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Chaos, noise, and tails on the I- V curve steps of rf-driven Josephson junctions
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We report the first experiments and digital and analog simulations which demonstrate the ex-
istence of chaotic regions in the I- V curves of dc- and rf-current-biased Josephson junctions. These
junctions were formed of crossed Pb strips and were shunted with Au resistors. Chaos appears as
negatively going tails on the trailing edges of the rf-induced steps; these tails, which may be as large
as 50% of the voltage step width, have not previously been reported. The parameters for the oc-
currence of these tails center at P, =4, A=co/co~ =0.15, i,f =I~/I, =1.04, I, =3 X 10' A/rn at 4.2
K. The thermal noise of the shunting resistor was emulated by a Gaussian spectrum. The presence
of such noise dramatically alters the substeps, spikes, and bifurcations predicted for zero tempera-
ture. With only small amounts of noise, such complexities disappear, and are replaced by a smooth
tail on the step accompanied by broadband noise. There is good agreement between the experiments
on a real junction, simulations with a phase-locked loop, and numer&ca1 calculations with a digital
computer.

I. INTRODUCTION

Various wiggles and distortions of the I Vstep st-ruc-
ture induced by microwave irradiation incident upon
Josephson junctions have been reported previously in the
literature " however, I- V curve distortions may occur
even without microwave irradiation. The "tails" on I- V
steps which we discuss here have not been previously re-
ported. For the most part, calculations and experi-
ments presented in the literature have been confined to rf
bias alone as a function of various quantities such as the
McCumber parameter' P„and the reduced frequency' '

Q. It is worth noting in this connection that /3, may be
nonzero for microbridges under certain circumstances. "
Also, point contact Josephson junctions may have an ap-
preciable point inductance which increases the complexity
of their treatment.

Many studies on Josephson junctions have been related
to the search for a dc-voltage standard composed of junc-
tions whose specification would depend only upon funda-
mental atomic parameters such as the electron charge e
and Planck s constant h, in addition to the driving fre-
quency' ' co. Few calculations have included the corn-
bined effects of dc and rf biases, ' ' the situation most
commonly encountered experimentally. Various "devils-
staircase" structures, ' ' substeps, ' ' subharmon-
ics, ' and irregularities in the step structure of Joseph-
son junctions have been predicted and some have been ob-
served in experiments. The generation of subharmonics is
of great conceptual interest since it indicates a more non-
linear or chaotic situation than for example in ordinary
mixer devices where only standard harmonics and inter-
modulation frequencies are to be expected.

In this work, we have utilized both dc and rf current
biases in conjunction with thermal (Gaussian) noise, since
the actual Josephson junction is not operated at zero kel-
vin. The effects of noise are of great importance with re-
gard to the actual phenomena to be observed, and cannot

II. METHODOLOGY AND EQUATIONS

The simple resistively shunted junction (RSJ)
model' ' ' with current bias, rf drive, and Gaussian noise
is depicted in Fig. 1(a). The equations relating these ideal-
ized parameters are written as

C +R V+I, sing=Id, +I~ sin(cot)+I&, (la)dV
dt

2eV=A dP
dt

(lb)

where C is the Josephson junction capacitance, V is the
voltage across the junction, R is the shunting resistance,
I, is the critical current of the junction, P is the phase
difference across the junction, Id, is the current drive, J~
is the amplitude of the rf-current drive, and I~ is the
Gaussian noise current equivalent to the thermal noise
generated in the resistor R at a given temperature; in the
Josephson relation (lb), e is the electron charge and A' is
Planck's constant divided by 2m. . If we measure all
currents in units of I, and time in units of co&, where

(2eI, /AC)' =(LzC) ' ——is the plasma frequency,

be ignored if realistic solutions are desired. Noise not
only rounds the I- V curve features in general, but may
completely remove spikes and substeps (and hence,
subharmonics) from the picture. ' By numerical simula-
tion we can sort out the features which persist even with a
noisy background from those which do not. In particular,
we have observed tails on the rf-induced steps which have
not been previously reported and which are not destroyed
by an appropriate noise background according to our cal-
culations. On the other hand, we find that only a few
millikelvin equivalent of noise are required to completely
destroy many spikes, substeps, and bifurcations to chaos,
indicating why such sharp features have not been ob-
served experimentally in the I Vcurves of-Josephson
junctions.
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', and thus we

have

FIG. 1. (a) RSJ model. (b) A set of three junctions, two of
which are shunted with Au resistors. (c) A blown-up picture of
the y-junction consisting of three layers: layer no. 1, 100 pm
wide, 450 A thick Au; layer no. 2, 100 pm wide, 1000 A thick

Pb; layer no. 3, 63 pm wide, 1000 A thick Pb.

These three first-order equations could be represented as a

single equation with derivatives no higher than third order
in P alone and with no explicit dependence upon the re-

duced time ~, but the resulting equation is of a complexity
that makes it of little practical use:

2

Q
—2 d'0 +P in d'0—+

dr dH

Eqs. (Ia) and (lb) may be rewritten as

d'4 —in d4+pg +sing ldc, +Lzr sin(Q1 ) +liv (2)

Here, p, =2eI,R C/A=R C/L/ is the McCumber pa-
rameter and Lz is the Josephson inductance (fi/2eI, ). It
should be noted that some authors' ' ' use a normaliza-
tion where time is measured in units of co, , and

co, =2eI,R /A=RL/ '. It is useful to notice that
co, /co& ——p,' in comparing literature citations. With this
normalization to co„Eqs. (1) have the form

p, + +sing=id, +i~sin(Q&)+i& . (3a)dP dP
dr /

Indeed, since there are three important frequencies in the
case of the RSJ model, it is also possible to normalize the
time unit as co, ', where co, =(RC) ', in which case, Eqs.
(1) become

p, +p, +sing=io, +i~sin(d'or)+i& .i d p i diIt (3b)

=p, ' [i , di+~sin( wQ) —v —sing+i&],
d7

(4a)

pi/2 (4b)

and that these equations may be presented as an auto-

These three frequencies arise naturally in connection
with the co —p, diagram which will be discussed later, and
it is to be noted that co,co, =~&. It is also useful to note
that p, =g, where Q is the quality factor for a Joseph-
son junction (R/co&Lq in this case). We shall only make
use of the plasma frequency normalization in this work.

It is worthwhile to note that the apparent second-order
differential equation (2) can be written as two first-order
equations (4):

+p, +sing —id, i' —=i ~ . (6)d (h ij2dp. . . .2

dr

Since Eqs. (5) and (6) are in the autonomous form. , howev-

er, the third-order differential equation character may be

readily noted —an important theoretical feature for the

development of "chaotic" solutions. Since for a second-

order autonomous equation, trajectories in phase space do
not cross, thus at least a third-order differential equation

is required for chaos to occur.

III. EXPERIMENTAL CONDITIONS
AND OBSERVATIONS OF TAILS

ON THE MICROWAVE-INDUCED STEPS
OF THE I- VCURVE

Evaporated crossed strips of Pb were utilized for the
formation of the Josephson junctions studied in this work

[Fig. 1(b)]. The actual junction size was 63 && 100 pm; the
barrier was provided by ambient oxidation of the Pb at
approximately room temperature. The shunting resistor
was provided by a Au stripe which was laid down first
upon the c-axis polished quartz substrate by evaporation,
and in the junction which we found to be of greatest in-

terest, this Au stripe completely bridged the junction giv-

ing a very small inductance. The resistor value was thus
determined by the two-dimensional spreading resistance
of the two points at two of the four corners of the crossed
Pb strips [Fig. 1(c)]. The samples were studied in the tem-

perature range of 1.5 to 4.2 K. At 4.2 K, the critical
current density was 2.7&10 A/m, and from this value
we deduce that the PbG barrier layer was 27 A in
thickness. If this oxide has a dielectric constant of 8.0,
this corresponds with a capacitance of 170 pF. If we
combine this value with that of I, and R=0.11 Q, for a
microwave frequency of 3.86 GHz, we find P, = 10,
m&

——28 CirHz, and Q=0.14. On the other hand, the hys-
teresis' of the I Vcurve (a, i ff—0.5-) would lead one to
expect P, =6, for which (given the values above) we calcu-
late a capacitance of 100 pF, co& ——36 GHz, and 0=0.11.
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FKJ. 5. A current-voltage curve set derived using the phase-
locked-loop apparatus for p, =4, 0=0.16, and i„f= 1.05.

Various double-precision Fortran programs were written
for use with a large digital computer; approximately 1000
time steps per rf cycle were used in these programs. The
equations and analysis were so arranged that the Poincare
map could be obtained in addition to the usual phase
maps, Fourier spectra of the power, and calculated I- V
curves. Each point of the I Vcu-rve was obtained after
averaging over 1000 rf cycles. The Fourier spectra proved
more useful than the Poincare maps in clearly defining
the periodicity at a given point of the I- V curve.

Now for Gaussian noise, ,
' M~ ),=(4kT &f/

R)'~ . The bandwidth bf =(2eI, /AC)'~ (2b,r) ', where
b,~ is the time-step employed in the numerical integration
scheme. One can then write for this Gaussian noise distri-
bution

I,
= (i~),=(4ekT/fiI, br)'~ P, '

ohmic line is large. Sometimes the tail appears on the
zero-order step, however, which would tend to make one
doubt this explanation. Of course the matter is not really
that simple, since noise rounding' also determines how
closely the tail approaches this line. It is a subject of con-
siderable interest as to just how the transition is
made from one ordered condition on step n to the ordered
condition on step n+1 "ertainly, phase lock must be
lost in the transition region, but without calculations it is
not obvious how this takes place. Our simulations indi-
cate that there are many ways for this transition to occur,
but we shall concentrate here upon the one denoted as
"negatively-going tails" for which we have experimental
data in support of our calculations.

IV. ANALOG PHASE-LOCKED-LOOP
SIMULATION OF THE RSJ MODEL

It has been realized for a long time that one may do an
analog simulation of the Josephson junction by means of a
phase-locked-loop subject to certain feed and scaling pa-
rameters. ' Such an arrangement was set up for p, =4,
A=0.16, i~ ——1.05, and the I- Vcharacteristic indicated in
Fig. 5 was derived. The tails on the ends of the steps are
clearly seen, and serve to confirm the reality of the experi-
rnental observations previously presented. An extensive
analog study was not undertaken since it was felt that
more detailed information would be available from the di-
gital computer numerical simulations which will be dis-
cussed next.

V. DIGITAL COMPUTER SIMULATIONS
OF THE RSJ MODEL WITH NOISE

Using Eq. (4) in its nonautonomous form, and express-
ing the differentials as finite differences for the numerical
digital computer solution of the equation, we have

An extensive study was first made with the noise
current set to zero (effectively Tz ——0 K). It was ascer-
tained that the negatively-going tails effect was noticeable
in the region of 0.10&0&0.22, 2&p, &10, the tails
seemed most Pronounced for 0=0.16, P, =4, i„i=1.05
(Fig. 2). Some of the steps calculated in this initial study
had all kinds of complicated substructures, substeps,
spikes, or critical points —sometimes of tremendous am-
plitude. An example is given in Fig. 6. The critical
points frequently corresponded with periods of 3 or 5
times that of the rf drive period, and the substeps' '
were frequently of the form m /n if voltage is measured in
terms of a normalized step width, and m and n are in-
tegers such as 2 and 3. Thus, one very elegant structure
showed a transition from the —, to the —,

'
step (Fig. 6). In

addition, as one progressed toward the end of a voltage
step, it was frequently observed that the oscillatiori
traversed a sequence of period doublings so that periods of
2, 4, 8, 16, etc. were observed. This is indicated in Fig. 7,
which shows phase maps and power spectra for such a se-
quence. Sometimes, unusual sequences such as 3, 6, 18,
etc. were also observed.

Because of the extreme sharpness of these complicated
spikes, substeps, and bifurcations, it is not unexpected'
that they are affected by even a small amount of thermal
noise introduced into the system ( Tz&0). This is demon-
strated in Fig. 8, which shows by numerical calculation
how a complicated structure [e.g. , Figs. 6(a) and 6(b)] with
spikes, substeps, and bifurcation series develops into a
smooth round tail as the amount of noise is increased. In
fact, at temperatures as low as 50 mK, almost all of the
fine structure is smoothed out, and between 1 and 9 K,
the resulting I- V curve appears qualitatively just as was
observed experimentally (Figs. 3 and 4), and by analog
simulation (Fig. 5). To further investigate what may be
expected in experiments at finite temperatures, we have
calculated the noise spectrum corresponding to a thermal-
ly smoothed I Vcurve for 4.2 K (F-ig. 9). Notice that a
large amount of noise is observed in the transition region
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the zeroth step and (b) the second step. The numbers -inside the
squares denote the periodicity on the substep.

The experimental data for a Josephson junction at 4.2
K was introduced in Sec. III, and this data was digitized
and the traces for ramping up and down were averaged in
the process. A detailed average of step width was ob-
tained from an analysis of all of the available step separa-
tions and this value was then used in conjunction with the
microwave frequency as a check on the voltage calibration
of the X- Y recorder; very good agreement was obtained.
The problem with the matching of calculated and experi-
mental curves is that the capacitance is not accurately
known. However, knowing the area of the junction, and
the properties of similar Pb-Pb junctions, it may be es-
timated that the capacitance is of the order of 170 pF, but
this may be in error by as much as +40%. However, if
one specifies the critical current of the junction (which
was accurately measured), the value of the shunting resis-
tor (which could also be obtained accurately from the IV-
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rigidly dictates the amount -of the supercurrent so that
there is little question that the attenuator setting derived
spacings are inapplicable, so that the best fit to super-
current values and tail magnitudes and shapes was found
irrespective of the attenuator derived relative i~ values.
The correct order is preserved, of course, in this pro-
cedure, but the actual values of attenuation were ignored.
Thus, a fairly good overall fit was obtained for the curves
(c), (d), and (e) for i ~ values of 0.995, 1.010, 1.020, 1.030,
1.035, 1.060 (Fig. 11). Also, it may be noted that al-

though the supercurrent variations and the tail amplitudes
match reasonably well for this set of rf drive currents, the
exact tail shape is not prefectly described. Experimental-
ly, the tails are slightly "bulgy*' ones, in that the voltage
drops from the step value toward the axis, and then re-
turns briefly to the step value before completing the tran-
sition to the next voltage step value —i.e., the tail is not
quite at the very end of the step. This bulgy step behavior
has been calculated to apply in the vicinity of P, —:11,
Q-=0.14 [curve (f) of Fig. 10], but a value of P, this high
seems unreasonable in deference to the observed hysteresis
of the experimental I Vcurves (in-set to Fig. 3), although
it agrees with our estimated capacitance in conjunction
with the known 8, J„and co. Thus, one must conclude
that for P, =6.93, Q=0.112, a good semiquantitative fit
is obtained to the experimental data using the simple RSJ
model alone. Possible reasons for the RSJ model not
yielding a totality of the experimental features observed
are discussed later.

VII. DISCUSSIQN AND CONCLUSIONS

In this work, the experimental observation of tails on
the I- V curve steps induced by microwave irradiation of a
Josephson junction is confirmed by both analog and digi-
tal computer simulation. In the region of parameter space
defined by reduced frequency Q=0.11, P, =6, i~=1.05,
the J- V curve for a junction in passing from one step to
another exhibits this unusual phenomenon which can be
described as a negatively-going tail on the end of the volt-
age step. Perhaps the reason that this phenomenon has
not been reported previously is simply that it occurs over
a relatively narrow range of parameter space which has
not been previously explored. Such tails are confined fair-
ly closely to this vicinity in the Q-P, diagram, and outside
this vicinity, different phenomena appear which are still
under investigation. It was shown by digital computer
simulation for zero noise temperature that in the ap-
proach to this tail region, bifurcation sequences obtain,
and spikes (or critical bias points) and substep structures
appear either before or mixed into the fully chaotic re-
gions. Chaotic solutions are not unexpected for this
third-order differential equation —see Eq. (6). However,
with the addition of even a very small amount of thermal
noise, most of the substructures are destroyed, all the
spikes disappear, and the bifurcation sequences are unsta-
ble, thus the ordered system passes almost directly into a
chaotic state characteristic of the tail region in general.
Only the rounded-out tail shapes are predicted by the digi-
tal computer simulations with 4.2-K noise, in agreement
with the experimental observations and the predictions
from the analog phase-locked-loop experiment. With

4.2-K Gaussian noise, it is possible to obtain a reasonably
good set of matches of the experimental I- V curves and
their tails with that calculated by the digital computer
simulation from the simple RSJ model alone. The
marked difference in predicted behavior with and without
thermal noise is one of the major achievements of this
work. Certainly, many of the previous theoretical predic-
tions which ignored the effects of noise can only be
described as nonphysical.

The fact that the tail shape fitting is not perfect, how-
ever, can easily be noted since the tails on the steps as
determined experimentally are not exactly at the ends of
the steps —that is, as one nears the end of the step, the tail
appears and then after rounding up from the tail, there is
a slight tendency for the system to return to the step volt-
age before passing on to the next step voltage —a condi-
tion described as a bulgy step. This slight "bulginess" of
the experimental tail data does not seem to be reproduced
in the digital computer calculation of the straight RSJ
model in reasonable parameter ranges of Q and f3, .
Bulges are noted, however, at high-order step numbers
and for large drives for 10)P, &15, 0.14)Q&0.17 in
this work, and steps with bulges in the middle of the step
has been found previously by simulation by Kautz' ' for
/3, =25, Q= l. However, it is an important result of this
study that the tails found experimentally are reproduced
reasonably accurately from calculations based on the RSJ
model alone.

It certainly may be conjectured that in the real physical
situation, a very small inductance might be included in
the shunt resistor for the Josephson junction. If the equa-
tions are written for this case, the fourth-order differential
equation, equivalent to four first-order differential equa-
tions (autonomous form), would lead us to believe that,
firstly, co&L/R is required to be exceedingly small, and
hence L in the shunt resistor in'ductance must be extrerne-
ly small in order to be negligible ( —1 fH). Secondly, the
effective R becomes larger, and hence the effective P, be-
comes larger for a given set of R, C, co, and thus the ef-
fective P, might be higher than can be expected to agree
with the measured dc parameters. This is readily seen if
one thinks of the resistor arm as being composed of resis-
tance plus inductive reactance as an indicator of the true
behavior. This subject of an inductor in the resistive
shunt arm across the junction is presently under investiga-
tion. With a geometry of the shunt other than that uti-
lized in this work, the matter becomes of even more press-
ing importance. The presence of thermal noise has been
shown to remove most of the sharp features of the IV-
curves from Josephson junctions. However, it certainly
would be fascinating to explore such junctions at tempera-
tures below 1 mK, because there is theoretical prediction
from the digital computer calculations that interesting
substeps, subharmonics, critical bias points or spikes, and
bifurcation sequences should become experimentally ac-
cessible.

ACKNOWLEDGMENTS

We wish to thank R. H. Koch for his advice concerning
the noise treatment in this paper. R. B. Laibowitz and A.
P. Malozemoff are also to be thanked for constructive cri-
ticism in assisting this project.



CHAOS, NOISE, AND TAILS ON THE I- V CURVE STEPS. . .31 2673

250 I I I I I

200 (o)

150

100 .

50—

0.08

o 0.07
O

0.06 I I

-I 0 I I 2
-I 0 0 0 0 0 0 I 2 3 4 5 6 7vN

I I I I I i I I I

0.6
(5)~ Q09

w~ QO8

o 0.07
CD

Q06

0.4—

0.2—
1.73 mK

I 1

0 I

0 t

I I I / I & I I I I I i

I.02 1.04 I.06 I.OS I.IO
06 (c)

~—0.09— 0,4

0.08—

3 0.07—
0.2—

tLj
N Z

tt:

0 I.73 ittK
I I I I I I I I

0 I 2 I 2 I

NORMALIZED STEP v&

17.3p, K t73p.K
I I I

2 I 2
0.06

-I

0.6—
(d)

Irf =0
0.940.4-

FIG. 8. Progress of a tail transition changing as a function of
the noise temperature from T=O to 8.6 K. The spikes disap-
pear by 1 mK, and all substeps are gone by 35 mK, and from
thence, the tail simply broadens and diminishes in amplitude
with increasing temperature.

0.2-

0.6 — (e)

0.920.4—

0.2—

0.6 — (

0.4—

0-2 0 0 0 0 0 0 0 0 0 0 0 2 4 6 8 IO 12 I4
NORMALIZED STEP VOLTAGE vN

FIG. 10. A comparison of the experimental data for SJ-4 at
4.2 K (a) with calculated curves for p, = (b) 6.25, (c) 6.9, (d) 8.2,
{e) 9.8, and (f) 11.1, for corresponding values of 0 along the line

QP, ' =0.0426, and for various values of i~ from 0.90 to 1.10.

in conjunction with the readily observable calibration
point obtained for the supercurrent being driven to zero at
1~=1.04 (curve E). It became obvious from a compar-
ison of curves (b)—(f) of Fig. 10 that the match would be
rather poor if this spread were correct. In fact, the rf drive( Ig &
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FIG. 9. Calculated appearance of noise as one passes through

the tail region from step 1 to step 2 (parameters P, =4, Q =0.16,
i~=1.05). Note that the maximum noise appears to reflect the

peak of dynamic resistance, but certainly is not the derivative of
the tail curve.

0 I 0 I 0 I 0 I 0 I 2 3 4 5 6 7
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FIG. 11. A fit of the experimental data of SJ-4 (curves
A —F) with P, =6.9, Q=0.1122, and i, = t9 05, 91.010, 1.020,
1.030, 1.035, and 1.060. Experimental curves are shown as the
dotted lines, whereas the simulated curves are the solid lines.

curve), and one knows the microwave frequency (3.86
6Hz), then one readily finds that a line Qp, =const is
defined, and for the parameters already specified, the con-
stant is about 0.0426. Various combinations of Q and p,
were then chosen along this line of the Q-p, diagram' '
(as plotted on logarithmic scales) which has a slope of
+ —, (Fig. 2). The choices of points are designated as cir-
cles along this line in the Q-p, diagram. Comparisons
were then made between experimental and calculated I- V
curves for various microwave power inputs (Fig. 10). An
overall comparison of observed and calculated I- V curves
is also shown (Fig. 11). The attenuator calibration of the
microwave rf source (4.00, 3.75, 3.50, 3.25, 3.00, and 2.75
dB) would lead one to expect values of the i~ equal to
0.927, 0.954, 0.982, 1.01, 1.04, and 1.07 (for curves 2 F), —
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