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We calculate the diffusion thermopower for a system of electrons interacting with static impuri-
ties and longitudinal-acoustical phonons. Our calculation is based on a many-body transport equa-
tion developed earlier. We compare our results with conjectures from Kubo’s formula and find
agreement. For a simple model, we present the temperature variation of the corresponding vertex
functions over a wide temperature range. We find a pronounced temperature dependence between
0.20, and 1.00p; here @) is the Debye temperature. We discuss the implications on the use of

Mott’s relationship.

I. INTRODUCTION

Thermoelectrical phenomena were discovered in the
first half of the last century. Since then, a vast amount of
experimental material has been accumulated to challenge
the theorists."> Among the large variety, the thermo-
power and the Wiedemann-Franz law deserve special at-
tention. ‘Both provide an excellent tool to test the under-
lying models of transport against the experimental re-
sults.> The early theory of transport in solids predicts, at
least at high temperature, the right order of magnitude of
the thermopower and gives reasonable agreement for the
Wiedemann-Franz law. In the low-temperature region,
agreement is usually poor within the framework of that
simple theory. Here different scattering mechanisms
compete and phonon drag effects become important. The
aim of this paper is to add a contribution to the discussion
of the diffusion thermopower in an electron system in-
teracting with phonons and static impurities. In particu-
lar, we question whether Mott’s relationship is sufficient
to describe the diffusion thermopower in such systems.

Diffusion thermopower is a result of a very sensitive
balance of energy current by electrons in a small shell
right above and below the Fermi energy. This makes it a
second-order process compared with the conductivity.
Many effects contribute, such as electron-phonon renor-
malization, multiple phonon scattering, and many-body
corrections of various kinds. A calculation usually con-
siders one effect alone in absence of all others, and even
this is a formidable task. Approximations are usually
made in order to understand at least a particular aspect.
In this sense, our work is to be understood as an attempt
to study the diffusion thermopower in a system where
both elastic (electron-impurity) and inelastic (electron-
phonon) scattering of the electrons are present.

There has been recent work on the diffusion thermo-
power in the systems under consideration. Lyo,* and
Vilenkin and Taylor,’ studied many-body corrections to
the thermopower. In particular, they investigated the
problem of electron-phonon mass enhancement. While
the appearance of electron-phonon mass enhancement is
experimentally® and theoretically’ verified for the low-
temperature diffusion thermopower in high magnetic
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fields, experiments in zero magnetic field usually do not
show this factor directly. An exception seems to be some
amorphous metals where the temperature dependence of
the thermopower follows that of the electron-phonon
mass enhancement.®® In contrast, the simple metals (pure
and dilute alloys) usually show a ratio of the low-
temperature slope of the diffusion thermopower S, versus
T and its high-temperature equivalent, which is 1 order of
magnitude larger than that expected from simple argu-
ments.'°~12 Krempasky and Schmid!® presented a calcu-
lation of the diffusion thermopower, following the ideas
of Nielsen and Taylor,'* taking interference effects of
phonon and impurity scattering in the electron self-energy
into account. They predicted a modification of the low-
temperature thermopower.

It was shown!’ that Mott’s relationship for the dif-
fusion thermopower S, is true for a system of indepen-
dent electrons interacting with static impurities:
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The energy-dependent part of the conductivity is given by

a=fa’e

Here np(e) is the Fermi-Dirac distribution function for
the electrons. General arguments show that Eq. (1.1) is
true whenever the many-body Hamiltonian can be decom-
posed into a sum of single-particle Hamiltonians.!® Jon-
son and Mahan!” showed that Mott’s relationship and the
Wiedemann-Franz law are valid for an electron-phonon
impurity system in the static phonon approximation.
Within classical transport theory one can derive that Eq.
(1.1) holds if the scattering of the electrons is elastic.!®
Electron-phonon scattering is not elastic at low and inter-
mediate temperatures. It is therefore interesting to study
the diffusion thermopower in a wider temperature range.
Unfortunately, S, is not directly accessible by experi-
ment because the experimental results always contain both
phonon drag and diffusion thermopower. The extraction
of S, is believed to be possible in the extreme regions of
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low and high temperature.!”” In the intermediate region
S, remains essentially hidden. For a smooth variation of
the density of states near the Fermi energy and the ab-
sence of resonant bound states near €p, one expects a
smooth variation of the energy-dependent conductivity
o(e). This gives a weak temperature dependence of its en-
ergy derivative. Therefore, we infer from Mott’s relation-
ship a linear temperature dependence of the diffusion
thermopower, especially in the low-temperature region.
Here a plot of S/T versus T? shall give a straight line.
Its intersection with the S /T axis gives S;/7T and its
slope is proportional to the phonon drag contribution.!’
Systematic deviations from the straight line are reported
by De Vroomen et al.'® However, the experimental
points usually follow a straight line.°

The calculation of the thermopower is a transport prob-
lem and therefore can be solved either with Kubo’s for-
mulation of linear response or a Boltzmann-type transport
equation. In a recent series of papers, Mahan and
Hinsch”2"2? derived and applied a modified transport
equation for a many-body system. In Ref. 22 we have
shown for several examples that this new transport equa-
tion gives results which are equivalent to that derived
from Kubo’s formula. In Ref. 7 we included a magnetic
field and could confirm the suggestion of Opsal et al.’
concerning the electron-phonon mass enhancement of the
low-temperature diffusion power in high magnetic fields.
This work was based on the validity of Mott’s relation-
ship. More recently, Mahan?? used that formulation to
explain the linear magnetic field dependence of the longi-
tudinal magnetoresistivity. All of these examples show
that the new transport equation provides a good tool to
calculate transport properties in many-body systems.

So far we have not included a temperature gradient and
therefore were unable to calculate the thermopower direct-
ly. We will do this here.

The organization of this paper is as follows. In Sec. II
we will reformulate the theory extensively described in
Ref. 22 when a temperature gradient is present. In Sec.
III we will discuss some limiting cases of the resulting
equations and their consequences on the diffusion thermo-
power. For the simple model of a free-electron gas in-
teracting with static impurities and longitudinal Debye
phonons, we calculate the temperature dependence of the
diffusion thermopower over a wide range of temperature
in Sec. IV. This work closes in Sec. V with a summary
and a discussion of our findings.

II. TRANSPORT EQUATION WITH AT=40

To derive a transport equation for the many-body dis-
tribution function n(ﬁ,r, E,w), we have used a nonequi-
librium formulation of statistical mechanics as given, for
instance, by Kadanoff and Baym?* and Keldysh.?® In
Refs. 7 and 22 a detailed account of the calculations is
given. We briefly summarize these here. Because energy
and momentum are independent variables in a many-body
system, we have to retain this independence in the distri-
bution function too. In contrast to the classical distribu-
tion function, its many-body counterpart depends now on
four variables: space (ﬁ), time (7), momentum (l_{), and

energy (w). Once n (ﬁ,f, E,w) is known, we can calculate.
the generated currents. For the charge current we have,
for instance,

T®n=e3 [ 223n® 7K 0. @.1)
T

Both the Kadanoff and Baym?* and the Keldysh? formu-
lation are equivalent.?® The latter resembles the ordinary
equilibrium statistical mechanics. That means diagram-
matic representation of perturbation theory is possible and
Dyson’s equation holds. We only have to replace all
quantities like Green’s functions and self-energies with
2% 2 matrices. For the Green’s function, for example, the
diagonal elements are the causal and anticausal Green’s
functions G and G, respectively, and the nondiagonal
parts G < and G > are related to the many-body distribu-
tion function. In particular we have

n(ﬁ,T,E,o))z——iGﬂﬁ,'r,E,w) , (2.2)

It is convenient to work in Wigner coordinates, which are
center-of-mass (ﬁ,'r) and relative (T,?) coordinates. The
transport equation is then derived by using a gradient-
expansion technique for the center-of-mass coordinates
and Fourier transform (7,¢). So far we have only calcu-
lated G < self-consistently for a homogeneous and static
electromagnetic field?” as generated by a vector potential
A(R,7).2® Because the fields always appear in connection
with the generalized velocity, we employ the transforma-
tion kK —(e/c)A(R,7)—k, and therefore shift the field
dependence to the space and time derivatives. Finally, we
linearize in the fields and diffusion terms [compare Eq.
(2.27) in Ref. 7]. For a metal, where we neglect the
momentum dependence of the self-energies, we obtain in
the steady state (7— ) and zero magnetic field

ong(w)

—A
dw

On the left-hand side, Eq. (2.3) shows the drift of the elec-

trons in an electric field. Here A4 is the exact spectral

function of the electrons, ImX" the imaginary part of their
retarded self-energy, and V their velocity v=V E’e(k)‘

eE-VIm3’ 2_G>32<_3>G<. (2.3)

The right-hand side exhibits the force counterbalancing
the drift of the electrons. It is attributed to the interac-
tion of the electrons with, for example, phonons and/or
impurities and corresponds to the transport relaxation
time 7;!. The generalization to include a temperature
gradient is straightforward as well. The nonequilibrium
propagator is a time-ordered product of an electron
creation and destruction operator ¢T and 1, respectively,

G(x1,x0)=—i{T[¥(x)¥'(x,)]), x=(F,1) (2.4

where the time-ordering operator acts on a different con-
tour than the equilibrium one and therefore produces the
matrix structure.’> This is not important for the follow-
ing. The expectation value is different from zero only in
the region |1 —T,| </, where / is the mean free path of
the electrons. Even if this is large on a microscopic scale,
as a few thousand or ten thousand angstroms, it is still
small on a macroscopic one. If there is no appreciable
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change in the temperature over that distance, it is legiti-
mate to introduce a local temperature field 7°( R),
§=';'(f'1+?2). If this is not possible, the evaluation of
the expectation value might not be defined. The introduc-
tion of a temperature field in that way gives another
dependence of the Green’s function in the center-of-mass
set of the Wigner variables; we have to replace
Vﬁ—>€-ﬁ +(V§. T)d/dT, wherever it appears during
the calculation. Therefore, we produce an additional term
on the left-hand side of Eq. (2.3):

- dnp(w) VT dnplw)
s r 2 T r__ -
eE-VvImX EY A+ T Vo ImZ EYS A
=G@>2<-32>G<. (2.5

The new term describes the effect of a temperature gra-
dient on the electrons. In the quasiparticle approxima-
tion, the left-hand side duplicates the driving term in the
Boltzmann equation.?® In a many-body system, however,
we have to keep the independence of energy and momen-
tum. We will solve Eq. (2.5) self-consistently with the an-
satz

G <(K,0)=i4(K,0)np(w)—ieE-V

3 L
Ir(@) % IAE.0)
dw
VT ., Onple) - =
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We dropped the dependence on R and 7 because we con-
sider now only the steady-state and homogeneous driving
fields. From our previous work on the dc conductivity in
metals?! we know that A has the meaning of a vertex
function for charge transport. We can interpret ¢ in a
quite similar way as the vertex function for energy trans-
port.3® In the quasiparticle approximation both are the
same.?! In many-body systems, however, one has to dis-
tinguish them. As shown by Jonson and Mabhan,!” it is
just their difference that gives the correct results in the
well-understood special cases of elastic scattering. In the
next section we will reveal the results presented by Jonson

and Mahan.!” |
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FIG. 1. Self-energy diagrams up to first order; average over
randomly distributed impurities (dashed lines); phonon propaga-
tor (wavy lines); electron propagator (double lines).

We now specify the self-energy for the electrons in-
teracting with static impurities and longitudinal phonons.
One is tempted to follow the usual argument, keeping the
lowest-order terms only. These are the first two diagrams
shown in Fig. 1. This cannot be done without a word of
caution. Due to the nature of the thermopower, it is
determined by energy derivatives of certain quantities and
not their magnitude. This makes a rigorous use of
Midgal’s theorem difficult because it states the relative
magnitudes of higher-order phonon contributions and
says nothing about their energy dependence. However, we
follow the argument by Vilenkin and Taylor® and neglect
higher-order phonon contributions. This is more a
compromise between correctness and tractability than a
justified approximation. A more serious matter is the in-
terference diagrams shown as third and fourth contribu-
tion in Fig. 1. Even if we stay in lowest order they are
present. Although they do not contribute to the conduc-
tivity, they do have, at least at zero temperature, a non-
negligible energy derivation at ®=0. In fact, they enter,
as shown by Krempasky and Schmid,'® as vertex correc-
tions to the impurity scattering. We show in Appendix A
that this correction is less important for finite frequencies.
To be consistent we also have to consider these contribu-
tions in the nonequilibrium self-energies £>°<. As we
show in Appendix B, their contribution is less important
and can be neglected. Neglecting the interference dia-
grams, therefore, causes uncertainties whenever we have
to take the static limit of an energy derivative of the
imaginary part of the electron’s self-energy. We will see
that this does not influence the problem we are facing.
With all of this in mind we can follow the calculations of
Ref. 22 and derive equations for A and &:

—K K+9 (K4§,0)X"(K+7,0)

A(K+ Ei,a)—}—a)a)X"(E—*- q’,w+wa.)[n3(wa>)+np(w+w3)]

+A4 (E+<’1’,a)——wa,)X"(E+E1’,co—wa.){nB(coa,)—(-—[l——np(w—a)a)]} ,

where we have used
X"=%K,0)=A(K,0) ,
X"=1(kK,0)=d(k,0) .

2.7

(2.8a)
(2.8b)
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The second term in Eq. (2.7) is attributed to electron-impurity scattering with its matrix element V() and the impurity

concentration n;.

The third term describes electron-phonon scattering. M _,

is the corresponding interaction matrix ele-

ment, np(w) is the Bose-Einstein distribution function for the phonons, and '= —ImZX".
The vertex functions A and ® are related to the diffusion power S, by virtue of Egs. (2.1), (2.2), and (2.6):

9

2 k3T %0 %
3 e T2 A4(k g

3 V3 AK0)AK )

V2. A4(K,0)0(K,0)

Sa=

0=0

(2.9)

To derive Eq. (2.9) we further assumed that both the electrical field and the temperature gradient are parallel. Equation
(2.9) turns into Mott’s relationship whenever ®=A. We separate the major part of the momentum dependence in ® and

A coming from the spectral function 4 (K,w). With the new, only weakly-momentum-dependent functions ® and A,*

Ak,0)=75A(k,0)+ 21"( ) [A(k w)—1], (2.10a)
K,w)=2A4(kK 2.10

P(k,0)=5A4(k,0)+ 2F( )[<I>(kw -11, (2.10b)
we obtain from Eq. (2.8) in the limit I" <<€,
2 TEM 1 - ZVT.VT{-*—T;’ PG X (E—!-_’g ®)
X"k,0)=0"+7m Y, | V(q)|*——"A4(k+q,0) 2

“~ v2, INw)
q K
VoV X"K+G,0+0-)
1 2k k+d 7= ’ q
+3 % | M | o A(k+q,0+0,) r—— [nplog)+nplo+oy)]
K
Lo XK+ Go—ay)
+A(k+q,w—a)a, I‘(w—wa) [nB(coa.)+1—nF(a)—coa,)] (2.11)
[
Although Eq. (2.11) still contains the full momentum conductivity is eas1ly inferred from Egs. (2.5) and (2.6)
dependence of the problem it is usually weak. Therefore, with VT =0. As a result, we obtain
proceeding with Eq. (2.9), we replace A(k,w) and ®(k,w) %
by their momentum averages over the Fermi surface. In- olw)~ 2 %A(E,w)i\—r(f(—’—?—) , (2.14)
“~ @

serting now Egs. (2.10a) and (2.10b) we derive for the dif-
fusion thermopower

w k3T (o) | Bw)
Sa= 3 eer H[H‘Mﬂ F () Alw)
q)(w)’
+er— , .12
F Ao )
__ dlnw (e€)
~  dlne e=€F. (2.13)

Here the prime means the derivative with respect to o,
v(e) is the average of v =| Vke(l_f)| over a surface of
constant energy, and A is the energy derivative of the real
part of the electron’s retarded self-energy. That is, 14A
is essentially the electron-phonon mass enhancement fac-
tor. To derive Eq. (2.12), we assumed momentum-
independent self-energies and again I' <<€r. Both are
usually fulfilled to a high degree in metals. Therefore we
believe that Eq. (2.12) shall give a good starting point to
discuss the diffusion thermopower in metals. A closer in-
spection of Eq. (2.12) is worthwhile. In the first place it is
interesting to study its deviations from Mott’s relationship
as given by Eq. (1.1). The energy-dependent part of the

where A(K,w) is again the solution of Eq. (2.11) with
n =0. This gives, by virtue of Eq. (1.1),

k3T o)

_ Alw)
Sa=7F Her | |IFM1=€r ()

F_

0=0 .
(2.15)

F Alw)

Comparison of Egs. (2.12) and (2.15) shows clearly where
we can expect deviations: The static limit of the ratios
®/A and ®'/A’. The physical reason for this comes
from the differences of the charge and energy transport
vertex functions as discussed earlier. We notice that the
quantity in parentheses is the same for Eqs. (2.12) and
(2.15). The electron-phonon mass enhancement appears
also in Mott’s relationship, evaluated in a proper way.
Unfortunately, the mass enhancement is not the only con-
tribution. As we see, the other term comes from the ener-
gy derivative of the imaginary part of the electron’s self-
energy. Within our model this contribution is negligible
because the impurity part is only very weakly energy
dependent and its derivative therefore vanishes. The pho-
non part is an even function of energy and therefore its
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derivative vanishes at w=0 exactly. This situation is
quite different, at least at low temperatures, when we in-
clude the interference diagrams. In the static limit, ®—0,
the expression €xI''/T" does not vanish. It is proportional
to the electron-phonon coupling strength A [see Eq.
(A11)]. This compensates, in part, the mass enhancement
factor, which is multiplied by the structure-dependent
quantity 7. We have to leave the discussion here because,
as it turns out, an important contribution is still missing.
At this point, we would like to emphasize that we do not
want to give a quantitative calculation of the diffusion
thermopower, rather, we concentrate our effort on investi-
gating the deviations from Mott’s relationship which are
exhibited in the ratios ®(0)/A(0) and &(0)' /A(0)".

III. SPECIAL CASES

In this section we discuss some special solutions of Eq.
(2.4) presented in Sec. II. We derive nothing new here,
but only reproduce already well-known results in a some-
what different way. The rationale is to show that our
more unfamiliar many-body approach gives results which
are comparable to or equal to the sophisticated methods
used in evaluating Kubo’s formula. Particularly interest-
ing cases are impurity scattering, the static phonon ap-
proximation, and the high-temperature phonon scattering
limit. In all these cases scattering of the electrons is elas-
tic and therefore Mott’s relationship is assumed to be true.
In the language of the usual linear-response theory the
diffusion thermopower is expressed through the ratio of
the charge-current—charge-current and charge-current—
heat-current correlation functions Lgy and Lgg, respec-
tively,3»33

Sy=Lor/Lgg - (3.1)

The interesting point in evaluating these correlation func-
tions is that the heat-current operator is not given by its
classical equivalent:

Te= S Ve —eplele . (3.2)
k

Here cTT(. (CT{) is a creation (destruction) operator of an

electron in state k. There are additional terms caused by
the interaction of the electrons with phonons and/or im-
purities.>? Only if these new terms are included one can
derive the correct result.!” The reproduction of Jonson
and Mahan’s!? result is quite simple in our formulation.
The limit of static phonon means to neglect the phonon
frequency 0z whenever it appears in connection with oth-
er energies. We do not want to discuss the validity of this
approximation here, but refer it to Ref. 17. As a result we
obtain from Eq. (2.11),

_ N vyn=11,
X”=°(k,m)=£—%ﬁ)—) , (3.3)

or in the notation introduced in Eq. (2.8),
AK,0)=0(K,0) . 3.4

Mott’s relationship holds true.

Another interesting example is the high-temperature
limit. Here electron-phonon scattering dominates and we
can neglect the impurity part. For high temperatures we
have for the statistical factors

kgT
nplog)+nplo+o,)— ,

—
q

(3.5)
kpT

[
q

nB(wa)+[1—nF(a)—a)a)]-—>

and for the imaginary part of the electron’s self-energy
MNw)—>+3ToksT . (3.6a)

Ty is a frequency-independent constant. Inserting Eqgs.
(3.5) and (3.6a) in Eq. (2.11) and neglecting the impurity
term, we obtain

. M. | VoVo . . .
AKo)=1+0 3 9 LA (K +Go+0)AK+ T 0+0)+4(K+F,0—0 ) AK+d,0—0 )],
05 | o3 v2 q q q q
, (3.6b)
i 1 Mo | Ve'Veaa ., v o
w¢(k,w)=w+—f—2 - ) [A(k+], 04w )(co+cu_.)<l>(k+q,w+wa.)
0 — a V>
q q K
+A(K+q,0—0 )00 )B(K+d,0—0)]. (3.6¢)

Differentiating Eq. (3.6c) with respect to w we derive an equation which is already close to Eq. (3.6b):

2

[0®(k,0)]'=14+—T 4
Ty = 04 V%

+d {A( K+ ,w+wa.)[(w+wa.)5(ﬁ+ Ei,a)—i—a)-&)]'

+4 (E+a,w—m3)[<w—m3)6( E—I—q’,w—wa)]'}
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LAk +G0+0 ) [(0+0 0K +G0+0,)]

+4(K+G,0—0) [(0—0)BK+T,0—0 )]} . (3.7)

In Eq. (3.7) the last term is of order wp /€ smaller than
the second. We neglect this term and find by inspection

AK,0)=[0®(K,0)], (3.8)

which gives in the static limit A(K,0)=®(k,0). A similar
discussion of the first energy derivative of Eq. (3.6b) and
the second energy derivative of Eq. (3.6¢c) gives

AK,0)=+[od(K,0)]", (3.9)

which is in the static limit A(k,0)=®&(k,0)". As we ex-
pected, Mott’s relationship is valid in the high-
temperature limit. An interesting observation, however, is
that in contrast to the impurity limit, charge and energy
vertex functions are in general not the same. They have
the same value only in the static limit.

Another interesting feature we can study in the high-
temperature limit are the magnitudes of A(0) and A(O)'.
To this end we write the vertex function A in the follow-
ing form:

A(K,0)=Ro(K,0)+ 2Ay(K,0) (3.10)
F
and consider Ay and A as constants. This is a plausible
approximation considering the weak frequency depen-
dence of the self-energy at high temperatures. Inserting
Eq. (3.10) into Eq. (3.5) and differentiating once with
respect to w we obtain

€F 9 [_ImE’(E,a)) 3.11)

T

In Eq. (3.11) we cannot neglect the momentum depen-
dence of the self-energy because its derivative with respect
to k is multiplied by the large number €z /I, and there-
fore the product can give a finite non-negligible number.
To estimate an order of magnitude we replace the momen-
tum derivative 8/9e,—1/2€p.3* Large and small num-
bers cancel, and the result is

Ai~5A3} (3.12)
and
kET _
SI—e=T 2 1+ AT~ /27) (3.13)
3 €E€Er

for the diffusion power, using Eq. (2.15). In a very simi-
lar way, we can derive the low-temperature limit of Sj.
To do this we neglect the phonon scattering term in Eq.
(2.11), which means a restriction to the residual resistivity
region, where impurity scattering dominates the transport
relaxation:

kAT

€F

@
I
(=]

I
w3y

N(1+A)N14+AT=027) . (3.14)

T

Equation (3.14) has been derived within our approxima-
tion of neglecting the interference diagrams. Although
they do not contribute significantly to the scattering term,
their influence on the imaginary part of the electron’s
self-energy is important whenever we have to calculate its
energy derivative in the static limit. If we include them
initially, the ratio I''/T" in Eq. (2.15) does not disappear.
According to Eq. (A11) it gives a finite correction term.
However, we produce the very same term in calculating
A’ /A; therefore it does not contribute [compare Eq. (4.9)],
and Eq. (3.14) holds true again.

In both limits, very high and very low temperatures, the
vertex function A has a simple meaning: It is the ratio of
the transport relaxations time 7, and the quasiparticle
lifetime 7. They are in general different because in 7,
large-angle scattering is favored over small-angle scatter-
ing.

Although we disregarded the phonon scattering term in
Eq. (2.9) to derive Eq. (3.14), phonon effects remain
present in the low-temperature or impurity-dominated re-
gion. The mass enhancement factor is usually not directly
apparent in experiments with zero magnetic fields in sim-
ple metals. However, there is evidence that the tempera-
ture dependence of the thermopower of amorphous metals
follows that of the electron-phonon mass enhancement
factor closely.>® Here the transport is controlled by im-
purity scattering over a wide temperature range and pho-
non scattering is of minor importance, so that Eq. (3.14)
might be valid over a considerable temperature range.

IV. A SIMPLE MODEL

We now turn to the solution of Eq. (2.11). This gives
both the vertex functions A(n =0) and ¢(n =1). In gen-
eral such a task is a very complicated problem. Solutions
of similar equations can be found in the literature on
transport phenomena in electron-phonon systems.>> Usu-
ally only the vertex functions are needed and not their en-
ergy derivatives. This is not the case in the problem
under investigation, although we have shown in the
preceding section that the energy derivative of the vertex
function is of order wp /€x. This smallness is compensat-
ed by the multiplication with €z [compare Eqs. (2.12) and
(2.15)] and, as it turns out, gives the dominant contribu-
tion at high temperatures. Therefore, we have to repeat
all steps leading to the standard form of a Fredholm in-
tegral equation for the vertex functions A and & and col-
lect contributions of order wp/€r which are usually
neglected.’?> We will not do this in the most general form
possible but for a special model of free electrons interact-
ing with static impurities and Debye phonons. For con-
venience, we also consider a constant electron-phonon ma-
trix element. Although this last approximation is certain-
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ly poor for a quantitative analysis, it should reflect the
qualitative behavior well enough.’® Of course this model
oversimplifies reality, but might have some merit in the
low-temperature limit in simple metals. However, at the
end of this section we will give some arguments of how an
extension to a more realistic situation can be accom-
plished.

To solve Eq. (2.11) we use a product ansatz of the form
(for the moment we will consider n =0 only)

AK,0)=X(K,0)R (K,0) .

The function X is supposed to solve the impurity part in
J

4.1)

X(kp,a))_1+

S

1
lV(q)sze e [1_3
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the absence of phonon scattering:

-

N VoV
X(k,0)=1+5m3 | V(@) |?

q

~|

+9q

<

2
i
k

XA(g—{-?]’,a))M .
Now)

(4.2)

For free electrons Eq. (4.2), evaluated at k =kp, turns
into

2
—q—] 45 @.3)

kp 261:'

X(£=0,0)
A(¢,0) o)

In the limit of weak momentum dependence of X, this can be expressed after a rearrangement by

I'w)

_ T rin(gp) .
() + [™(e) ©

X(w)= Nw)=T"™w)+

4.4)

Here T is the total level broadening by the interactions. The superscripts ph and im refer to the phonon and impurity
part, respectively. The subscript tr means the corresponding transport broadening. For the impurity part we obtain

rNm(g)=

PN

d§A(§w)

(V()12f

2
im, M © dgq 2 [Satr? 9 | _ £
I™w)= o fo - [V(g)| fe,,_qu dg o -

and for its energy derivatives

(@) =0
4.6)
Fim(p) = — 12+7LF"“( ).

For the energy derivative of X(w) | ,—o We get by virtue of
Egs. (4.4) and (4.6)

1+A r™(w)
2¢r I'(w)+T™w)

X (@) | p=0= X (@) - 4.7

0=0

In the limit of very low temperature the (transport) mean
free path [ (I,;) is completely determined by impurity
scattering, therefore the Eqgs. (4.4) and (4.7) read

(4.5)
4(§,0),

In the limit where phonon scattering is absent, Eq. (4.8a)
turns into the earlier mentioned result X =7, /7. Equa-
tions (4.7) and (4.8b) are exact when we neglect contribu-
tions from the interference diagrams. As discussed in Sec.
II, this approximation is usually a good one for nonzero
frequency; however, Egs. (4.7) and (4.8b) are evaluated in
the limit @=0. To complete the analysis of the impurity
part, we quote the result if the interference diagrams are
included in the quasiparticle level broadening:

XV | _14A_ er/kel o)
X(@) |,mo 26 TPN0)+ep/kply D) |, o

4.9
X(@)= i) , (4.82) 49
o) +ep/kply The function R is essentially determined by the electron-
X(w) 14+A €x/kpl .8 phonqn scattering. Inserting_ Eq. 4.1) 'Fogether with Eq.
X(@) — 2e; TPg Yrer/krln | .8b) (4.8a) into Eq. (2.11), we obtain an equation for R:
j
K(ktg R(E+"w+w_,)
R(K,0)=1++ sz_.IZk(kj" ) A(k+qw+w_,) - d cee)
- k re (0)+w—>)+€1:/kpltr
Lo R(K+d,0—w-)
+4(k+qd,0—0y) T (--.) (4.10)

I“’h(a)—~a)7f)+q|.~/kpltr
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To derive Eq. (4.10) we have assumed that R (K,0) depends only weakly on momentum. The ellipses represent the statis-
tic factors as given in Eq. (2.11).
A very similar equation can be derived from the n =1 component of Eq. (2.11). Corresponding to Eq. (4.1), we call

the phonon part Q ( K,®). In the new notation the thermopower reads

o kiT erX(w) erlNw)

T _ Q) , Q@)
473 eep ! () (@)

R (w) MR (®)

(14+A)+ 4.11)

»=0

The term in brackets is attributed to impurity scattering alone and contains only information about the elastic scattering
channel. The inelastic and more interesting contributions in our context are represented by the ratios Q /R and Q'/R. If
we exclude systems with magnetic impurities, causing Kondo anomalies, it is not completely farfetched to assume that
the impurity part, or the elastic channel, will determine the low-temperature magnitudes of S;. In the high-temperature
limit this quantity is decreasing with temperature and eventually gives one. By virtue of Egs. (4.9) and (4.11) we finally
derive for the diffusion thermopower

17-2 kBT 1 EF/kFI

Sg=T 22, £ Qo) | e
3 eer 21 T™w)+ep/kply,

R(w) 7nR(w)

(144)

1+ (4.12)

|w=0

Our discussion of the diffusion thermopower is based on this equation. We now have to calculate R, Q, and their deriva-
tives at @=0. Assuming, as is usually true in simple metals, only a weak k dependence of R (k,w) we can disregard it

completely?"?? and set k =kp. In the now standard procedure we derive, for R (w)=R (kp,w) keeping terms of order
COD/GF,
2k (1+c/vgp)+a/v 2
R(w)=1+Lf/F F F.ég_lyquV l-—i 9 la)-{-a)q - R(w+wq) cee)
4 Jo/vg Vg 2 | kp 2 € TP (w+a)q)+6p/kplt,
1 p2kp(—crop)+orlog g 1 2 | o—o R(o—wo,)

+— [ . L p, 12— || o — = ! ). @413)

4 F )3 2 | kr 2 er TP —w,)+ep/kply

Here vy is the Fermi velocity and c the velocity of sound.

For the g integration the Debye vector gp is a natural upper bound. In our model it is consistent to use the relation
qp=(2/Z)*kp.3® Here Z is the valence of the atoms constituting the metal. g, is less than the actual upper limit for
| @ | <eF and therefore we can replace it by gp:

2
1 % dqd 2 1| g 1 @+a, R(w+awy,)
R(w)=14+— —— M 1—— -
(0) + 4 —9p vp | a l { 2 lkp + 2 (3 I‘Ph(co+wq)+€p/kplt,
X[nplwg)+nplo+w,)][1—O(w—vrg)O(w+vrq)] . 4.14)

Equation (4.14) is further simplifiéd by using a constant matrix element | M, |2=(A/wp)N (0) and proper normalized
energies (units of 2€x), and momentum vectors (units of k)

=141 ! 1202 _R@+0Q)
R(w)=14 ym f—ldﬂ.ﬂ[l— >qpQ°+oplo+Q)] TP+ )y [np(Q)+np(0+Q)][1—6O(co—Q)B(co+Q)] .
(4.15)
In an analogous way we derive an equation for Q(w),
! 1,202 (@+2)0(0+0)
Q)=1+—— [ d00[1-1¢50*+wplw+0)] TPt 0y P2 Frr(e+DI1-8(co—0)0(cw+0)] .
(4.16)
In this notation the phonon broadening '™ and y read
1
I™o)= [ d00[ns(Q)+npw+0)], 4.17)
. . 3
y=rim_2 1 10 (4.18)

™ hopgd kely  kply

The numerical value of ¥ is chosen to represent a typical metal. With Egs. (4.15)—(4.18) the problem is well defined and
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can, in principle, be solved on a computer. Because wp is a very small number compared to 1, for numerical convenience

it is appropriate to look for a solution of the form

R(0)=Ro(w)+wpR(@),

(4.19)

With Eq. (4.19) we derive a/coupled system of integral equations for Ry and R;. If we disregard contributions of order
w>, these systems decouple and we have two simple Fredholm equations to solve,

Ro(w)=1+ f_'ldmm—§q592>%%—%[n3(9)+np(w+m][l~e(cm—me(cw+m], (4.20)
Ri)= [’ dog (“’thz:fg‘)’:f) [15(Q)+np(0+Q)][1—O(co—Q)O(co+ Q)]

+ f_lldnQ(1—§q12,92>F£%%%[n3(w)+np(w+n)][1_e(cw—me<cw+m], 4.21)
Qol@)=1+— [ d0.0(1—1430%) (“;fhizi"g‘)’:f) [15(Q)+np(0+Q)][1—Oco—0)0(co+0)],  @.22)
Qo)== [ dno (“’;:()a)jf‘;;‘)":ym [15(0) +np(0+Q)][1—Olco—)O(ca+0)]

+é S anau—1gay @+ DO@FD) | o)t np@+ D[ —Oco—0)0(cot)] . (@23)

Mo+Q)+y

Equations (4.20)—(4.23) are now solved on a computer by
iteration. It is easy to verify that the following relation
holds for Q and R:

frl@)=(—1D"*f,(—w), n=0,1.

From this we can infer that the zero components do not
contribute to the derivative in the static limit and that the
1 components vanish at @ =0. We calculate the derivative
by the limit f](w)=lim,_,of(®)/w. For the numerical
evaluation we set gp =1 which corresponds to a bivalent
metal. For y we choose the values ¥ =0, 10~!, and 102
to study the sensitivity on the impurity concentration. In
Fig. 2 we show the ratio Q(0)/R(0). According to
Mott’s relationship [compare Eq. (2.15)] it should be 1.
This value is approached for finite impurity scattering at
very low and high temperatures. At high temperatures
the electron-phonon scattering is quasielastic and there-
fore one expects a behavior independent of the impurity
concentration because electron-phonon scattering is dom-

(4.24)

a0 [
R(O) }

hme0 — ]
L™ = 001--1

w” = 0.1——]

osh

0 | 1
10~ 100
8,

FIG. 2. Ratio of the derivative R’(w) and R () in the static
limit; 'y is defined by Eq. (4.18).

10

inant. This is clearly seen in Fig. 2. Although at very low
temperatures impurity scattering dominates and therefore
Q(0)/R (0) approaches 1, its behavior is very sensitive on
the impurity concentration. The deviation from the ideal
value Q(0)/R(0)=1 is largest in the intermediate tem-
perature range at approximately 7'~0.2@p. It is in this
region that the inelastic phonon scattering is most effi-
cient. In the very same temperature range, also the pho-
non drag contribution shows a pronounced temperature
dependence.”? A remark on the pure metal (y=0) is in
order. Q(0)/R(0) does not approach 1 in the low-
temperature region. In fact, in the limit T =0, the ratio
Q(0)/R (0) will vanish because here R (0) will increase
rapidly with decreasing temperature and eventually will
become infinite. In fact, it can be shown that the zero-
temperature limit of Eq. (4.20) produces a misbehaved
solution. The reason for this is that a pure metal turns
into an ideal conductor at T =0. However, this is a
somewhat academic problem because even the purest sam-
ples contain a residual of impurities and thermopower ex-
periments require a finite-temperature gradient and there-
fore Ts£0. In Figs. 3 and 4 we show, for comparison, the
ratios Q(0)’'/R(0) and R(0)'/R(0). Our analysis in Sec.
III is now confirmed that this ratio plays the dominant
part in the high-temperature region. In general, they are
not so sensitive on the impurity concentration as
Q(0)/R (0) was, especially in the low-temperature region.
They too show a very pronounced temperature depen-
dence in the vicinity of the Debye temperature ®@,. The
resulting temperature dependence of S, is given by the
combination of Q(0)/R (0) and Q(0)’'/R (0). The former
contribution is still to be weighted by the impurity part
and the electron-phonon mass enhancement factor, both
also having a temperature dependence. The situation is
simplified in the low-temperature range, e.g., T <0.10,,.
Here the temperature dependence of the impurity part and
the electron-phonon mass enhancement is weak and we
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[
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10° 10
e,
FIG. 3. Ratio of the vertex functions Q(w) and R (@) in the
static limit; [jT is defined by Eq. (4.18).

10-2 10!

can use their zero-temperature limits. Furthermore,
€rQ(0)' /R (0) is negligibly small and can be disregarded.
We then obtain for the diffusion thermopower Sy,
im Q (0)
~(1+1sm 29

Here Si™ is the diffusion thermopower determined by
impurity scattering alone in absence of electron-phonon
interaction [compare Eq. (3.14)]. It is now convenient to
normalize S/T to its zero-temperature value S/T | r—o
because this directly gives the ratio Q (0)/R (0),

Sa/T
ST A
Sd/T| T =0

A accounts for deviations from Mott’s relationship after
which Eq. (4.26) should be 1,

A=1—-Q(0)/R(0) .

(4.25)

(4.26)

(4.27)

m' T T
ErR00)

10! 10° 10
T/8p

FIG. 4. Ratio of the derivative Q'(w) and R (@) in the static

limit; ™ is defined by Eq. (4.18).
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A can be obtained from experiment in the low-
temperature region where phonon-drag contributions vary
as T3 and can be separated. This is usually accomplished
by plotting SP/T versus T2. A tangent placed at T =0
then represents the phonon-drag part. In the absence of
Kondo anomalies caused by magnetic impurities such a
procedure should be working in principle. However, there
is an ambiguity caused by the position of the tangent in
respect to the experimental data points because the point
T =0 is only approximately reached.. Appropriate for
comparison, at least qualitatively, of our calculation with
experiment, are thermopower measurements at low tem-
perature on the simple metals and their dilute alloys. Al-
though much material can be found in the literature,’
only a little is available with a complete analysis of the
phonon-drag term.!®!%1237  The measurements of De
Vroomen et al. on a variety of Al samples seem to be the
most suited because they measured the thermopower
down to 2 K and show a general structure which is absent
in measurements of other groups which did not proceed to
such low temperatures. In Fig. 5 we show the comparison
of the experimental data, now normalized according to
Eq. (4.26), and our calculation. We picked a dirty sample
(A13) and a pure one (Al2a). From their residual resis-
tivity we can estimate the transport mean free path’s
l,=~10%3 (A13) and [,,~10%5 (A12a) measured in units
of the Fermi vector. For the temperature range of interest
the calculated deviation A for the dirty sample is negligi-
bly small and therefore the data points shall follow a
straight line, as they in fact do. The situation is different
for the pure sample. Although we cannot produce a
quantitative agreement our simple theory clearly shows
the right tendencies.

Before we conclude this section we have to comment on
a possible extension to a more realistic situation. We have
assumed free electrons, Debye phonons, and a constant
electron-phonon matrix element. The first approximation
is generally accepted for simple metals, the latter two are
not. In the low-temperature region which is of particular
interest because we can separate phonon drag, only the
magnitudes of the vertex functions R (w) and Q(w) are
important and not their derivatives. Following the usual
arguments®? we can neglect in Eq. (4.13) all contributions
of order wp /€p. As a result we obtain the standard form
of vertex equations for an electron-phonon system,

Rolo)=1+ [ dQ[a?F(Q)—a?F(Q),]
T™o+Q)+7

X[npg(Q)+np(w+Q)], (4.28)

Qo(@)=1+L [ dO[a?F(Q)—a?F(Q),]
1) —1

(w+Q)Qp(w+)
™o+ Q)+y

X[ng(Q)+np(w+Q)] . (4.29)

Here a?F(Q) is the McMillan function and a?F,(Q) its
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FIG. 5. Comparison of the presented calculation with experi-
ment. Upper half is experimental data from Ref. 10: dirty sam-
ples (open circles), and pure sample (crosses). The straight line
is the phonon drag contribution as extracted from experiment.
Lower half is experimentally determined deviations from the
linear temperature dependence in the diffusion thermopower S,
(solid line): calculated deviations based on Eq. (4.27) for dif-
ferent mean free path.

transport equivalent.>? Both are averages of electron-
phonon scattering as restricted on the Fermi surface using
realistic phonon dispersion relations and electron-phonon
matrix elements. Solutions of both equations can be
found in the literature,*®3° although in a different context
than studied here.

V. CONCLUSION

It is Mott’s relationship that plays a central role in the
diffusion thermopower of metals. There has been quite a
lot of work done concerning the sign and magnitude of
the diffusion thermopower based on this formula,! but al-
ready less is concerned with the question of the validity
range of that relation in real metals.'®—!® Here the elec-
trons are scattered by impurities and phonons. Mott’s re-
lationship has been shown to hold true for elastical
scattering only. However, electron-phonon scattering is
inelastic. Therefore, it is worthwhile to study the dif-
fusion thermopower and its relation to Mott’s formula
when electron-phonon scattering is present. The usual
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way to do this is to calculate the corresponding correla-
tion functions in linear-response theory which has been
done by various authors.*>!” Unfortunately, most recent-
ly they were more or less concerned with many-body
corrections to Mott’s relationship in form of the electron-
phonon mass enhancement factor. We presented in the
previous sections a calculation under a different aspect.
We focused our attention on deviations from Mott’s rela-
tionship in the presence of electron-phonon scattering. To
this end we employed the many-particle transport equa-
tion derived earlier.?! The equivalence to Kubo’s formu-
lation has been shown already for several examples. We
derived a result in Sec. III which was a conjecture from
Kubo’s formula reported by Jonson and Mahan.!”

The more interesting results, however, were presented in
Sec. IV where, for a simple model, we calculated the ver-
tex functions A and ® and their derivatives over a wide
temperature range. Although the model oversimplifies
reality and will therefore not give quantitative results, we
believe that the qualitative features presented will hold in
a more realistic calculation. As a basic result we find a
strong temperature dependence in the intermediate-
temperature range between 0.2@p and 1.00j,. Such a
pronounced temperature dependence is usually attributed
to phonon drag alone. This makes the situation in that
temperature range even more complicated. A separation
of diffusion and phonon drag, necessary to compare exist-
ing theories of both with experiments, is most likely im-
possible in the simple way proposed by Hiibner.? Howev-
er, the situation becomes clear in the low- and high-
temperature limit where the qualitative behavior of pho-
non drag is known. In the latter, Mott’s relationship
holds because electron-phonon scattering can be con-
sidered as quasielastic. It is noteworthy that this region is
approached in such a way that it is independent of the im-
purity concentration. This is nothing else than the fact
that electron-phonon scattering is dominant. Another in-
teresting observation is that the energy derivation of the
vertex function seems to be more important here than its
magnitude. This part is usually not considered because it
is of order wp /€r in the magnitude and therefore neglect-
ed. In the low-temperature limit contributions from the
derivatives of the vertex functions are negligibly small and
the diffusion thermopower can be expressed as a product
of the pure impurity part and a correction term given by
the ratio of the two vertex functions Q(0) and R (0). As
a by-product we retain that the diffusion thermopower is
indeed enhanced by 1+A, the electron-phonon mass
enhancement factor. Mott’s relationship is true when
Q/R is 1. This value is approached in the limit 7—0 for
a finite impurity scattering rate. However, it depends in a
very sensitive way on the impurity concentration. We can
say in a simple and intuitive way that Mott’s relationship
holds true in larger temperature ranges when the impurity
scattering rate increases. There is some evidence for this
result if we compare our calculation with experiment.
However, this is not free from ambiguity because the data
contain both diffusion thermopower and phonon drag.
To separate S; the phonon drag has to be removed. This
depends in a very sensitive way on the resolution of exper-
imentally determined data points in the vicinity of T'=0.



31 TEMPERATURE DEPENDENCE OF THE DIFFUSION . .. 3515

To support the presented idea requires measurements of
the thermopower of simple metals with a good resolution
for very low temperatures. An understanding of the low-
temperature dependence of the diffusion thermopower is
not only interesting in itself (with regard to Mott’s rela-
tionship), but can also be an important prerequisite to
understanding its global temperature behavior. This is
necessary, on the other hand, to separate the phonon drag.
When this work was prepared for publication, the work of
Goedsche et al.®* came to our attention. Based on
Zubarev’s correlation-function approach, they studied the
thermopower of metals and came up, in principle, with
similar results as presented here. Unfortunately, a de-
tailed analysis on the temperature dependence is missing
in that work.

We will close with a comment on the impurity term as
it appears in the low-temperature limit. From Eq. (3.14)
we can learn that its magnitude is determined in an essen-

tial way by the ratio /,, /I where /,; and [ are the impurity
transport and quasiparticle mean free path. For impurity
scattering alone, a typical value of this ratio is of the or-
der of 2—3. However, if we speculate for a moment that
this ratio represents the total elastic scattering, this ratio
can vary over a considerable range and would be very sen-
sitive to the sample preparation. This, in fact, is observed
in experiments. A simple argument shows that the ratio
l;; /1 tends to have large values if the scattering centers are
large. Then low momentum transfers dominate and we
will have T'"™ >>T\' [compare Eq. (4.5)]. This can ac-
count for the large values of the low-temperature values
observed in simple metals.'~!2 Of course this specula-
tion assumes that there are no magnetic impurities which
can cause Kondo anomalies and lead therefore to an
enhanced magnitude. We also cannot explain the change
of sign observed.

APPENDIX A: INTERFERENCE DIAGRAMS-EQUILIBRIUM CASE

In this appendix we calculate the contribution from the interference diagrams to the equilibrium retarded self-energy
of the electron. This has been done already by Krempasky and Schmid.'> However, their calculation contains a mistake
and therefore it is worthwhile to repeat it here. In the finite-temperature Matsubara formalism>? we have for the dia-

gram no. 3 of Fig. 1,
S (Ke)=-T3 T |M_|’D(4,0)6(k-G,0—0)F | V(K-

T Q

q q
Here T is the temperature, D and G are the equilibrium phonon and electron Green’s function, and M and V are the in-
teraction matrix elements of the electrons with phonons and impurities. If we consider for the time being a constant ma-
trix element ¥, the 4’ summation can be done in the free-electron case,

q)%G(q,0)G(§' —§,0—Q) . (A1)

(g'+q9)/2m —
S I VE-D1%6(T,0)6(d ~d0—0)=p?| 2 Tt (A2)

f-—eF q Lq —q)/2m —
q’

Because only an energy region close to the Fermi energy is important, we can extend the limits of both the integrals to in-
finity and obtain!3

3 IV(K—4)[%6(d"e

d§pG(§q »0)G(Ep,0—Q) .

)G(q' —q,0—Q)=—1V*’msgn(w)sgn(w—Q) . (A3)

Inserting this into Eq. (A1) we have
2
D(4,0—Q)G(k—

q,Q)sgn(Q) . (A4)

Z(k 0)=5V>m? sgn(a))TE 2

Equation (A4) corresponds to Eq. (A8) in Ref. 13. The difference is that there is an additional factor of sgn({}) and
therefore it can no longer be expressed by the electron-phonon self-energy as it was in Ref. 13. However, the ) summa-
tion can still be done exactly. After analytic continuation to the real axis we obtain

' 2

rr o Vm o [ My dQ  dQ B(G,M4(K—4,Q")
2 (k,0)=—i 4772 % l q 27 2r  0—Q-—-Q'+7T8
X {Re¥(5[1+i(0—Q/7T)])—ReW(5(14+iQ'/7T))} . (A5)

Here B(q,0) and A4 (q,w) are the phonon and electron spectral functions, 1 is the Euler W function,*! and Re means the

real part. In the limit T— « the right-hand side of Eq. (A5) vanishes and for T—0 we derive
M_ |
q

q

37 (K,0)=—i (A6)

VZm?
4

dQ ¢ dQ' - P
o f 5 B@04(K-4,0)—_——n

>
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In the limit @—0 we obtain, using the spectral functions
for the noninteracting system,

3 (K,0)= —i——AZ2 gy Jhp Ve . (A7)
8T, im €r
Here we have used i, =27V2N (0). Both diagrams have
the very same contribution. If we finally collect all im-
purity parts shown in Fig. 1 we have for the negative
imaginary part of the electron’s self-energy, as attributed
to impurity scattering,

im i 1 2
r (a))=-k—7[1+-2-7u(qp/kF) (w/er)] . (A8)
F

For the phonon part alone we have

Equations (A8) and (A9) give for the total level broaden-
ing [Nw),
€

INw)= —k_% +17»a)p(qp/kp)2(w/mp )2
F 2

X[1+(wp /T )1/kel)] . (A10)
From Equation (A10) we can deduce that for finite fre-
quencies w540 the interference term is only a minor
correction for pure and moderately dirty samples. This,
however, changes, if we consider the static limit of the ra-
tio €I /T [compare Egs. (2.12) and (2.15)],

c o)
FI'(0)

which is no longer small.

=5Map/kp)?, (A11)

o)== %me(qD JkpYw/wp)? . (A9)

APPENDIX B: INTERFERENCE DIAGRAMS—NONEQUILIBRIUM CASE

The nonequilibrium self-energies < and 3> are calculated in the Keldysh formalism.2> Applying the rules given in
Ref. 25, we obtain for the interference diagrams the contributions

S<(K,w)=—2i f‘;—gz | M 2D <(4,0)G<(k—q,0—) 3 | V(K—7) | Im[G (]’ —§,0—Q)G(T",0)] ,
T 7 (B1)

> (Eo)=2i [ 223 M, D> (@06>(K-G0-0) S | V(E—T) | Im[6(T~Go-0EG\0)] . (B2
T T
Here G>’< and D>’ < are the corresponding nonequilibrium propagators. The bar means the anti-time-ordered quanti-
ty. To derive Egs. (B1) and (B2) we have to assume that the phonons remain in equilibrium. This is of course not true in
the present situation. However, diffusion thermopower has to be considered as attributed to nonequilibrium electrons
alone, disregarding a possible phonon drag effect. Therefore Egs. (B1) and (B2) are exact for our purpose. Together with
the other two contributions Eqs. (B1) and (B2) have to be inserted in the right-hand side of Eq. (2.5):

G>3<—G<2>=G>3<—G<3>|,+G>3Z<—G<3Z>|y,. (B3)

Here the numbers refer to the corresponding parts of the self-energy as shown in Fig. 1. We pay special attention on the
second term in Eq. (B3) labeled 3,4. Its equilibrium contribution vanishes by virtue of the statistic factors contained in
G>, G<, D>,and D<. The term linear in the driving fields is

G>=<—-G<=>|{i=i

K aa 2p<(g kg
G>(Ko) [ F % |M_ |2D<(4,0)G <(K—q,0—Q)
. 40 . (0) .
—G<(k,w)f—2—ﬂ—2 |Ma.|20>(q‘,mG>(k—'q,w~Q)l Uv'V(k,q,0,0)
q

; K a0 2p<(g C_g
+i [G’>(k,w)f o % | M 2D <(4,0)G <(K—d,0—Q)

(1)
—G<(K0 [ %2 IM3[2D>(?]’,Q)G>(k—E1’,w—Q)\ UK, §,0,Q) . B
=

The superscript refers to the order of the driving fields. The first term vanishes because it is essentially the equilibrium
expression and the statistic factors cancel. In the second term the zero-order contribution of the vertex function U is
UK, qG,0,0)=[1-2np(0)]3, | V(K—G")|%4(q",0)ReG({’'—G,0—Q)
-(in
+[1—2np(0—M]3 | V(K—G")|%4(4’ —q,0—Q)ReG(F',0) , (B5)
g
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and the term in large parrentheses is very similar to the
first term in Eq. (B3) labeled 1,2. It is straightforward to
show

1 wp
o __- D B6
U %l e (B6)
(U~ L (BY)
kFl €r

For an order-of-magnitude argument we can now write
Eq. (B3) as

3517

1 @p

G>32<—=G<2> ~(G>I<=G<Z?) |1 |1+7——
! kFl €r

(B8)

The influence of the interference diagrams is, even for
moderately dirty samples, still several magnitudes smaller
than wp/€r. Therefore we can neglect this contribution,
even if we collect terms which are of order wp /€.

*Present address: Robert Koch Strasse 22, 8012 Ottobrunn,
Federal Republic of Germany.
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