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Thermodynamics of impure chains of classical spins with isotropic interactions
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Exact thermodynamic quantities are derived for a chain of classical spins of arbitrary dimension interact-
ing via an arbitrary isotropic nearest-neighbor exchange in both the annealed and quenched limit, and for
both bond and site randomness.

I. INTRODUCTION tion of the integral equation

II. PURE CHAIN

First we recall some known results for the pure system
consisting of a closed chain of N classical spins S& of arbi-
trary dimensionality v which interact via an isotropic
nearest-neighbor interaction of the form'

H = —X f(S( ) S() (2.1)

with the constraints that ~S, ~
=1 and So ——S~. The function

f(x) is a completely arbitrary function which is bounded
and continuous in ~x~ ~1. The static properties of such a
system can be calculated with use of standard transfer-
integral (TI) methods from the eigenvalues and eigenfunc-

I

Various thermodynamic quantities for an impure chain of
classical spins interacting via nearest-neighbor isotropic ex-
change interactions have been computed exactly for both
the annealed and quenched limit, and for both the bond and
site models. ' On the other hand, exact results are also
available for a pure chain of classical spins of arbitrary
dimensionality interacting through an arbitrary, isotropic
nearest-neighbor interaction. " By combining the ideas and
results of these earlier works exact thermodynamic quanti-
ties are derived here for a chain of spins of arbitrary dimen-
sion interacting via an arbitrary isotropic nearest-neighbor
interaction in both the annealed and quenched limit, and for
both bond and site randomness.

exp[Pf(S; q St)]$„/(S; r) =&n/fnI(S&), (2.2)

where dQ& denotes an element of solid angle in the v-

dimensional spin space, and ca =2m "/2/I ( ~v) is the area of
the unit hypersphere, and /3=1/AT. According to the
Funk-Hecke theorem, 5 the eigenfunctions are the hypersur-
face harmonics of order ( v —2) /2, with the corresponding
eigen values

(4n ) '" "'( n! ) I'( ~( v —2) )
~nl= ~n-

col'(n +v —2)

pf(S S ) h(n, y —2

I ' ' ' = x X X„p„'((S, ))&„1(S,)
n=0 1=1

(2.4)

where

h(n, v —2) = (2n +v —2) [(n +v —3)!]/(n!)[(v —2)!]
is the degeneracy for h, „. It then follows that, for N
the partition function is given by

z=zg, (2.5)

and the thermal average of any function A (S&, S& ~k) of two
spins separated by a distance k can be expressed in the form

h(n y-2) g
' k

(A(S,, S,+k)) = x x " I(0, 1;n,l), (2.6)
n=0 l=1

where

d gf(x) [ C(v —2)/2(x) ] (1 x2)(v-3)/2

(2.3)
where C„'" " ' is the Gegenbauer polynomial. The kernel
in Eq. (2.2) can be written in the form

~ dQl ! dQgI(n, l;n', I') =& „Q„/(S,)%', (S,)A(S,, S )P„~(S/)P, , (S/) (2.7)

In particular, the 2m-uple spin correlation function

1.(k) = (C'"-""(S,S,+,) )/C'"-""(I)
is given by

(2.8)

'k
r (k)= (2.9)

0-

It is important to note that as long as the interaction
between nearest-neighbor spins is isotropic the eigenfunc-

tions of the TI equation are always given by the hyperspher-
ical harmonics regardless of the particular functional form
of the interaction. The eigenvalues, however, do depend on
the form of the function f. Thus, by changing the eigen-
values appropriately the thermodynamical properties of vari-
ous impure magnetic chains can be calculated. This obser-
vation has already been pointed out by Thorpe for the v =3
case of a Heisenberg chain with site randomness in the
quenched limit.
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III. BOND MODEL

The Hamiltonian for a given configuration of two kinds of
bonds, i.e., the host (H) and impurity (I) bonds, is as-
sumed to have the form

N

X [(1 pi —i, i)—frr(Si i'S-i) +pi i, ifr—(Si—i 'Si) ]

(3.1)
where p, i; is an occupation variable which has the value o(

1 or 0 depending on whether the bond between the
(i —1)th and ith sites is the Ior H bond. We confine our-
selves throughout this paper to the thermodynamic limit
and neglect effects due to the boundary conditions, i.e.,
closed or open chain.

A. Annealed limit

The grand-canonical partition function of the system is
given by

dQp ~~ dQi
Q) I —1 OJ ~I-1 I

i

N

exp p X [(1—pi i,i)fH(Si-i'Si)+ pi i,ifr(S-i i Si)+in()t)pi I,i] (3.2)

where A. is the fugacity of the I bond. After performing the
trace over the bond occupation variable one sees that the
kernel for the TI equation of the spin problem is

exp[i8ifr(S, i Si) ]+X exp[P fr(S, i S,) ] (3.3)

which has eigenfunctions i[i„i(S) as for the pure case, but
the eigenvalues are A. „I= A.„=A. H+ X.A.„', where ) „'are given
as in Eq. (2.3) but with f(x) replaced by fH'(x). Thus, we
take over the previous results and write = A.0N and
Z= pxpH/(1 —p) A. r, where p is the concentration of the I
bond. The total free energy is

Ft' = —Nks T[p ink)+ (1 —p) inks

—(1 —p) ln(1 —p) —p lnp]

from which one obtains the total internal energy

U'=N[pul+(1 —p)u ]

where uHr = krr T281nkgr//rrT, and the sPecific heat

C '=Nkrr[PCr+(1 —P)C ]

(3.4)

(3.5)

(3.6)

(A (S, Si+„)) = X X " I(0, 1;n', 1')
n =0 I =1

(3.7)

where I(n, l;n', i') is as defined in Eq. (2.7). In particular
Y (k) has the form

'k

Y (k) = = (1 —p)
™+p ™=(u )" (3.8)

where CHl=BuHr//dT. The two-spin correlation function is
given by

I kh(n, v —2)

I

from which one obtains the static susceptibility

2 2 oo

yI'= X(SfSj) = 2 X Yi(k) —1
4k' T ],g 4vka T k=0

(g ps)' 1+ui

4Pkg T 1 —u1

The wave-vector-dependent susceptibility, which is of in-
terest to discussing neutron scattering from such random
system, is given by

uxI'(q T) = ~' ' "', , (310)
4vkrl T 1 —2ui cos(qi2) + ui'

where a is the distance between adjacent spins.

B. Quenched limit

The forms of the results in the quenched limit are essen-
tially the same as those previously studied. For a given
concentration of Nl (Nr=Np) I bonds the partition func-

NI N —NItion is Z =(h.() ()iP), the free energy is larger than
for the annealed case by a term which is due to the entropy
of mixing, i.e.,

Ft ~ = Ft —Nkrr T[(1—p) ln(1 —p)+ p lnp]

and consequently one has U~~ = U' and C'"=C". The
spin correlation functions ((A(Si,S&)))„„r and thus the
spin susceptibility are also the same as in the annealed case.

IV. SITE MODEL

For a given distribution of the H and I spins the Hamil-
tonian H in the site model may be written as

H = —X [(1—p, i)(1 p, )fHH(S, i Si) +(pi i
——pi) flH(Si i Si) +pi ipifn(Si i Si)]— — (4.1)

where the three functions fHH(x); fHr(x), and frr(x) represent, respectively, the interaction between the nearest-
neighboring pairs of H and H, I and H, and I and I spins, and p& is equal to 1 or 0 depending on whether the spin at the ith
site is the I or Hspin.

A. Annealed limit

The grand-canonical partition function has the form
l

N

g J $ exp p $ [(1—pi i)(1 p, )fHH(S, i ~ Si) +(pi i p—i) frH(S, i S,)+pi ipiflr(Si —i Si) +(ink)p, ]-
I=0 ~

p, =0 , &=1

(4.2)
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where A, is the fugacity for the I magnetic ions. The trace
over the I occupation variable pI can be performed by intro-
ducing 2 &2 transfer matrices. The resultant kernel can be
expanded in terms of hypersurface harmonics in the form

k(n, v —2) )(. JX)(.

n=0 I=1 n n
(4.3)

we have = a~+ and

where A. HH, XlH, and A.
ll are defined as in Eq. (2.3) but with

the function f replaced, respectively, by fHH, flH, and fll.
Thermodynamic quantities can then be read off from the
corresponding results in TSP. Defining

a+ =
2 [XA.0 +h.o + [(XA..ll —I:HH) +4XXlH]'i }

where u, = kl) T28 ln)). [[/tl T, for n = II, IH, or HH, and

1+ ) gll )HH

Y [() ) 0"—)(P")2+4) () P)']'"
2XX0lH

[() ) 0"—) 0"")'+4X()0H)']'"

11 XA.0
—

X(I

[() ) g —)(p")'+4) {)p)']'"

(4.6)

The specific heat can then be obtained from the fact that
C ' =(()U '/dT)~. The two-spin correlation function can
be written in the form

h(n, v —2)
(~ {Sl S I +@)) g g I(o, 1;it', i')

I I
n =0 I =1

x Tr(g g iy kg N —i —k)

,= Ao""+ (1-2p)2 )'" (1-2p) )olH

p( —p) X" p(1 —p) (Xo')' ~here A =—80 and
(4.7)

x [4p(1 —p) A| Ag~+(1 —2p) ()(P) ]

The internal energy U ' is then given by

(4.4) (4.S)

In particular for the m-tuple correlation function one has

(g) )(0 ull Yll I(0 uIH YlH )(0 uHH YHH
( )

ll + IH + HH

)()((I'+) 0""+[() ) 0' —) 0"")'+4)(.() P)']'"

(1' (k)) = —Tr(A0A'BkAH '-k)1

which, in the limit of 1 « i, i +k « N, becomes

(4.9)

(& (k)& =(P 'g )))(g 'P )»(b+/ a)+" +(P 'g ))2(g P )2)(b /a+)",
where

b~ = ~ [A.h. ll+A. HH+ [()).l(. ll —XH )2+43.(A. l )2]'i2}

' —a +)PH J~)olH
p —].

) HH a ) HH ~ ~~~lH( ) a ) HH Jg) lH

'
JX) ',H ~))(l" b

—+jHH jg) lH
—1 1

+ )( b g H g
JA. ) P(b + —b ) b+ gHH ~)()(P

(4.10)

(4.11)

The static susceptibility has exactly the same form as that given by Eq. (14) of T. Moreover, the impurity density-density
correlation function )Ill'i'+k —= (p,pi+k) g can be expressed, in the limit 1 « i, i +k « N, as

(P 'A'P))2(P 'A'P)2)a+ (a-/a+)'"' '+p for k&0
i, i+&

~p for k=0 (4.12)

where

'0 @Xi.'"
='=0 XX'

l

B. Quenched limit

(4.13)

i

type of spins at the (i —l)th and ith sites. The Helmholtz
free energy I' 'l' involves taking the arithmetic average over
all the possible configurations of the I and H ions for given
concentrations of these ions. The calculation in TSP again
applies and the result is given by

F(») = —NkllT[P21n)). (tl+2P(1 —p) in)(.(I +(1—p)'1n)((I ]

and from which one obtains the internal energy

2 p(1 —p) ulH + (1 p) 'ullH]—U N[p ull+
(4.14)

and the specific heat
F = g {&0)i-),i,

Results in the quenched limit follow readily from those
derived in TSP. ' For a given configuration of the I and H
sites the partition function can be written in the form

(4.15)

(4.16)

I

where (Xo); ) ) is equal to Xo", A0H, or A0HH depending on the C(») =N[P2Cll+2P(1 P) ClH+{1 P)2CHH] ~ (4.17)
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where C —= Bu /1) T, for n = II, IH, or HH. The calculations of the two-spin correlation function and the zero-field suscepti-
bility follow almost exactly as in TSP and T, and are given by

1'm" (k) = [P(gm)11+(1 —P)(Lgm)21][(3Lm )11+(gm )12](dm ) +[P(ZL m) 12+(1 P)(8 m) 22]

X [ (g m
') 2, + (g m ') 22] ( dm )"

and

X(q) = (Wp, s2/12klthI') [gl2PAII'+4glgHp(1 p)r—)p+ gH2(1 —p)&I o]

where

and

(p7)
ll + ( 1 p) 2)

HH + [[p2)
ll ( 1 p )7) HH] 2 + 4p (1 p ) (7) lH) 2] 1/2 )

(1 ) IH (1 p)
lH'

R d+ —pg JJ d —pq"

—d +pv)" (1 —p)2)1H

(1 —p)q'"(d' —d-), d' p~'—

6/&=—1+(—1)'pv)1 +( —1)&(l —p) v)p +( —1)'+lp(1 —p) [r)pqp (7)p—)2]

(4.19)

(4.20)

with

/A. g, a=II, IH, or HH, m =1,2, . . .

V. CONCLUDING REMARKS

I

this competition can be enhanced by the presence of ran-
domness in the system. The possibility of including all
forms of nearest-neighbor isotropic interactions here can be
used to help sharpen the effect further.
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