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A comprehensive model for the generation of positive charge and fast interface states in metal-
oxide-semiconductor structures during electron injection is quantitatively analyzed. According to
this model, the injected electrons are accelerated in the SiO, conduction band by the external electric
field. Once they reach the anode-SiO, interface, a significant fraction of them lose their kinetic en-
ergy by exciting surface plasma oscillations. The decay of these collective excitations into hot-
electron-hole pairs results in the injection of holes into the oxide and their trapping at the Si-SiO, in-
terface. The theoretical predictions agree with the experimental dependence of the phenomenon on
anode field, temperature, gate material, and oxide thickness.

I. INTRODUCTION

The degradation of the Si-SiO, interface affects the reli-
ability of metal-oxide-semiconductor (MOS) devices. This
degradation is observed mainly after electron injection
into SiO,,'~® and is marked by the appearance of positive
charge and fast states at the Si-SiO, interface. Consider-
able progress has been made in understanding the micro-
scopic nature of these defects,”!® but the mechanism re-
sponsible for their generation remains poorly understood.

Several mechanisms have been proposed in the past, but
none of them is completely satisfactory. Models based on
the generation of electron-hole pairs in the SiO, via inter-
band impact ionization>'"!? do not account for the posi-
tive charge which appears even when the applied gate
voltage is less than 13 V,!3 which is the threshold for im-
pact ionization. Models based on the release of hydrogen
from water-related electron traps in SiO»,'# and its migra-
tion to the interface, fail to account for the large amount
of positive charge generated in “ultradry” samples, pro-
vided the applied field is sufficiently high.!> Further-
more, hydrogen diffusion®!® cannot account for the high
rate at which positive charge (stable!’ or unstable'®) is
formed, even at temperatures as low as 77 K. Other
models assume direct bond breaking by hot electrons,?® but
they cannot account for the presence of positive charge at
the Si-SiO, interface during injection at positive bias,! be-
cause the electrons are not sufficiently hot at that inter-
face. Other possible mechanisms involving diffusion of
neutral species such as excitons have also been proposed.!®

The purpose of this paper is to propose and evaluate -

quantitatively a model for the generation of the positive
charge at the Si-SiO, interface during electron injection in
MOS structures. This model is based on electron heating
in the conduction band of the SiO, under the applied elec-
tric field. As the hot electrons reach the anode-SiO, inter-
face, a significant fraction of them lose their kinetic ener-
gy by emitting surface plasmons. These are collective
motions of the valence electrons of the anode localized at
the anode-insulator interface. For a typical case of in-
terest, the energy needed to excite a surface plasmon at
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the Al-SiO, interface is 8.5 eV. At oxide fields in the
range of (6—12)x 10°® V/cm, a fraction of 10~3—10~! of
the injected electrons will achieve kinetic energies higher
than this value as they enter the anode.?’ These hot elec-
trons emit surface plasmons with probability as high. as
0.3. Once emitted, the surface plasmons will quickly de-
cay mainly via the excitation of one electron-hole pair.2!
Some of the hot holes so generated (typically a fraction
10~*—1072, the higher fractions being obtained at higher
values of the field in the insulator close to the anode-SiO,
interface) will be injected into the SiO, valence band and
subsequently could be trapped in the stressed region near
the Si-SiO, interface,’ giving rise to the positive charge
observed experimentally. It should be noticed that mecha-
nisms involving hole injection from the anode have been
considered in the past.?%%3

Support for this model comes from the experimental
observation that the electric field at the anode-SiO, inter-
face is the key parameter controlling the rate at which the
positive charge is generated during electron injection.!
Additional experimental work has provided further evi-
dence that hole injection from the anode is likely to take
place during electron injection into Si0,.!* The quantita-
tive analysis presented in this paper is intended to provide
a sound basis for this model and to show its quantitative
consistency with the experimental data.

The paper is organized as follows. In Sec. II we
analyze the interaction between the electrons and the sur-
face plasmons in the simplified case of electrons which
tunnel elastically from the cathode and are transported
across the insulator without energy losses. The rate of
emission of surface plasmons is obtained by using the
effective-mass approximation.

The restriction of elastic transport in the SiO, is
dropped in Sec. III, by introducing the electron-phonon
interaction in the insulator. Then the efficiency for emis-
sion of surface plasmons is obtained by integrating the re-
sult of Sec. II over the energy distribution of the hot elec-
trons at the anode-SiO, interface.

In Sec. IV, a further step of the mechanism is con-
sidered. Ignoring the details of the band structure of the
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anode, each generated plasmon is assumed to decay into
one electron-hole pair, the total energy being equally di-
vided between the two carriers. The probability for a hole
to be injected into the SiO, is evaluated. Finally, the hole
trapping at the Si-SiO, interface is qualitatively evaluated,
and in Sec. V the theoretical results are compared to the
available experimental data.

II. INTERACTION BETWEEN ELECTRONS
AND SURFACE PLASMONS

The mediation of the surface plasmons in the process of
exciting electron-hole pairs near the anode-SiO, interface
is important for two reasons (see Fig. 1). First, the effi-
ciency for generating hot-electron—hole pairs via the
plasmon-mediated process is much higher (as high as 0.1
or more) than the efficiency for the direct process, as ex-
plained below. Second, the holes are generated close to
the Si-SiO, interface and have a high probability of being
injected into the SiO,. The first reason is explained by the
picture suggested by Pines.?! Low-energy electrons hav-
ing energies (measured from the Fermi level of the metal
or the bottom of the Si conduction band) of 15 eV will
lose their energy mainly to single-particle excitations. If,
on the contrary, the electrons have energies higher than
what is needed to excite a collective motion (typically
10—30 eV in the bulk, specifically 8.5 and 9.5 eV at the
Al-SiO, and Si-SiO, interfaces), the larger density of final
states provided by these collective excitations favors them
with respect to the excitation of a high-energy electron-
hole pair. Indeed, all valence electrons take part in a col-
lective motion, while only a few electrons are involved in
intraband or interband transitions of a given energy.
Moreover, the Coulomb screening in the solid has been
shown by Nozieres and Pines?* to favor a single large en-
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FIG. 1. Diagram representing the (first-order) generation of
one electron-hole pair by one electron entering the anode with
energy Wi, (a) represents the direct excitation of a single-
particle state. In (b) this excitation is mediated by a surface
plasmon (SP). Process (b) is more efficient than process (a)
when wi,~fiwsp. If Aw is the energy of the electron-hole pair,
for Aw <<#iosp one has Vi, /Vep~(Aw /fiwsp)* <<1. If
Aw~fiwgp, then Vi, /Vsp~n'/n, << 1, where n, is the electron
density in the valence band and »’ is the density of the electrons
which can take part to the intraband or interband transition. In
the diagram, the vertex V) represents the SP damping and it is
assumed to yield a rate much higher than the SP emission pro-
cess.
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ergy loss to a collective mode over a loss of a lower energy
to a few electron-hole pairs. Instances in which the direct
electron-electron interaction might have an importance
higher than (or comparable to) the plasmon-mediated pro-
cess are given by low-field situations (very few carriers are
sufficiently energetic to excite surface plasma modes), and
when considering anode materials with a very low plasma
frequency at the anode-SiO, interface. Gold is a good ex-
ample of this situation, since its surface plasma energy,
fiwogp, is about 2.5 eV and the plasmon-generated holes
will not be sufficiently energetic to efficiently tunnel into
SiO,. In these cases, neglecting the direct excitation of
single-particle states results in underestimating the quan-
tum efficiency of the process.

In order to evaluate the interaction between the elec-
trons and the surface plasmons, it is convenient to start
by considering a monoenergetic beam of electrons injected
into SiO,, and compute the efficiency for producing a sur-
face plasmon localized at the anode-SiO, interface, in
much the same way as this process is evaluated in metal-
insulator-metal structures.?5~28

The interaction between the electron and the elec-
tromagnetic field associated with the surface plasmon is
given by the Hamiltonian

Hin=e [dr(rypn) y(r) . )

in the electrostatic limit. Here, ¢(r) is the surface-
plasmon electrostatic potential and ¥(r) is the electron
field.

In order to obtain the matrix element corresponding to
the emission of one surface plasmon by one injected elec-
tron, the interaction term given in Eq. (1) must be written
in a second-quantized form. This is obtained by promot-
ing the fields ¢ and v to operators, expressing them in
terms of creation and annihilation operators (that is, their
Fourier components), and extracting the term representing
the annihilation of one electron with the simultaneous
creation of a surface plasmon and a new outgoing elec-
tron.

A. Quantization of the surface-plasmon field ¢

The quantization of the electromagnetic field associated
with the surface plasmon in a MOS structure is, in gen-
eral, a difficult task. Ngai and Economou?® have provid-
ed a general scheme allowing the reduction of this prob-
lem to the simpler case of the quantization of a scalar
field (the electrostatic potential). This is done by consid-
ering only surface plasmons of short wavelength and
neglecting the imaginary part of their dispersion relation,
that is, their damping. The first approximation is certain-
ly justified in the present work, since only surface
plasmons of short wavelength are localized at the anode-
SiO, interface, where the electrons have sufficient kinetic
energy to excite the plasmon modes. The finite lifetime of
the surface plasmons corresponds to a broadening of the
emission line and will be considered in Sec. III. Thus, fol-
lowing the calculation performed in Ref. 25 step-by-step,
and treating the insulator as an ideal dielectric character-
ized by a dielectric constant k,,, one can write (in the no-
tation of Ref. 25)
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where wg is the frequency of the surface plasmon, x is the
coordinate normal to the anode-SiO, interface, R is the
spatial coordinate in the interfacial plane, Q is the
plasmon wave vector, and cq and cq are the surface-
plasmon creation and annihilation operators, respectively.
In the electrostatic (Q>>Qo=w«k'/*/¢) and high-
momentum (Q ~! << oxide thickness) limits considered in
Ref. 25, one has

oerzca,,,,/(l—|—lcox)1/2 R (3)

where k,, is the SiO, high-frequency dielectric constant
[~2.2 (Ref. 29)] and w,, is the bulk plasma frequency of
the anode. In deriving Eq. (3), the Drude expression for
the dielectric constant of the anode has been assumed.
This is a good approximation for Si and Al (definitely not
for Au) in the range of energies of interest. Figure 2 illus-
trates the surface-plasmon dispersion relation for an Al-
SiO,-Si system with oxide thickness d, =200 A under
these approximations. It should be stressed that devia-
tions from ideality of the SiO,-anode interface, such as in-
terface roughness, could further enhance the reduction of
the plasma frequency at the interface®® from the values of
8.5 eV (Al) and 9.45 eV (Si) as computed from Eq. (3). In
the same limit, the function Gy appearing in Eq. (2) is

exp(—Qd,)
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A second branch exists in the surface plasmon-
dispersion relation, as shown in Fig. 2. In the high-Q lim-
it, this branch corresponds to a mode with frequency
ope /(14K,,)'? (where wy, is the bulk plasma frequency
of the cathode) and with energy localized at the cathode-
SiO, interface. At low Q, branch II corresponds to oscil-
lations of small amplitude, while branch I has low energy.
Thus, only the high-Q limit of the “anodic” branch (I or
II) is of interest, as stated above.

B. Quantization of the electron field ¢

The electron field can be quantized in the effective-
mass approximation with parabolic bands with the result-
ing semiclassical external potential illustrated in Fig. 3.
In the following a single- (isotropic) electron mass m will
be considered. This will greatly simplify the notation, and
the introduction of different effective masses will not

Ofexp(—3Qd,,)] if x < —do /2 (cathode) .
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FIG. 2. Dispersion relation for the surface plasmons in a Si-

' Si0,-Al system with an oxide thickness of 200 A. Branch I ex-

tends only down to values of Q such that oscillation damping is
negligible (Ref. 25). For high values of Q, it represents a mode
localized at the Al-SiO, interface. In the same limit, branch II
corresponds to a mode localized at the Si-SiO, interface. In the
low-Q region, wg depends on the oxide thickness, approaching
the value [(wh;+w%)/2]"? for dox—0.

and, to the leading order in exp(—Qd ), the function Ay,
expressing the spatial variation of the plasmon field, is
given by

exp(Qx) if —d,/2<x <d /2 (oxide), (5)
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FIG. 3. Schematic diagram of the effective potential vs dis-
tance for a MOS structure for the case of positive bias applied
to the metal.
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change the final results in a significant way. By using
these approximations, the field can be expanded over two
(unitarily equivalent) convenient single-particle basis
eigenfunctions:

U= 3 [aPX(x)explik; R) +b (O £ (x)explik;R)]
k
= 3 [0 X{(x)expliky'R) + b £ (x)exp(ik'R)] .
k
6)

where X}fl) and X}c"l) are normalized solutions of the

effective-mass one-dimensional equation representing
one-electron tunneling from the cathode and from the
anode, respectively. Their expressions are given in the
Appendix. The £’s are eigenfunctions orthogonal to the
X’s, and a, and by are the corresponding particle
operators. The notation |k),=a{®"|0) and [k),
—a“’ |0) will be used to distinguish the one-electron
states corresponding to the two representations appearing
in Eq. (6). Finally, k; and k, are the components of the
wave vector parallel and normal to the plane of the
cathode-SiO, interface.

C. Surface-plasmon emission rate (monoenergetic electrons)

The interaction term given by Eq. (1) can be rewritten
in terms of the second-quantized fields given by Egs. (2)

|
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and (6). A simplification can be obtained by neglecting
the residual small interaction near the cathode. Further-
more, the electron—surface-plasmon interaction in the ox-
ide, although a priori strong since the electrons are com-
pletely unscreened, is effective only when the electrons
have energy higher than 7w, before entering the anode.
In the range of electric field values of interest here, very
few electrons are expected to have such a high energy in
the oxide. Therefore, the integration in Eq. (1) can be per-
formed only in the anode (i.e., for x >d,,/2). Then, the
term expressing the emission of one surface plasmon by
one electron coming from the cathode is given by

% 172
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the rate of surface-plasmon emission, Rgp, can be ob-
tained by the Fermi golden rule. To leading order in M,
one has

Q’kir>_kir)5w(a)+ﬁmg,w(c) ’ 9)

2 ’
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where n;, and Ng are the Fermi and Bose thermally averaged occupation numbers for the electrons and plasmons,

respectively.

Transforming, now, the sums over momenta to integrals over energies, ignoring tunnehng in the reverse direction (only
large applied bias will be considered), and carrying out the integrations over the 8 functions, one has

RSP 21/2(2 )6ﬁ6 f d¢fQ de dw}lc)f dw

where w, and w) are the transverse and parallel energy
components defined by ﬁzk /2m and ﬁkH/Zm, f is the
cathode Fermi function, ¢ 1s the angle between the ingo-
ing electron wave vector k” and the plasmon wave vector
Q, Vi is the external bias, and A is the area of the device.
The normal components k, -of the electron wave vectors

|M(Q,k{” k() |2

(c))I/ZK
X [N (Fg)+11f wif +w ) 1—f (wif +wi® eV —Hing)] , (10)
[
k) =2mw() 2 /%,
(e)
@ — 2mw\° 2 2mog
1 ) ﬁz %
2Q(2mw(0))1/2 172
—————cos¢ | ,

are functions of the energy, as follows from the integra-
tion over the § functions expressing energy and momen-
tum conservation:

#i

and the anode wave vector K, has been defined as
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The final result of this section, Eq. (10), represents the
rate at which electrons of energy w'® are injected into the
insulator and emit surface plasmons of momentum Q in

the anode, integrated over all allowed initial and final

states.

III. EMISSION OF SURFACE PLASMONS
BY THE HOT ELECTRONS

Equation (10) has been obtained by assuming that the
electron tunneling and transport in the SiO, occur elasti-
cally. The inelastic tunneling channels are the primary in-
terest in studying the conductance of thin-insulator tunnel
junctions, as in Refs. 25—27. In the present work, howev-
er, much thicker MOS structures are of interest. In this

case the electrons travel across tens or hundreds of
]

2
Rgp= —ﬁ_ 2 2 | a
Q,k(a),k(") k'(f),k(f)

— 27 2 | (k'(f)lk(c)> |2
- a c
ﬁ k(o)’k'(f) k(a)’k(\f)’Q

In order to obtain the quantum efficiency for emission
of surface plasmons, the rate at which electrons are inject-
ed elastically into the SiO, conduction band, Ry, and the
density matrix p, will be considered next. The quantum
efficiency 7sp will be obtained in Sec. III C.

A. Rate of elastic tunneling of electrons into SiO,

The elastic tunneling rate Ry can be obtained by con-
sidering the matrix element

(KD K, =(0[a@a's) 0)

which can be evaluated by finding the unitary transforma-
tion connecting the two bases employed in Eq. (6). Multi-
plying the transmission amplitude | ,{(k'®|k®).|? by
the flux of incoming particles,

(#/2im)(XY (c)a X;:():; AL (c) ),

ignoring the effect of the anode Fermi function, and sum-
ming over the density of states, one obtains

2ﬁ3 f dw (C)f dw(c‘)F(w(C))f(wY:)_'_wIC))

(12)

where F(w!®) is an algebraically complicated function
which reduces to the usual expression for Fowler-
Nordheim tunneling®! when employing the WK B approxi-
mation described in the Appendix:

1/2 B
€X —
P T

(c) 372

ed.

waC)

F(w!?)~8
ed.

(13)

it has been assumed that
barrier height) and that

In deriving Eq. (12),
eVg>>ed, (the cathode
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angstroms in the SiO, conduction band before reaching
the anode-insulator interface, undergoing many collisions
with the lattice vibrations. Therefore inelastic tunneling
can be ignored at first order, but we must account for the
fact that the electron-energy distribution in the anodic re-
gion will be significantly different from the monoenerget-
ic situation considered in Sec. II.

To account for- this, Eq. (9) can be modified by intro-
ducing intermediate states | k"), of energy w'/’, weight-
ed by a density matrix p whose elements p(k,k’) represent
the probability that an electron having entered the insula-
tor near the cathode in the state | k), will reach the anod-
ic region in the state |k’),. If the electron transport in
the SiO, occurs in a steady-state regime, the matrix p is
actually independent of the initial state |k),. Then, the
surface-plasmon emission rate can be expressed as

w(")+ﬁmg,w(f’

w4 o 0l (11)

[

eV >>w!®, conditions which are certainly met in the case
of oxide thickness larger than 60 A. Also, a factor 2 has
been introduced to account for the electron spin. E,, is
the electric field in SiO, (~V /d,, neglecting the work-
function difference). The coefficient 8 above is given by
the usual expression,

4 @
3

where the electron effective mass m,, in the SiO, band
gap has been restored.

B ( ¢ )3/2

B. Electron-energy distribution in SiO,

The calculation of the density matrix p is an open prob-
lem. In the past years scattering with longitudinal-optical
(LO) phonons has been considered to be the dominant
mechanism for electron-energy loss in Si0,.32~3% With
this assumption, the theoretical calculation predicted the
existence of a critical field [usually varying from as low as
1.5 MV/cm (Ref. 34) to 10 MV/cm or higher (Refs. 32
and 33)], above which the LO phonons could not prevent
an unlimited acceleration of the carriers and the distribu-
tion would become unstable. At sufficiently high ener-
gies, impact ionization would become effective.3?

Recent experimental results obtained from direct mea-
surements of the energy of the electrons injected into SiO,
at high fields,2%35 and recent Monte Carlo simulations for
electron transport in SiO,,3¢ actually suggest a different
picture. At electron energies of about 3 eV and starting
from 3 to 4 MV/cm, the LO-phonon, uncontrolled runa-
way is limited by scattering with the acoustic phonons.
This occurs much below the threshold for interband im-
pact ionization and it results in the existence of a steady-
state electron distribution at energies higher than that
predicted by the LO-phonon-based calculation. These re-
cent results, both experimental and theoretical, provide



2104

good estimates of the average electron energy. However,
additional problems arise when an accurate determination
of the high-energy tail of the electron-energy distribution
is needed. Referring to the work by Theis et al.,?° Di-
Maria et al., and Fischetti3® for a discussion of this is-
sue, in the present context one is left with the problem of
evaluating p(w'”) in the high-energy region. Since accu-
rate data in the high-energy tail are not yet available,
scattering with the LO phonons only will be considered
here, although it should be stressed again that this pro-
cedure is employed only because of our lack of knowledge
of the electron transport in amorphous SiO,, when the
electron energy is.higher than the width of the SiO, con-
duction band. The nonparabolicity of the bands, the “col-
lision broadening” due to-the uncertainty of the electron
energy between successive collisions (as required by the
uncertainty principle at high collision rates), and the
breakdown of the semiclassical approach as the electron
mean free path becomes comparable to the interatomic
|

p(w(”,w(f))szo(w‘(lf))

~ | PoexD | fﬁm dw, o(, )

po for @ <o .

—poexpl — (@
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distance are all effects which, at present, prevent our gain-
ing an accurate knowledge of the high-energy tail of the
electron distribution.

When solving the Boltzmann equation, attention must
be paid to the large-angle ( > 7/2) scattering with the LO
phonons. As pointed out by Dumke in a different situa-
tion,?” this scattering event is needed to prevent the elec-
tron distribution from running away at low fields. Thus a
steady-state distribution can be obtained up to fields of 7.5
MV/cm (Ref. 32). For fields above this threshold an en-
ergy cutoff will be introduced. The only justification for
doing so lies in the fact that the final results will be al-
most unaffected by the choice of this cutoff in the range
30—60 eV for fields up to 11 MV/cm. An approximated
steady-state solution of the Boltzmann equation has been
given by Dumke®’ by considering only electrons with a
large component of longitudinal momentum k;. With
this approximation and considering a parabolic conduc-
tion band in SiO,, one has

] for w1 >ﬁ(0Lo,
(14)

Here the energies i, are measured from the bottom of the SiO, conduction band at the anode, and the function o(i7, ),

neglecting small terms of order 1/i0,, is given by

1 eAsE o T, 1 eAsE o0, 2 2In2)+ersE,, |7
ol )= - . + —~ - + -
ﬁwLO (ﬁ&)Lo) 111(4151 /ﬁCOLo) ﬁwLO (ﬁO)LQ) 111(41'0_1 /ﬁwLo) (ﬁ(l)Lo) 111(41171_ /ﬁa)Lo
| (15)
Using the Frohlich Hamiltonian, the scattering length per unit energy, A, is given by?—%*
4irfie -1
=g | L L (16)
e‘mywio | Keo Ko

To give some feeling of the mean free paths involved in these 1nteract10ns, by assuming a value of m i, ~1.3m for the

polaron-corrected electron mass in SiO,,3®

As 18.5
ln(4wl/ﬁa)Lo) 111(4101/%1010)

As/In(2)=~27 A/ev (large-angle scattering) .

setting #iwy 0=0.153 eV and «,

'— kg '~0.143 (Ref. 33), one has

Asev (small-angle scattering) ,

The low-energy LO phonons (0.063 €V) can be included trivially in this picture. The corresponding parameter A, is
about 108 A/eV. The effects of the lattice temperature can be included by modifying the scattering parameter A,:

fiwro

A(T)=
(D) 2kgT

=A tanh

1+ 2Nph

(17)

where the thermally averaged phonon number N, ph 18 given by [exp(#iwyo/kpT)— 1]~ ! in the absence of dispersion.

C. Quantum efficiency for surface-plasmon emission

The quantum efficiency for surface-plasmon emission, 7sp, can be now computed by simply taking the ratio Rgp /Ry
from Egs. (11) and (12). In the following, the zero-temperature expression for the Fermi functions is considered. Then,
evaluating the sums in Eq. (11) with the same procedure employed in Sec. II [Eq. (9)], the quantum efficiency 7gp be-
comes
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where the integration over the energy w'/ is extended above the bottom of the SiO, conduction band at the anode, the
matrix elements 7(Q,k,k’) are now taken between the anodic wave functions X Z"l), as shown in Eq. (11), and the wave

vector k'® can be expressed in terms of the intégration variable w'/’, as was done in Eq. (10).

Inserting, now, the density matrix for the intermediate states given by Eq. (14) into Eq. (18), one finally obtains the
quantum efficiency for emission of surface plasmons. In order to perform the integration in Eq. (18), the following ap-
proximations are used: (1) wﬁf )is neglected (i.e., it is assumed that w'” >>wf|f ), the electron wave vectors being mostly in
the forward direction), consistently with the derivation of Eq. (13), so that the integral over ¢ is trivial. (2) The disper-
sion relation of the surface-plasmon energy is ignored and, accordingly, (3) the limit Qd,,— « is considered, as dis-
cussed in Sec. II A. Then, with the notation given in the Appendix,

1 1
1+Kox |g(a)(k(lf)) | I/Z‘g(a)(k(la)) [ 1/2

1@k ki) —
P e e e e O | P 1 LT s

with K f=[2m(w(f ' +eVg)1'2/%. (4) The WKB approximation for the coefficients u with large external bias
[eVg >>ed, >w'® —E,,(0)] is employed. (5) The limit Q2 << (K K, 2 ~K fz is considered, since even in the electro-
static limit the electron wave vector is larger than the wave vector of the surface plasmons. (6) Finally, the surface-
plasmon occupation number N (%iwg) is neglected, since the high value of #iwg /kp T causes a negligible number of sur-
face plasmons to be present at thermal equilibrium, and the strong plasmon damping largely inhibits the possibility of
stimulated emission. Then, one obtains for the efficiency nsp for the generation of one surface plasmon per injected elec-
tron,

‘/i e2m 1/2(e¢a )I/ZCK)SP

~LE ®E,). 19
D T T R Y 19

The function ®(E,,), modified to include a Lorentzian plasmon line shape (i.e., the finite plasmon lifetime, so far
neglected), and accounting for the zero-temperature Fermi function in the anode, is

fﬁ:L0+e¢adwi(eXp{w[ —2(w; —ed,)IL(w )} /(w) —ed,)w,)
foro+ fﬁwLO+e¢adwl exp[ —=(w, —ed,)]

D(Ey)= (20)

f

The integrated line-shape factor is assumed to be of the  over the electron distribution, does not exceed 10~ ! in the
form range of fields we are concerned with. Also, the surface’
plasma oscillations are strongly damped both in Al and Si

w) —fiwsp @1 (in 10~%—10~1 sec). This implies that the average num-
r ber of surface plasmons in a stfgldy-slt7ate regime wi121 be

. . ) negligible as long as less than 10°°—10"" electrons/cm~ sec
Here, fiosp is the surface-plasmon energy in the high-Q  (1ii'pe injected g(i.e., 1073-10~2 A/cm?. Therefore the
limit, I'=Im(#iosp)/2 is the plasmon linewidth (=2 eV products of the decay of the plasma modes are generated

fo‘: Si, 04 eV ,fo,r AD, and ¢, is the anode-SiO, bart:ier at the same rate at which the plasmons themselves are ex-
height. In deriving Egs. (19) and (20), the narrow-line . .4

limit (I" << #iwgp) has been considered. To give an idea of

1 1.
—— _t
L(wl)—-z—f— an

.the strength qf the electron—surface-plas.mon interactionf A. Hole tunneling probability

it can be noticed that an electron entering the Al or Si

anode with “resonant” energy #wgsp has a probability of The decay of the surface plasmons will be assumed to
about 0.3 of exciting a surface plasma oscillation. occur mainly via excitation of electron-hole pairs, thus

neglecting possible competitive channels.?® This process
can be viewed as the “time reversal” of the emission pro-
) cess. However, it occurs at a much higher rate. As point-

The overall efficiency for emission of real (w; > fiwsp) ed out by Ngai and Economou,? a surface plasma oscilla-
or virtual (w, <#wsp) surface plasmons, after averaging tion has very high components of momentum perpendicu-

IV. HOLE INJECTION FROM THE ANODE
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lar to the interface, because of its exponential decay along
that direction. This induces a strong coupling between
the surface-plasmon field and the single-particle excita-
tions in the anode, which results in strong damping. The
detailed transitions involved in the plasmon decay are
determined by the band structure and the oscillator
strength of interband and intraband transitions in the
anode. In order to compute the rate at which the generat-
ed holes will be injected into the SiO,, the crude approxi-
mation will be made that the plasmon energy is equally
divided between the electrons and the holes.® If
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w™ has transverse momentum k¥ =02mw?)\2/#
pomtmg toward the anode-insulator interface, and
7 (w{®)=1 is the rate at which such a hole tunnels into

the SiO,, the rate 7(w®)~! at which holes of total energy
h

w'™ enter the oxide is given by
1 w® o Sw®w?)
7] =f dw, ()
m(w'™) 0 T (wi")

Assuming an isotropic distribution of holes and em-
ploying the WKB approximation for 7, (w'")~!, one ob-
tains

S(w'™,w'") is the probability that a hole of total energy
|

wh

(h) f dw(lh)exp 2,)—/)(e¢fzh)__wih))l/2wih)

(w “") D)

(h) 172
w
—1 ,
1

where 7= f dx {2my[edP(x)— ”')]}l/z/ﬁ x, is the tunneling distance [e¢*(x,)=w "], and e¢P(x) is the po-

tential barrier for holes. If the holes are generated with energy larger than the barrier e¢(h) , it will be assumed that 7 =0.
The hole mass m,, appearmg in 7 is assumed to be 0.5m, i.e., the electron effective mass in the band gap of the SiO,.

The tunneling rate given above must be compared w1th the rate at which hot holes lose their energy via electron-
electron and electron-phonon interactions. This rate, 7; ! depends strongly on the band structure of the anode and the
energy of the holes. If no strong interband transitions occur with threshold energies lower than the hole energy, only the
electron-phonon interaction has to be considered. This is the case for Si, since the surface-plasmon-generated holes will
have energy lower than the threshold for impact ionization [~5 eV (Ref. 40)]. It will be assumed that the hole lifetime is
controlled by the electron-phonon interaction also in Al, because of the strength of this mechanism and the fact that only
one interband (vertical) transition occurs at 1.5 eV (Ref. 41). Then, the probablhty that a hole of energy w® will tunnel
into the SiO, before suffering one scattering event is [1+1’(w‘ ))/'re.ph] » 1/7..pn being the electron-phonon scattering
rate.

B. Quantum efficiency for hole injection

Assuming again that the plasmon emission is the rate-limiting step of the entire process, the overall quantum efficien-
CY Mhole for one injected electron to produce the tunneling of one hole into the SiO, can be obtained by coupling the re-
sults of this discussion to Eq. (19):

V3 e'm1ed,) osy

"7hole(on)z 3 reo(1+Koy) » (22)
with
w —2(w; —ed,) | r¥ide r w®) |7
W(E,,)= d — —
( ) J‘ﬁ"’LO"}'e‘#a wiexp wl(wl _e¢a ) f() m (ﬁwsp— €)2+ r2 Te-ph

X [ﬁwLo+ S seg, 40 €x0l — Z(w —e )] ]" (23)

holes, giving rise to positive charge and fast states.>*?

Usually, during an electron-injection experiment, the areal
concentration Nt of positive charge is observed to in-
crease with the electron fluence f according to a first-
order kinetics of the form!41!3

NYf)=N}t[1—explotf)].

The generation rate is given by the generation cross sec-
tion o*, which, in the present approach, is given by

The second integral in Eq. (23) represents the sum over all
possible processes involving the emission of an intermedi-
ate surface plasmon (real and virtual) of energy ¢, and the
hole energy w'™ is £/2 (A1) or (e—Eg,,)/2 (Si).

C. Generation of positive charge
P ATee (24)

The overall efficiency for the generation of positive
charge can be obtained by introducing an empirical mac-
roscopic capture cross section o, for the hole trapping at
the Si-SiO, interface. It is believed that stressed Si—O
and Si—Si bonds in the interfacial region can capture

ot =17hole(on )Uh . (25)



The saturated density N} (i.e., the maximum number of
interface defects which can be generated) is strongly
dependent on the structure of the oxide and on its
preparation conditions, but it should be independent of
the surface-plasmon emission mechanism. Therefore, this
issue is outside the scope of the present work.

Table I lists the values of the parameters entering Egs.
(22) and (25) which have been employed to evaluate nu-
merically 70 and ot. Before comparing these estimates
with the experimental data, it should be stressed that er-
rors might affect these theoretical predictions in many
respects, as is obvious from the long sequence of processes
which have been considered. First, it has been already no-
ticed that the nature of the electron transport in SiO, is a
source of major concern. Second, some uncertainty is
present in the numerical values listed in Table I. Possible
errors could arise in choosing the value of the hole tunnel-
ing barrier (possibly lowered by quantum image-force ef-

fects), the anode surface plasma lifetime and frequency

(possibly lowered by the polycrystalline nature of the ma-
terial, particularly with poly-Si gates), and the hole life-
time in the anode, which might be affected by the
electron-electron interaction. Finally, the approximations
employed to obtain Eq. (22) are probably satisfied for
electric fields between 5 and 10—12 MV/cm: At low
fields, particularly in thin oxides, the condition
eVg>>w' is not satisfied, and the direct process of Fig.

31 MODEL FOR THE GENERATION OF POSITIVE CHARGE . . .

2107

1(a) may be significant. More important, the procedure
employed to obtain the electron distribution given by Eq.
(14) underestimates the fraction of electrons able to emit
surface plasmons at low fields, as can be seen from experi-
mental data of Ref. 35. At very high fields (i.e., above
1.2 107 V/cm), the electrons may reach the anode with
an energy much lar%er than the surface-plasmon energy,
and the condition w{” —E_,(0) <<ed, [employed to sim-
plify the integration leading to Eq. (19)] may not be satis-
fied.

V. COMPARISON WITH EXPERIMENTS

The most direct experimental support to the model
presented here could come from the detection of both the
excitation of surface plasma modes at the SiO,-anode in-
terface and of a hole current in the oxide during electron
injection. Attempts to detect the surface plasma modes
can rely only on indirect observations, such as electron-
energy loss or the radiative decay of the plasma modes.>’
Measurements of this kind have been performed in the
past and actually show that the emission of surface
plasmons is a strong energy-loss mechanism, particularly
in thin metal films.3>*3

A. Hole current in SiO,

As far as the existence of a hole current during electron
injection is concerned, it has been already observed that,

TABLE 1. Parameters employed in the numerical computation.

Parameter Symbol Numerical value
Electron effective mass in Moy 0.5mgec?
the SiO, band gap
Electron effective mass in m¥ 1.3M gree?
the SiO, conduction band
(polaron corrected)
Surface-plasmon energy (eV) fiwsp 9.46 (Si)°
8.51 (Al°
Surface-plasmon full linewidth (eV) 2r - 4.1 (Si)¢
0.8 (AD°
Electron barrier height (eV) eda.c 3.2 (Sif
3.15 (Alf
Hole barrier height (eV) ed” 4.7 (Si)®
5.85 (AD#
Hole lifetime (e-e or e-ph Ty =Teph 4.5% 10~ (St

collision time) (sec)

7.5 10~ (A1)

?Z. A. Weinberg, J. Appl. Phys. 53, 5052 (1981).
YR. C. Hughes, Phys. Rev. Lett. 30, 1333 (1973).
°D. Pines, Rev. Mod. Phys. 28, 184 (1956).

9H. R. Philipp and H. Ehrenreich, Phys. Rev. 129, 1550 (1963).

°H. Ehrenreich, H. R. Philipp, and B. Segall, Phys. Rev. 132, 1918 (1963).
fS. M. Sze, Physics of Semiconductor Devices (Wiley, New York, 1981).
8From the electron barriers and assuming the band gap of SiO, to be 9 V.

"From the hole mobility (f).

iFrom dc conductivity (¢) and assuming a temperature dependence T~ for T < Tpebye~430 K.
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during positive-bias electron injection in n-channel field-
effect transistors (FET’s), the gate current is due to two
distinct components: the usual tunneling electron current
(observed as channel current) and an additional current,
observed as substrate current, whose origin is uncer-
tain.**> Recent investigations by Weinberg and Fischet-
ti'® could not prove unquestionably that this substrate
current is due to holes transported in the insulator.
Nevertheless, they seem to rule out the possibility that this
current is due to electrons tunneling from the silicon
valence band, because of the very high ratio observed be-
tween the substrate and the channel currents. This ratio,
typically ranging from 10~3 at 9 MV/cm to 1072 at 12
MV/cm (although in some samples even higher values
were observed), has the field dependence and order of
magnitude predicted by the present model for the hole
current in SiO,. This can be seen in Fig. 4, where the
quantum efficiency npoe(Eox ), calculated from Eq. (22), is
plotted against the experimental values of the ratio
I /I an measured by Eitan and Kolodny* and Wein-
berg and Fischetti.!® Considering that the theoretical
curve is calculated without any adjustable parameters, and
noticing the scatter of the experimental data, the agree-
ment appears to be satisfactory. However, it should be
stressed again that no conclusive proof has been given that
the substrate current is (totally or partially) due to holes
coming from the oxide.

B. Generation rate of the positive charge

A more interesting and unambiguous result can be ob-
tained by calculating the generation cross section ot of
the positive charge, as given by Eq. (25), and comparing it
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FIG. 4. Quantum efficiency for hole injection from the anode
during a high-field electron injection calculated from Eq. (22) of
the text (solid line). The experimental points represent the ratio
Ty /1 han measured during high-field injection at positive gate
bias in n-channel MOSFET’s measured by Eitan and Kolodny
(Ref. 44) on samples with 85- and 365-A-thick SiO,, and by
Weinberg and Fischetti (Ref. 18) on samples with 245- and 670-
A-thick insulators.
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with the available experimental data. In this comparison
the anode field must be used, since both the electron-
energy distribution at the anode as well as the rate of hole
injection are controlled by this field. Some uncertainty
exists in the choice of the value for the hole capture cross
section o,. Values within 1 order of magnitude (from
10~'* to 1013 cm? have been reported in the literature.
It is also known that o, depends on device-processing
variables.** Figure 5(a) shows the results obtained by
evaluating Eq. (25), having chosen o, =6X10~!* cm? in
order to fit the room-temperature data for the case of in-
jection from Si into SiO, with Al as the anode.!> This
particular value of o, is in agreement with the experimen-
tal value reported by Tzou et al.*? (ignoring the field
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T=295K (a)
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FIG. 5. Generation cross section for the interfacial positive
charge calculated from Eq. (25) of the text with o), =6x 1074
cm? The structure is a Si-SiO; capacitor. In (a) the theoretical
calculation and experimental data are compared for the case of
injection to Al (solid line and circles) and Si (dashed line and
squares) at 295 K. In (b) the comparison is done for the case of
injection to Al at 295 K (solid line and circles) and 77 K (dashed
line and triangles).



dependence observed at low fields). It can be seen that,
except for the expected disagreement at low electric fields,
Eq. (25) provides the correct behavior for the rate of gen-
eration of the interfacial positive charge in Al-SiO,-Si
structures under injection at either polarity. Aluminum
appears to be less efficient than silicon because of both a
shorter hole lifetime and a higher barrier for holes. In
Fig. 5(b) the temperature dependence is shown. The
theory predicts a higher efficiency at 77 K than at 295 K
because of the longer electron mean free path in SiO, (sig-
nificant for the 0.063-eV LO-phonon scattering) and,
again, because of the longer hole lifetime in the anode. As
shown in Fig. 5(b), the temperature dependence observed
experimentally in stronger than the theoretical calcula-
tion. Again, the assumptions made to obtain Eq. (15) may
be responsible for this disagreement. The effect of the
temperature is much stronger when the effect of the
acoustic phonons (having energies not larger than 30
meV) is included in the theoretical evaluation of the elec-
tron transport in SiO,.

C. Threshold in gate voltage for the generation
of positive charge

Apart from these encouraging agreements, two addi-
tional experimental observations confirm the existence of
two of the steps involved in the long sequence of processes
considered here.!> Figure 6 shows the generation efficien-
cy of the positive charge as a function of the total voltage
applied to the insulator V. To avoid complications due
to the field dependence of o*, the generation efficiency
measured on a sample of a given thickness has been nor-
malized to the efficiency measured on a much thicker

o T 1 T T
[ o
> .
(&}
Z
]
s 0l —
w
[T
w
3 02 e 9.6MV/cm _
-
= 10.4MV/cm
w o /
E 10-3}— 11.4MV/em -
g bl
] ~———THEORY 9.6 MV/cm
2 1074 . I -
H [{~——THEORY 11.4 MV/cm
o
z 10°5 }—
| NEGATIVE BIAS
STEADY STATE DISTRIBUTION
N T | l |
5 10 15 20 25 30
Vox (V)

FIG. 6. Generation efficiency of the positive charge (normal-
ized to its value for large oxide thickness) as a function of V,,
for samples of various oxide thicknesses (69, 99, 169, and 484 A)
during high-field electron injection in Si-SiO,-Al structures.
The cutoff at the Si-SiO, surface plasma energy is clearly visible
in both the theoretical curves (calculated at two fields) and the
experimental data (from Ref. 13).
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sample at the same field. This procedure emphasizes the
dependence on V,, itself. A threshold for the generation
of the positive charge can be seen to occur around 7—8 V,
as V, is reduced by reducing the oxide thickness while
keeping the field constant. Such a threshold is just what
one would expect from the data listed in Table I for sil-
icon: As the maximum energy the electrons gain drops
below the energy required to generate a surface plasmon
at the Si-SiOj interface, no more positive charge is ob-
served. For a surface plasma energy of 9.5 eV with a
half-width of 2 eV, such a threshold should be expected at
7.5 eV. The theoretical curves shown in Fig. 6 are ob-
tained from Eq. (22) by assuming a steady-state energy
distribution for the electrons arriving at the anode, but
truncated at energy eV, —ed.+ed, at two different ox-
ide fields. This procedure amounts to assuming that the
electron distribution has already reached steady state, even
in the thinner samples. This is certainly true for
thicknesses larger than 70 A.35%

D. Effect of gate metal on the generation of positive charge

Figure 7 shows the generation of positive charge during
electron avalanche injection in MOS capacitors with dif-
ferent metal gates.'> As the barrier for holes e¢(” is in-
creased (from Au to Al), the amount of charge which is
formed decreases, and eventually no charge is detected for
e¢f,’”26.3 eV, as in Mg-gate samples. Quantitative esti-
mates of the generation cross section o for Mg indeed
show an unmeasurably small rate (#wgp~6.5 €V at the
Mg-SiO, interface.?!). Calculations for Au are complicat-
ed by strong d-band effects in both the surface plasma
dispersion relation (#iwgp~2.5 eV with about 0.1 eV of
linewidth*%) as well as in the hole lifetime. Furthermore,
non-plasmon-mediated processes are undoubtedly impor-
tant, as remarked previously. Nevertheless, the strong
dependence of the phenomenon on the hole barrier at the
anode-SiO, interface indicates that hole injection from the
anode takes place.
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FIG. 7. The “turn-around” effect (proportional to the inter-
facial positive charge) observed during electron avalanche injec-
tion in samples having gate metals with different hole barriers at
the anode-SiO, interface. Mg, having the highest barrier, shows
no sign of positive charge. Au, having the lowest barrier, shows
the largest effect.
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VI. SUMMARY AND CONCLUSIONS

A model has been presented to explain the generation of
positive charge at the Si-SiO, interface during high-field
electron injection in MOS structures. According to this
model, the injected electrons gain energy during their
transport in the insulator. A significant fraction of the
accelerated electrons lose energy at the anode-SiO, inter-
face by emitting surface plasmons. Once excited, the sur-
face plasmons decay quickly into electron-hole pairs. A
small fraction of these holes can be injected into the SiO,
(as previously suggested by Weinberg et al.?*> and
Grunthaner et al.?®) and can be trapped at the stressed
Si-SiO, interface.” Finally, slow and fast interface states
can be produced after the recombination of the trapped
holes with the electrons flowing in the oxide, as proposed
previously by Lai.*?

The generation rate of the positive charge has been cal-
culated and it has been found to be reasonably consistent
with the available experimental data. Moreover, the
dependence of the process of positive-charge generation
on the oxide thickness (below 100 A), on the field at the
anode-SiO, interface, on the metal gate, and on tempera-
ture, as well as the existence of a substrate current during
positive-bias electron injection in n-channel FET struc-
tures, are well explained by the model.

It should be noted that two major issues are insuffi-
ciently treated in the present work. First, the high-energy
tail of the electron distribution in SiO, has been treated by
considering only scattering with LO phonons, in the ab-
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sence of better knowledge of the band structure of amor-
phous SiO,. Second, a phenomenological approach has
been taken in considering the mechanism of hole trapping
at the Si-SiO, interface. This process is largely influenced
by the structure of the interface, and varies with different
oxidation and annealing processes. These processing ef-
fects are clearly neglected in the present “electronic” ap-
proach, but they can play a significant role in real devices.
MOS structures with a polycrystalline-silicon gate prob-
ably constitute a good example of this point, since the
higher temperatures obtained during the gate deposition
and doping are known to cause a significant modification
of the underlying SiO, layer.

As a final observation, we note that the generation of
positive charge and destructive breakdown in SiO, have
been often associated in the past.!! For this reason, the
model presented here could represent a good starting point
for understanding the mechanisms leading to dielectric
breakdown in silicon dioxide.
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APPENDIX: EXPRESSIONS FOR THE SINGLE-PARTICLE ELECTRON WAVE FUNCTIONS X (") AND X sfl)

In the effective-mass approximation the electron wave functions are expanded in terms of Wannier functions whose

envelope ¥(r,t) obeys approximately the equation

ﬁz a2 #
(i) ax2 - 2m(l)

V2 4 eV () 1//(x,R,t)=iﬁ%1/1(x,R,t),

(A1)

where R is the coordlnate in the ?lane of the electrode-SiO, interfaces and x is the coordinate along the perpendicular

direction. The masses m 1 ) and m,

are the components of the effective-mass tensor along these directions in the ith ma-

terial (anode, insulator, cathode). As stated in the text, a unique (isotropic) electron effective mass m will be considered.

The effective potential Vg(x) has the form

EC’,_-(O):EF’C
eVetr(x) =eVex(x)+ 1 E 5i0,(0) in the oxide ,

E,,(0)=Efr,—¢. in the anode .

—§&, in the cathode ,

It has been assumed that the minima of the cathode and anode conduction bands E,..(0) and E,,(0) occur at k=0.
Ef. and Eg, ({. and §,) are the Fermi levels of the electrodes measured from zero energy (from the cathode and anode
conduction-band minima) and V., is the external potential applied. The zero of the energy will be taken at E, .(0).

If a bias Vg is applied to the electrodes, calling ed, and e¢,. the anode-SiO, and cathode-SiO, barrier heights, and as-
suming §,,5. <<eV (thus ignoring the band structure of the electrodes), one can write

0 (x<—dw/2),

e ex
2 (¢c +¢a _‘VG)_ dox
—eVg (x>d/2).

(_dox/ZSx Sdox/z) ’

eVeff(x)= (VG +¢c_¢a)

Looking for solutions of the form
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P(r,0) =X, (x)exp[i (R-ky—wit /A)] ,

the functions X can be shown to obey the equation

a2 |
zx"z““‘"ﬁ%[eyeff(X)—wJ_] Xk, (x)=0, (A2

where w, =wy —ﬁzkﬁ /2m =#?k? /2m. The continuity of the solution with its derivative at the interfaces renders (A2) a
self-adjoint Sturm-Liouville problem, for which one (for —eVg <w, <0) or two (for w, > 0) independent solutions can
be found in terms of the Bessel functions J1,,3 or I1;,3. For w,; > 0 the first solution corresponds to one electron prop-
agating from the anode and being partially transmitted and reflected:

exp(iM.x) (x < —dy/2),
XX =NDX s e )y 21 3392 48 )y 2Ty 5(5937) (—dox /2<% <dox/2)
pi® Kk Jexp(iMyx)+ui® (k) Jexp( —iMyx) (x >do/2) .

Considering only the conduction band of the cathode, for — eV <w,; <O this is the only physically acceptable solution,
representing an electron tunneling from the anode and exponentially decaying in the cathode. The second solution is
nonvanishing only if w, >0, and represents a symmetrical situation in which one electron tunnels from the cathode:

exp(iM x)+p(k Jexp( —iM,) (x < —do/2),
X(C)(x)_N(c)X ”‘(C)(kl )y1/2J1/3(%y3/2>+”(0)(k )yl/ZJ—1/3(%y3/2)( _dox/z <x Sdox/z) ,
ik exp(iM,x) (x >doy/2) ,

where M, =k, M,=[2m(w, +eV5))/2/#, E,, is the oxide field ( Vg +¢, —d,)/d o, and the variable y is defined as
(2emon)1/3 (2m)'/3 e
= —_—— —V,
y(x) ﬁ2/3 X (eonﬁ)2/3 w), 2 (¢c +¢a G)

It must be understood that if y <0, then
Ja(%y:‘/z):iala( __% |y l 3/2) .

The factors p are obtained from the continuity of X and its derivative at the interfaces, while the factors N are normali-
zation factors which must satisfy the condition

ST axxi@oxg o= [ 7 dexieoxs (o =8k, —ki)

allowed by the orthogonality guaranteed by the self-adjointness of Eq. (A2). However, notice that the system {Xj, &, (") }

is not orthonormal, since X (“) and X ;c. are not orthogonal if k¥, =k|. The functions £ must be introduced to orthogonal-
1

ize these basis functions also in each k; eigenspace in order to diagonalize the free-electron Hamiltonian.
In the text the WKB approximation has been extensively employed to minimize the amount of numerical work re-
quired by the exact solutions given above. Within this approximation, the wave functions can be written as follows:

exp(iM,.x) (x <—d/2),

wP(k,)
( )1/2

pi®(k | exp(iM,x) +pi® (k) Jexpl —iM,x) (x >doy/2) ,

X‘k“l’(x)zg(“)(kl)—l/zx exp [fjd /zdx’K(xf) (—dx/2<x<dx/2),

for the anodic solution, and

exp(iM,x)+u (k| Jexp(—iM, x) (x < —dox/2) ,

phky)
Klx )1/2

ik exp(iM,x) (x >dox/2) ,

Xk"‘l)(x)zgm(kl)_‘/zx exp [—fjd /zdx’x(x') (—dox/2<x<dyy/2),

for the solution representing an electron tunneling from the cathode. In the above expresswn, k(x) (real or imaginary) is
defined as k(x)={2m [eV g(x)—w, ]}'/>/#. Defining ks =k(+d,,/2) and y = f a, /zdx k(x), where x, is the tunneling
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distance [i.e., eVeg(x,)=w) ), the coefficients u are given by
exply —i (M, +M.,)d/2)iM,

(a)
(k)=
T Ar k_)'?
@)= exply +i(M, +M,)d, /2]iM,

S 4k k_)"?
exp( —iM,d , /2)iM,

p ke, )= —2 2;,,2 (1—ik_/M,),

+

and, for w, >0, by
diexp[—y —i (M, +M,)d o /2)(k i _)/?
M (1+ik, /M,)(1+ik_/M,)
2exp(—iM,d,, /2)k"/?
1+ik_/M, ’

pi k) )=

)

M(sd(kl )=

p (k) =exp(—iM,d o )(1 —ik_ /M,)(1+ik_/M,)"" .

In the limit ¥ >> 1, the normalization factors are
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(1—ky /M,)(1—ik_/M,),

(1—ik_/M)(1+ix, /M,),

&'k ) mmr [ ke Pk O+ Pk Oy ¥, g Ok ) [ 1+ ik, )]

In this limit, £*—X'“ and £©—X'?, so that the two bases chosen in the expansions given by Eq. (6) of the text coin-
cide. This is the usual approximation done within the “effective tunneling Hamiltonian” formalism.2
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