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Ionized-impurity scattering in the weak-screening limit
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The ionized-impurity-scattering problem in free-carrier transport is considered for the regime
where half the average distance between impurities, D, is much less than the screening length A,

Using a potential-cutoff approach, it is shown that the scattering by short-range potential variations
due to the discrete positions of the ions becomes negligible in the limit d =—(A,, /D) )b /(8g)
where b =4k A,„k is the electron wave vector, and g (b)= ln(b +1)—b/(b + 1). In this region the
dominant mechanism is scattering by long-range potential fluctuations due to random inhomo-
geneities in the impurity concentration. A random-potential-scattering theory is used to show that,
for fluctuations y small compared with the electron energy E, the momentum relaxation time re-
verts to the Brooks-Herring form, even though the single-site scattering picture is formally inap-
propriate. It is shown that the criterion y )E is nearly equivalent to the single-site validity criterion
( rD/1 R ) & 1 derived earlier for the small-d regime, where rD is the duration of the collisions, ra is
the momentum relaxation time, and the brackets denote a weighted average over partial waves.
Furthermore, at large d the linearized Thomas-Fermi approximation is valid only as long as y &E.
Whenever y )E, significant discrepancies between single-site theoretical mobilities and experimental
values are observed for a number of common semiconductors. It is suggested that spatia1 inhomo-
geneities in the electron density due to the fluctuating potential may be partially responsible for
these discrepancies.

I. INTRODUCTION

At low temperatures, ionized impurities are the dom-
inant mechanism limiting free-carrier mobilities in most
semiconductors. Calculations of ionized impurity scatter-
ing have usually been based on the assumption that the
ions scatter independently of one another. This has been
due in part to the absence of reliable multi-ion corrections
to the electron momentum relaxation time. ' Furthermore,
until recently considerable confusion has persisted in the
literature about the conditions under which the assurnp-
tion of independent scattering events breaks down. Em-
ploying a criterion suggested by Rode and Knight, the
authors showed in an earlier work (referred to below as I)
that the single-site scattering model is valid only when the
criterion

~rD/rR & & 1

is satisfied. Here vz is the duration of the collisions, rR is
the momentum relaxation time, and the brackets denote a
suitable weighted average over the various scattering
events. When the partial-wave phase-shift method is used
to calculate electron mobilities in Si, GaAs, ZnSe,
CdTe, and InSb, one finds a direct correlation between
the magnitude of (rD/rR & and the extent to which the
calculated mobilities agree with experiment.

A number of previous investigators have pointed out
that the assumption of independent scattering by the vari-
ous ions should also fail whenever there is significant
overlap of neighboring potentials. Using analytic results
for scattering by screened charge pairs as a guide, the au-
thors derived in a recent study' (referred to below as II)
an explicit criterion for the neglect of coherent interfer-
ence effects:
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d = (1,/D) &, 8/(1 +64b i), (1.2)

where D = (4m%~/3) ' is half the average distance be-
tween impurities, NI is the impurity density, A,, is the
screening length, b = 4k A,„and k is the electron wave
vector. The physical interpretation of Eq. (1.2) is easily
seen if the expression is rewritten in the form

3 3

2nD
(1.3)
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where A,, = 2m. /k is the electron de Broglie wavelength.
That is, the assumption of independent scattering by
neighboring ions is strictly valid only as long as the dis-
tance between ions is large compared to both the screening
length X, and the electron wavelength A, However, it is
also shown in II that as long as criterion (1.1) is satisfied,
theoretical single-site mobilities for relatively compensat-
ed CxaAs and InSb agree well with experimental values
even when criterion (1.2) is strongly violated. In the
present study we examine in detail the region where cri-
terion (1.1) is satisfied but criterion (1.2) is not. In partic-
ular, we seek to provide insight into the apparent success
of the single-site theory in regions where it should clearly
be invalid.

In Sec. II, the phenomenology of electron scattering in
the regime d )~ 1 is discussed. It will be seen that an
approach fundamentally different from the single-site
model is required for treating the scattering in this region.
In Sec. III, a random potential formalism is employed to
calculate electron relaxation times at large d, and a con-
nection between criterion (1.1) and conduction-band dis-
tortion is discussed. Finally, we consider the regime
where criterion (1.1) is violated, and suggest a
phenomenological explanation for the tendency of single-
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site theoretical mobilities to be significantly higher than
experimental values when (rz/rR ) & 1. For simplicity,
it will be assumed that the unpertured conduction band is
isotropic and parabolic.

II. PHENOMENOLOGY OF SCATTERING
WHEN d » 1 and ( rg) /rg ) & 1

It was shown in II that the single-site model ceases to
be formally valid at large d [see criterion (1.2)] due to
multi-ion interference effects. Here we consider two quite
different approaches which have been suggested in the
literature for calculating electron momentum relaxation
times when d is large. The first, which was originally
proposed by Conwell and Weisskopf, " consists of "cut-
ting off" the potentials at a range on the order of the aver-
age ion separation, then calculating individual scattering
rates due to each cut-off potential. In the second ap-
proach, which has been discussed by Yussouff and Zit-
tartz, ' an electron is viewed as moving through a con-
tinuously varying effective potential arising from random
fluctuations in the impurity concentration. The relaxation
time for "continuous" scattering by the random potential
is then determined. We now briefly outline both of these
approaches and discuss the connection between them.

In the linearized Thomas-Fermi approximation' (the
validity of which is discussed in the Appendix), the net
screened potential due to any number of charged ions is
simply a superposition of the screened Coulomb potentials
corresponding to each:

o.„(k) = I2[y + ln (2kD) —Ci(2kD)]
y k

[y + ln(4kD) —Ci(4kD)] I

(2.3)

which is the same for either attractive or repulsive poten-
tials. Here y = 0.5772. . . is Euler's constant,
y = —, kap, ap ——A' Kp/m, e is the effective Bohr ra-
dius, m, is the electron effective mass, and Ci is the
cosine integral. ' In the limit kD && 1, this result can be
written

o„(k)
~Bdk)

2(kD)
g(b)

Q2

Sd"~ g(b)
(2.4)

scattering formalism, it seems more appropriate to per-
form a quantum-mechanical calculation such as that of
Sclar. ' He obtained the first four phase shifts for scatter-
ing by a square well (attractive) or square barrier (repul-
sive) potential. For the region d » 1 he set the width of
the well or barrier to be a = O'D, where b' is a constant
on the order of unity. The well depth or barrier height is
then taken to be + e /vou.

Here we give a slightly different result which is ob-
tained in the Born approximation assuming a cutoff bare
Coulomb potential, ' and which has a somewhat simpler
form than that of Sclar. It can be shown that if the po-
tential is cut off at D (i.e., b' = 1), one obtains for the
momentum-transfer scattering cross section

2
—

I
~ —r; I/'~,

Z;e e
V(r) =

Kp I —rg
(2.1)

where o-BH is the Brooks-Herring cross section for scatter-
ing by a screened Coulomb potential'

where Z; is the charge of the ith ion, r; is its position, Kp

is the static dielectric constant, and the screening length
X, is given by'

4rrne' ~ -in(U)
~ok~ T w )/p(v1)

(2.2)

Here n is the electron density, g = EI;/k&T is the re-
duced Fermi level, and ~ k is a Fermi integral of order k.
When d » 1, it is useful to separate the sum over ions i
in Eq. (2.1) into three components: (1) ions at distances

~

r —r;
~

&& A,„which are strongly screened and may
be ignored; (2) ions at distances D «

~

r —r;
~

& A,„
which represent most of those contributing to V(r ) when
d is large (on a distance scale of order D, their contribu-
tion to the potential is smooth and slowly varying in r );
(3) nearby ions at distances

~

r —r;
~

& D, which lead
to rapid spatial variations of the potential due to the
singularities at ion sites ( r ~ r;).

It may seem that since a flat potential offset does not
contribute to scattering, one can ignore the slowly varying
potential fluctuations from distant ions in range (2) (this
assumption will be reexamined below). Several au-
thors"' ' have obtained approximate transport results
by cutting off the potential due to each ion at a distance
on the order of D and then calculating individual scatter-
ing rates. Although Conwell and Weisskopf" and Rid-
ley' treated the problem classically using the Rutherford

oB~(k) = g(b)
2k y

(2.5)

[y + ln (b i /2d)]
~BH

(2.6)

It can be shown that as long as d & 1, one never obtains
cr,olo'B~ & l.

Relation (2.4) indicates that the scattering by short-
range interactions is reduced below the usual Brooks-
Herring value whenever

g 3/2

4 (2.7)

(which for b & 1 is approximately equivalent to
kD & 1). Relation (2.7) implies that the distance between
impurities is shorter than both the screening length and
the electron wavelength. If one considers only the short-
range potential variations, the calculated electron mobility
actually increases with increasing impurity density when
d is sufficiently large. '

The second approach we consider for obtaining relaxa-
tion times in the region d » 1 is based on the scattering

and g(b):—ln (b + 1) —b/(b + 1). In this limit
Sclar's result is smaller than the present o.„by a factor of
9 clue to his use of a square wel 1 or barrier rather than a
cutoff bare Coulomb potential. In the opposite limit
kD »1,
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sin (2b '~
) 1

2
1 —cos (2b 'i )

4b

+ —, [y + ln (2b'~ ) —Ci(2b'~ )] (2.9)

and Ci is again the cosine integral. The inverse momen-
tum relaxation time for scattering from the fluctuations

map then be obtained from the expression
= XF v oF, where u is the electron velocity and the

"density" of fluctuations is the inverse of the volume of
each: N~ —3/4m A, Comparing with the Brooks-
Herring result for single-site scattering from a screened
Coulomb potential one obtains

by long-range potential fluctuations which result from
random inhomogeneities in the impurity concentration.
Although the results of a formal theory for this mecha-
nism' will be discussed in the next section, we first esti-
mate the magnitude of the effect from phenomenological
considerations.

For simplicity, we consider an uncompensated impurity
population consisting only of singly charged donors of
density ND. In the limit d» 1, a test electron "in-
teracts" with an average of N = 4m ND A,, /3 = d ions
at a time (screening greatly reduces the effect of any ions
farther than A,, away from the electron). Since the donors
are very closely packed and since each contributes a nega-
tive potential energy, one result of these interactions is a
lowering of the effective bottom of the conduction band.
It can easily be shown that to within a multiplicative con-
stant the average potential energy is given by
Vo ———Ne /aok„where V = 0 is taken to be the un-
perturbed bottom of the band in the absence of impurities.
It was pointed out above that were this background offset
a constant everywhere, no scattering by the long-range in-
teractions would result. However, the actual Vo varies
with position due to random variations in the donor densi-
ty. For Gaussian statistics the fluctuations in N are of
magnitude N', which implies that the offset potential
should display fluctuations of order ' N'~ e /voA,

To a first approximation the scattering due to a given
fluctuation may be estimated by calculating the cross sec-
tion for a square well (or barrier) of radius a = A,, and
depth (or height) V = N'~ e /~ok, In the Born ap-
proximation one obtains

16 m

OF h(b), (2.8)
3(ky )

where

III. RANDOM-POTENTIAL-SCATTERING THEORY

Yussouff and Zittartz (YZ) have treated the "continu-
ous" scattering of an electron by a smoothly varying ran-
dom potential. ' They employed a memory-function tech-
nique in lowest order, which is valid as long as the poten-
.tial fluctations are smaller than the electron energy. The
energy-dependent momentum relaxation time 7Yz(E) was
found to have the form

rYz «) = 1

29/2 ~ 1/2E3/2& Ale

q Dq e c
Eq /4 —E

dq, (3.1)

where erfc is the complimentary error function,
E~:—fPq /2m„y is 2'~ times the rms potential ener-
gy,

" and D(q) is the Fourier transform of the potential
correlation function

of the bottom of the conduction band, the model will
break down if the fluctuations become too large.

For cases where ( rD/rz ) & 1 we have discussed two
distinct approaches for treating ionized impurity scatter-
ing in the region d » 1, where the single-site model is
formally invalid due to interference effects. The results
obtained are not at all similar because the two approaches
treat different aspects of the problem. In the first, only
short-range potential variations (r & D ) due to the
discrete positions of the ions are considered. If the poten-
tial due to each impurity is cut off at r = D, one finds
that the "individual ion" contribution to the scattering is
quite small in the large-d limit where criterion (2.7) is sa-
tisfied. The second approach considers only the long-
range potential fluctuations (D « r & A,, ) due to ran-
dom inhomogeneities in the impurity concentration. By
treating each fluctuation as a square well we found that to
a first approximation, the momentum relaxation time is
the same as the Brooks-Herring value for scattering by in-
dividual screened Coulomb centers. One should therefore
not expect to observe experimentally the large mobility in-
creases predicted by Eq. (2.4) for the case where criterion
(2.7) holds and only short-range interactions are con-
sidered. In the next section we discuss a detailed theory'
for calculating the scattering by random long-range fluc-
tuations. Since short-range potential variations will be ig-
nored, the calculation is strictly valid only when criterion
(2.7) is satisfied.

NF ucrF h(b)
—1

ND UOBH g(b)
(2 10) W(r —r ') = ( V(r) V(r ') )

Evaluation of h and g shows that ~F '/~BH varies only be-
tween —, for b && 1 and 2 for b » 1. That is, to within

roughly a factor of 2, we predict that the relaxation time
due to scattering by long-range fluctuations is equal to the
usual single-site value one obtains if each of the ions is as-
sumed to scatter independently. This result is easily gen-
eralized to the case of arbitrary compensation. It should
be remembered that since the simple phenomenologica1
calculation has treated the fluctuations as a perturbation

= $ —f d r; V; (r; —r) V, (r; —r').

(3.2)

Here Q is the volume, V;( r ) is the potential due to the ith
impurity, and we have assumed that the impurity posi-
tions are uncorrelated. For a given potential distribution,
y may be found from the relation y~ = 2 W(0).

Yanchev et al. have applied the YZ formulation to
the case of a screened Coulomb form for the impurity po-
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—r/A,
tentials, i.e., V;(r) = —Z;e e '/Kpp
charged impurities (

~
Z;

~

= 1) they obtain

W(r) = 2n.NIe A,,e '/vo
—r/A.

which implies

16 n Nre"
D(q) =

2( 2+ g —2)2

For singly

(3.3)

(3.4)

and

4~Nle A,,
2

Kp
(3.5)

It is useful to compare rvz with the Brooks-Herring result

AH for scattering by individual screened Coulomb poten-
tials in the Born approximation:

rvz(E)

&BH«)

1 f @du
2

erIC
2g p (u + 5) 4

(3.6)

where we define the dimensionless parameters

AA, , 2y
2m, y (3bd)'~

and

12 d
E2 Qy2

(3.7)

(3.&)

1.0

0.95—

0.9—

—1
+YZ

-1
+BH

0.8—

0.75—

0.7—

0.65 I I
' I' i I

0.1 1.0 10

p

FICx. 1. Ratio of the Yussouff and Zittartz inverse relaxation
time to the Brooks-Herring result. Here P:—y /E and
5 = fi A,, /2m, y, where y is the typical magnitude of the po-
tential fluctuations.

[g is defined following Eq. (2.5) and y is defined following
Eq. (2.3)]. Figure 1 shows a plot of rvz/rBH vs p for
5 = 0.001 and 0.1. The ratio is very nearly unity for
small P, i.e., whenever the average fluctuation is small
compared to the electron energy. As P increases, 1 Yz/7BH
falls below unity, reaching values at p = 3 of 0.80 and
0.83 when 5 = 0.001 and 0.1, respectively. Although the
figure shows the ratio eventually increasing for 5 = 0. 1

at sufficiently large P, the lowest-order calculation of
Yussouff and Zittartz is invalid in the large-P regime.

We find that as long as the criterion

3 p=1 4d ( 1
bg2

(3.9)

is satisfied, the two inverse relaxation times are nearly
equal. This is despite the fact that one result (riiH) has
been obtained assuming scattering by individual ions
while the other (Tvz) is based on collective scattering by
long-range potential fluctuations due to random inhomo-
geneities in the impurity concentration. We have verified
the conclusion reached phenomenologically in the previ-
ous section that although the potential fluctuation ap-
proach is more appropriate physically when d && 1, as
long as the fluctuations are small the resulting scattering
is similar for the two ways of treating the problem. On
the other hand, when —,

' p & 1 [criterion (3.9) is violated],
the Brooks-Herring result ceases to be "accurate. "

It is useful to compare this relation with criterion (1.1)
for the validity of the single-site scattering approximation
in the regime where interference effects are negligible [i.e.,
small d, as specified by criterion (1.2)j. It can be shown
using Eq. (3.4) and Fig. 2 of I that whenever b and y are
not too small (rD/r~ ) = 4dlby, i.e., criteria (1.1) and
(3.9) are nearly identical. (For cases of experimental in-
terest such as those discussed in I, this relation usually
holds to better than 30%%uo. ) This apparent equivalence of
criteria resulting from different physical considerations
can be attributed to the fact that both are related to the
breakdown of the free-electron quasiparticle picture.
Criterion (1.1) is violated when the momentum relaxation
time is short compared to the average duration of the col-
lisions, i.e., the states are damped on a time scale short
compared to other relevant times in the transport prob-
lem. Similarly, criterion (3.9) is violated when the mag-
nitude of the potential fluctuations is large compared to
the electron energy, i.e., the distortion of the conduction
band is too large for the states at the bottom of the band
to be considered perturbed free-electron states. In both
cases, the electron wave vector k ceases to be a "good"
quantum number. Before proceeding we further note
that criterion (A9) in the Appendix for the validity of the
linear net ion potential Eq. (2.1) is also nearly identical to
criterion (3.9) whenever d is large. The "linearization" of
the Thomas-Fermi screening charge density breaks down
whenever the electron screening charge induced by the ion
potentials becomes too large to be treated by a linear ex-
pansion. This occurs when the potential energy fluctua-
tions are comparable to the kinetic energy.

It was shown in I that when criterion (1.1) is violated
for semiconductors such as silicon, GaAs, and ZnSe at
low temperatures, theoretical mobilities based on the
partial-wave phase-shift method usually exceed the experi-
mental values, often by a factor of 2 or more. However,
Fig. 1 illustrates that mobilities calculated from the
lowest-order random potential theory' will be even higher
than those obtained using the single-site approach. That
is, the correction is in the wrong direction to explain the
discrepancy between the single-site theory and experiment.
It appears that the YZ theory ignores additional phenome-
n'a which become important in the same region and tend
to decrease the observed mobility. Shklovskii and Efros
have pointed out that for a distorted conduction band
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—eN,
V —Vp

kBT
—~i/z(rI )

(A 1)
where n( r) is the local electron density, n p is the average
electron density, N, is the conduction-band effective den-
sity of states, and Vp is the average potential offset

Vp = —f d r V(r)
1

Q

~ 4m (ND —N~)A, ,e lap. (A2)

The linearization approximation consists of terminating
the expansion'

V —Vp
1/2

B

~ ~i/z(rI)—
V —Vp ~- i/z(ri )

B

1+—
2

2
V —Vp

~-3/z(rj)—
B

(A3)

sa, it seems probable that the same theory would also
work well for intermediate d. This conjecture appears
to be verified experimentally by the comparison of single-
site theoretical mobilities with experimental values for
compensated GaAs and InSb. It was shown in II that
when 4dlby & 1 the agreement is quite good in cases
corresponding to intermediate d for which as many as
35—100 ions are contained within a sphere of radius A,„
i.e., the overlap of the ion potentials is severe.

Let us now consider the shaded region above the abscis-
sa. When 4d /by & 1, both single-site calculations
and the random-potential-scattering theory of Yussouff
and Zittartz' are invalid and yield electron mobilities
which tend to significantly exceed the experimental
values. The first-order YZ calculation breaks down be-
cause the magnitude of the fluctuations becomes large
compared to the electron energy and also because the po-
tential employed in the theory is invalid above the abscis-
sa (see the Appendix). In fact, no present transport theory
is reliable above the abscissa for any d. Although a
rigorous calculation would be extremely difficult due to
the complexity of the problem, some progress may be pos- .

sible if one accounts for the preferential population by
electrons of those spatial locations where the fluctuating
potential is lowest. This leads to a lowering of the Fermi
level as well as inhomogeneities in the conductivity, both
of which are expected to contribute to a decrease in the
net conductivity. The incorporation of these considera-
tioos into a transport theory will be the subject of a future
work.

APPENDIX: VALIDITY CONDITION
FOR LINEARIZATION OF THE THOMAS-FERMI

CHARGE DENSITY IN POISSON'S EQUATION

The Thomas-Fermi charge density induced by a poten-
tial V(r ) at a given spatial location r has the form

p(r) = —e [n(r) —np]

after the linear term in V —Vp. Use of the linearized
charge density in Poisson's equation leads to the solution
represented by Eq. (2.1) for the net screened potential due
to all the ions.

The linearization of Eq. (A3) is valid as long as

( V —Vp) ~-3/z
1.

2 kBT
(A4)

At small d (not much overlap of neighboring ion poten-
tials), Eq. (A4) is equivalent to the requirement that the
potential energy for a given ion evaluated at distances on
the order of the screening length be small compared to the
electron's kinetic energy:

e Ak
&o~s 2me

(A5)

If both sides of the inequality are squared, Eq. (A5) may
be written in the form

4
& 1,

by
2 (A6)

'A

where the dimensionless parameters b and y are defined in
the text. In the opposite limit of severe potential overlap
(d » 1), one is primarily concerned with whether the
fluctuations about Vp are too large. Using Vf = y j2'
for the rms magnitude of the fluctuations [where y is
given by Eq. (3.5)], substitution into Eq. (A4) yields the
condition

1

2 kBT

1/2
27 d ~1/2~ —3/2

2 & 1,
8 by P

27 ~1/2~ —3/2

32 ~—1/2

4d
(A8)

It can be shown that for all g, P ii/W 3/z jP i/z varies
only between unity at g « 0 and —, at g » 0, i.e., (A8)
is nearly equivalent to 4d /by & 1.

It is convenient to combine the small- and large-d re-
sults (A6) and (A7) into the form

4(d + 1)

by
(A9)

At large d, criterion (A9) for the validity of the linearized
Thomas-Fermi approximation is equivalent to (3.9) for
the validity of the YZ theory (both are based on the re-
quirement that the potential fluctuations be small com-
pared to the electron kinetic energy). However, at small
d, criterion (A9) is generally a more severe restriction
than criterion (1.1) for the free-electron quasiparticle pic-
ture, i.e., ( rD jr+ ) = 4d jby & 1. Regions therefore
exist where the single-site picture is valid but the linear-
ized Thomas-Fermi approximation is inadequate.

(Aj)

where we have substituted fi k /2m, ~
', k~ TP i/zlzz i/z

—for the typical kinetic energy. Squar-
ing of both sides of the inequality then leads to the condi-
tion
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