this paper we study the effect of a magnetic field
along the z direction on the thermodynamics of the dilute
XY chain. The introduction of this new parameter leads
to a more marked dependence of the physical properties
on dilution, giving rise to anomalies which should be easi-
ly detectable in real systems. At T =0, varying the field
the magnetization presents an infinite number of steps, a
feature earlier reported by Matsubara and Katsura, sig-
naling the coming into play of each single mode. For the
specific heat and the susceptibility we find peaked struc-
tures. At very low but finite temperatures, these

anomalies are smoothed but should be still experimentally
observable.

II. THERMODYNAMIC PROPERTIES

The XY'Hamiltonian for a single segment with j atoms
is given by

j—1 J
A =J Q (S,"St+(+Sf'+))+gp~H Q S,'. (1)

i=1 i=1

Following TM (Ref. 4) (to whom we refer for details) this
Hamiltonian is diagonalized in terms of fermion operators
using the Jordan-Wigner transformation:

~= g (ekckck —h/4),
k

(2)

where h =2gp~H; ck and ck are Fermi creation and an-
nihilation operators, respectively. The Fermi excitations
have the dispersion relation

ek ——Jcosk+h/2

with

k=psr/(j+1), p =1,2, . . . ,j .

From the free energy for the j-spin chain:

F~ = —P ' g in[2 cosh(Pek/2)]
k

(4)

For the longitudinal susceptibility:

t)MJ

gpss

aH 2

2

sech (Pek/2)

and for the specific heat:

CJ = —T 2
=k~ g [(peak /2) sech(peak /2) ]

a'r, 2

any thermodynamic property can be derived. For the
magnetization:

t)FJ' gpaMJ= — = g tanh(pep/2) .
BH 2
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By means of Eqs. (6)—(8) it is possible to evaluate the
thermodynamic properties of the dilute chain summing
over all the segments weighted by their probability of oc-
currence: For example, for the magnetization we have

M'= QPJMJ'

PJ=N(1 —c) cJ, (10)

where a fraction (1—c) of magnetic sites are randomly re-
moved.

and analogous expressions for the other thermodynamic
properties. The probability P~ of finding a spin segment
of length j in a dilute chain with n —+ ce spins is given by

III. RESULTS

We now present the results for the thermodynamic properties obtained in the presence of the field.
For the magnetization we have

(1—c)' m~ h*g cj g tanh cos +
2 . ) ( 2T j+1 2

where T =k&T/J and h*=h/J. For the pure chain (c =1) Niemeijer found for T~O:

M'
Ngpg r~o

—,[1—(2/m)cos '(h*/2)], h*&h,'
h*) hc

(12a)

(12b)

(13a)

(13b)

where h, =2 represents the critical value of the field beyond which the energy of the excitations [Eq. (3)] is positive. For
the dilute chain we obtain (for details see the Appendix)

(1—c) g cJInt cos ——,h &h,j+1 ) —h c
7T 2 2'

%gpss
c/2, h &h,*

where Int denotes the integer portion of a number, as
found earlier by Matsubara and Katsura.

It can be noted that also for the dilute system the mag-
netization is saturated for h* & h,*. Moreover, it is
worthwhile observing that for h* &h,* the magnetization
presents a step for each value of the field which satisfies

the following relation:

'cos '( h /2)=n—/(j +1) (14)

with n/(j+ 1)E [ —,', 1) and n integer. In Fig. 1 we report
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FIG. 2. Field dependence of the reduced magnetization at
different concentrations and temperatures. Crosses, T*=0.025;
dashed line, T*=0.2; solid line, T*=0.8; dot-dashed line, Bril-
louin function for S =

2 and T*=0.025.
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the magnetization at T =0 versus h for different con-
centrations of magnetic sites. Such stepwise curves have
been earlier reported by Matsubara and Katsura. The
limited number of observable steps is only due to scale
factors since the contribution from long segments are
made irrelevant by the weighting factors c~.

In Figs. 2(a)—2(d) we report the field dependence of
magnetization at different concentrations and tempera-
tures as given by Eq. (11). The effect of the temperature
is a smoothing of the steps which are still visible for low
temperatures and rapidly disappear at higher tempera-
tures. In Fig. 2(a) we also report the Brillouin function
&,(gpss~&lka'1) for 5= —,

' and T'=0.025, which gives
the magnetization for a system of noninteracting spins.
For low fields this result does not differ substantially
from the magnetization of the dilute XFmodel. This fact
can be easily understood since for this low concentration
(c =0.1) the first step in the magnetization is mainly
determined by the contribution of segments with only one
spin. The slower saturation of the magnetization for the
XY' model is due to the presence of longer segments for
which there is a competition between the exchange within
the XI' plane and the Zeeman energy which favors the
aligning along the z direction. From Fig. 2(d), which
refers to the pure case, it can be noted that there is a range
of values of h* and T where the magnetization is greater
than at T*=O for the same value of the field, as already
found by Katsura. In Fig. 3 we show the temperature
dependence of the reduced magnetization M/c for fixed
field at different concentrations. A maximum is present
both in the pure and dilute case, indicating that the out-

0 0.5

FIG. 3. Temperature dependence of the reduced magnetiza-
tion for fixed field h =0.8 at different concentrations.

of-plane fluctuations tend to minimize the Zeeman ener-
gy. For the dilute chain the peak height is greater and its
position shifted to lower temperatures because in this case
the polarizing effect of the field is stronger than for the
pure system.

The peculiar behavior shown by the dilute system when
the field is varied can be put in stronger evidence studying
a differential property such as the longitudinal susceptibil-
ity X . In Fig. 4 we report the field dependence of suscep-
tibility at different concentrations and temperatures given
by

ZX- 1 (1—c)' "
g c' g sech'

N(gpa) 4 T*
1 , i . 2T*

m~ h*
cos +J+1 2

(15)

At low temperatures the main feature is the presence for h* & h,
* of several peaks, whose number increases when the con-

centration of magnetic sites is increased. This fact, which is strictly connected with the steps present in the magnetiza-
tion, can be better understood referring to the T=0 result (see the Appendix):
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FIG. 4. Field dependence of susceptibility at different con-
centrations and temperatures. Dashed line, T*=O; crosses,
T =0.025; solid line, T =O. l.

FjG. 5. Field dependence of specific heat at different concen-
trations and temperatures. Crosses, T*=0.025; dashed line,
T '=0. 1; solid line, T*=0.2.
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JX
&(w~)'

N j
4(1—c) g cj g 5(h* —h'), h'(h,*

j=1 m =1

0, h &h,*

(16a)

(16b)

where

h
* = —2 cos[ me /( j+ 1)] (17)

which reduces to the Niemeijer's result for the pure case. The peaks observed at finite temperatures in Fig. 4 originate
from the 5 functions present in Eq. (16a). The increasing number of peaks for higher concentrations is simply due to the
stronger statistical weight of longer segments which involve the coming into play of new modes.

Now we consider the specific heat, given by

N mm h* 1 m~ h'
=(1—c) g cJ g, cos . + sech ~, cos

2T* J +1 2 2T* j+1- (18)

Let us begin with the pure system. From Eq. (8) it is seen
that the contribution is maximum for

Pek/2= coth(Pek/2), (19)

i.e., for (Pek/2) —+1.2. Consequently we have a peak for
the field dependence of the specific heat every time the re-
gion of the dispersion curve corresponding to the higher
density of states ( k —+n. ) is' lifted in the neighborhood of
ek —+2.4/P. This fact explains the two-peaked structure
observed at low temperatures for the specific heat versus
h for the pure system [Fig. 5(d)]. For the dilute system
[Figs. .

. 5(a)—5(c)] we observe a multipeaked structure, due
to the fact that in this case, the modes being strongly
discretized, the specific heat is sensible to the entrance of
a single mode into the aforementioned energy regions.

We remind the reader that in the absence of the field at
low temperatures, TM (Ref. 4) found that the specific
heat (the longitudinal susceptibility) is determined by seg-
ments with an even (odd) number of spins. In the pres-
ence of the field, this distinction no longer applies but a
complementarity in the results for specific heat and sus-
ceptibility is present. In fact, owing to the additional fac-
tor (PEk/2) in Eq. (8) with respect to Eq. (7), the posi-
tions of the minima in the specific heat nearly coincide
with the peak positions for the susceptibility (see Figs. 4
and 5).

APPENDIX

Firstly, we deduce from Eq. (11) the expression at
T =0 for the magnetization of the dilute XY chain. We
distinguish the two cases: h*&h,* and h'&h,*. For
h* & h,

* the argument of tanh(Pek/2) in Eq. (11) is always
positive; expanding for low temperatures we have

M'
lim lim

N —+ oo XgPg ~g 0 X~ oo

)2 N

2 . 2g c'j

(Al)

nonmagnetic impurities at random into the compounds
PrC13 (Refs. 8—11) (J=2.4 K) and Pr(CzH~SO&)3 9H20
(Refs. 12 and 13) (J=0.76 K) which are known to be
described by the isotropic XY spin = —, model. Since the
most striking effects in the field dependence of thermo-
dynamic properties are present for very low temperatures,
PrC13 is a better candidate for experiments owing to its
higher value of the Pr-Pr exchange interaction. Dilution
can be obtained introducing nonmagnetic lanthanum (La)
impurities. ' ' The temperature at which the three-
dimensional ordering occurs (0.43 K in the pure system)
will be strongly lowered by the presence of impurities. ' '

IV. CONCLUSIONS

In this paper we have studied the field dependence of
the magnetization, the longitudinal susceptibility and the
specific heat for the dilute XY quantum chain in the pres-
ence of a field applied along the z direction. The intro-
duction of the field turns out to be crucial in order to
stress the dependence of the physical properties on dilu-
tion with respect to the results of Thorpe and Miyazima
for h =0. The strong discretization of the modes in the
dilute system gives rise to anomalies in the field depen-
dence of the thermodynamic quantities which are more
evident the lower the temperature. We suggest that these
effects should be experimentally observable, introducing

~ ) —$(- ~ )+ g ( ~ ) (A2)
m=1 m=1 m =r.+1J

where

r& ——Int cos '( —h */2)J+1
7T

(A3)

For h* &h,* we observe that, since the energy ek changes
its sign, the m summation must be separated in the fol-
lowing way:
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Expanding for T~0 we obtain

(1 )2 N

g cJ(2rJ —j)
j=1
N

C=(1—c) g cJr ——as N~aoJj=l
(A4)

which coincides with Eq. (13a).
We now perform the limit T~O in Eq. (15) for the

I

longitudinal susceptibility. For h* & h, we find

Jazz N J 1
2
-(1—c) g ci g exp[ F(—m)/T*],

Ngpa) J i i T'

(AS)

where e'(m)= cos(mn/j+I)+h /2 assumes only posi-
tive values and consequently we obtain Eq. (16b). For
h' (h,' we have

JX 1 j J
(1—c) g ci g exp[ e(m)—/T']+ g e xp[c( m)/T']

N(Wa)' m=r +1j

N j
=(1—c)2 g cJ g, exp[ —)e(m)

J
/T*]

j=1 m=1
(A6)

We observe that for T ~0 the function in large
parentheses in Eq. (A6) behaves like 5(

~

e(m)
~

), i.e., a
Dirac 5 function. Indicating by

h' = —2cos[mn. /(j+1)] (A7)
the values of the field for which

~

e(m)
~

=0, Eq. (A6)
takes the form of Eq. (16a).

'Also with Unita di Firenze, Gruppo Nazionale di Struttura del-
la Materia del Consiglio Nazionale delle Ricerche, I-50125
Firenze, Italy.
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