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Instability under dilution of an antiferromagnetic Ising model on an fcc lattice:
A Monte Carlo study
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We study an Ising antiferromagnet with nearest-neighbor interactions only on an fcc (frustrated) lattice
with no external field. We show that if a fraction (1—x) of the lattice sites is randomly unoccupied by spins
then the system becomes unstable against the formation of domains. The mechanism producing the insta-
bility works somewhat like the one which destroys ferromagnetism in the random-field Ising model. Monte
Carlo results are obtained for low temperatures as a function of x for fcc lattices of (12x 12x 12)x 4 sites.
A transition from an antiferromagnetic state at x =1 to a disordered state for a small amount of dilution is
clearly observed.

I. INTRODUCTION

The nature of the low-temperature magnetic state of di-
luted antiferromagnets in frustrated lattices is not well
known. The possibility that such a state is a spin-glass' has
been pursued recently both by experiment and Monte Car-
lo simulation. The results obtained have been far from
conclusive.

We first say a word about the fully occupied lattice. It has
not been trivial to establish the nature of the low-
temperature phase of an antiferromagnetic Ising model in a
fully occupied fcc lattice, for this is a fully frustrated system.
For type-I ordering there is no binding energy between adja-
cent antiferromagnetically ordered planes in the ground
state since half of the exchange bonds are broken. If all the
spins within one plane are inverted, then all broken (ful-
filled) bonds become fulfilled (broken). Nevertheless,
Young4 has shown that this degeneracy is lifted for T) 0,
and that the lowest free-energy state is perfectly antifer-
romagnetically ordered.

We study here an Ising antiferromagnet with nearest-
neighbor (nn) interactions only on an fcc lattice with a frac-
tion (x) of all lattice points occupied randomly by spins and
no external field.

We give, in Sec. II, a simple argument to show that for
any amount of dilution, however small, antiferromagnetic
order is unstable against the formation of domains. The ar-
gument given here follows the one given by Imry and Ma5

to show that any weak random field destroys ferromagne-
tism in an Ising model for d~2 (where d is the spatial
dimensionality of the system). We then report the results
of Monte Carlo calculations that we have performed on an
Ising antiferromagnet with nn interactions only on an fcc
lattice. The results obtained indicate that there is indeed a
transition from an ordered state at x= 1 to a disordered
state for a small amount of dilution.

II. INSTABILITY OF ANTIFERROMAGNETIC ORDER

Consider antiferromagnetic order of type I on a fcc lattice.
If all sites are occupied (x = I), then there is no binding en-

The number of bonds broken within the plane on which the
domain lies is equal to twice the number of bonds cutting
the domain interface. Consequently, for smooth interfaces,
the domain surface energy is

e, —Jxl (2)

Now, if e, & e„ then a domain will be formed. The situa-
tion here is analogous to the random-field7 Ising model
(RFIM) in two dimensions. For any spatial dimension d,

is the interface energy necessary to form a domain in that
case, and

is the field energy gained (or lost), for smooth interfaces.
Clearly, for d=2, these expressions become like Eqs. (1)
and (2). For d & 2, it follows that er & e, for any h if I is
sufficiently large for the RFIM. For d=2, a more careful
analysis is necessary. Renormalization-group work indi-
cates that the RFIM is unstable to domain formation for
d = 2 as well. These results have been corroborated numeri-

ergy between any two adjacent parallel antiferromagnetically
ordered planes since half of the exchange bonds joining the
planes are broken. If all the spins within one plane are in-
verted, then all broken (fulfilled) bonds become fulfilled
(broken), and the energy is therefore unchanged. Doman6
has argued that any amount of dilution, however small, will
lift this degeneracy in an infinite system. Briefly, if two va-
cancies in two adjacent antiferromagnetic planes are nearest
neighbors, then flipping all of the spins in one plane will
raise (lower) the energy if the missing spins were parallel
(antiparallel). We now argue that, in addition, these anti-
ferromagnetically ordered planes break up into domains. To
see this, consider a region of linear size I in one of these
planes. The number of nn vacancy pairs is N~ —(I —x)2l2,
and the excess number of broken bonds over fulfilled bonds
joining them is QN~, which leads to the binding energy,

e„—J(1—x)1
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FIG. 1. Average energy (E) as a function of concentration at T=1.2.

cally. On this groud, we expect a diluted antiferromagnetic
Ising model on a fcc lattice to be disordered.

III. MONTE CARLO RESULTS

We study the Ising antiferromagnet in an fcc lattice using
the well-known Monte Carlo procedure with Glauber spin
dynamics. The face-centered cubic lattice contains
%=4&12 =6912 sites, and the equilibrium is established
by quenching the system from an infinite temperature and
then running for 10 Monte Carlo steps per spin.

Figure 1 shows the computed energy per spin as a func-
tion of x for T=0.8 J. The change in slope at x —0.8 is
suggestive of a phase transition. To gain more information
we compute the quantities (Sq) and (IS~I2), where

which destroys ferromagnetic order in the random-field Is-
ing model. 5

Our Monte Carlo results support our argument, even
though antiferromagnetic order would seem to disappear
only for x & 0.8 for T=0.8 J. Allowance must be made for
the fact that these results are for a finite (12'&&4 sites) sys-
tem. One expects that domains cannot be too small if the
system is weakly (1 —x (( 1) diluted.

Proceeding by analogy with the random-field Ising model
where it has been shown by Fernandez and Pytte9 that the

gS eirt r (S)
0.8-

In a perfectly ordered antiferromagnetic state Sq NSqq

where qc= (0, 0, 1), for example, for a type-I antiferromag-
net. In a completely disordered state, (ISql ) —N. Our
Monte Carlo results are shown in Fig. 2 for T=0.8 J and
T=1.5 J as a function of x. As a reference point for the
values of T given here, recall that there is a first-order tran-
sition for the pure systemtc (x= 1) at" T=1.8 J. For
T= 1.S J, there is a sharp jump in (IS~I ) at x=0.93
which suggests a first-order transition. For T= 0.8 J,
(ISql2) drops less abruptly as x decreases to x=0.7S. We
discuss the significance of these results in the next section.
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We have argued in Sec. II that a nn Ising antiferromagnet
with no external field, in a diluted (x ( 1) fcc (frustrated)
lattice is unstable to the formation of domains. The
mechanism which produces domains is akin to the one

FIG. 2. Dependence of ISqlllV, on the concentration x for the
temperatures T=0.8 (i) and T=1.5 (~), where N, =x&.



3190 FARACH, CRESWICK, KNIGHT, POOLE, AND FERNANDEZ 31

correlation length (g) diverges with h as

g —exp(a/h2) (6)

in two dimensions, we expect that the typical linear size (1)
of our domains here will fulfill

It seems worthwhile to extend the Monte Carlo work re-
ported here to cover systems of different sizes to check that
the transition to a disordered state does indeed occur at a
value of x which approaches unity as the size of the system
becomes infinite. It would be interesting to check, perhaps
using finite-size scaling, whether Eq. (7) holds.

I —exp[a/( I —x)'] (7)

for the diluted Ising antiferromagnet on a fcc lattice with no
applied field. It follows therefore that for small enough
values of 1 —x the length l is larger than the linear dimen-
sion of the system, and consequently the system is ordered.
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