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We present an investigation of the structural and electron'ic properties of the sodium clusters Na„
and Na„+ with n (8 and n = 13, based on self-consistent pseudopotential local-spin-density calcula-
tions. In order to obtain the equilibrium geometries without imposing any symmetry constraint, we
start from randomly generated cluster geometries and let them relax under the action of the forces
on the atoms, which are derived from the Hellmann-Feynman theory. We find that the clusters
with up to five atoms have planar equilibrium geometries, the six-atom cluster is quasiplanar, and
real three-dimensional structures only begin to occur when the number of atoms is greater than or
equal to seven. We compare our results with recently obtained experimental data and find good
agreement with the measured photoionization appearance potentials and the electron-spin-resonance
spectra. Metallic bonding is the dominant feature of our calculated electronic structures and we
show that the equilibrium geometries can be explained with a simple model having the delocalized
nature of the metallic electrons and the Jahn-Teller effect as basic ingredients.

I. INTRODUCTION

The geometrical structure of metal aggregates or clus-
ters is certainly, in many cases, different from the bulk
metal structure. It has, for example, been shown' that Ag
and Au clusters with diameters between 20 and 100 A are
not single crystals, but are composed of tetrahedral units
separated by twin planes and have a fivefold symmetry
axis. The structure of very small metal clusters or micro-
clusters is also expected to be different from the highly

symmetrical bulk structures, and it is not correct to build
the microclusters from bulk unit cells, as has been very
often assumed in model calculations.

A good knowledge of the geometry of small clusters is
important in order to understand in detail the evolution of
different properties as the size of the clusters grows and
thus to bridge the gap between the atomic and bulk prop-
erties of rnatter. Furthermore, some important applica-
tions of metal aggregates, such as catalytic reactions and
latent image formation in the photographic process, cer-
tainly depend not only on their size but also on their
geometrical and electronic structure.

The experimental information available on the geome-
trical structure of metallic clusters of the order of ten
atoms is indirect, and in most cases not even the sym-
metries are known. Any calculation of the physical prop-
erties of microclusters must either assume a reasonable
geometrical structure or try to predict the geometry from
the minimization of the calculated total energy. In the
case of dimers, where only the interatomic distance has to
be adjusted, the optimization of the geometry is not a
main problem, but in the case of trimers the calculation of
the whole Born-Oppenheimer surface already requires a
very large number of single geometry calculations. ' For
larger clusters with n atoms, where the geometry is

described by 3n —6 parameters, it is impossible to calcu-
late the whole Born-Oppenheimer surface and it becomes
difficult to find the true energy minimum. In most cases
the energy minimization is carried out only with respect
to a couple of parameters, the others being kept constant
or fixed by the symmetry constraints. The most symme-
trical configurations of the very small clusters are, howev-
er, very often unstable due to the Jahn-Teller effect. The
calculations that only consider highly symmetrical
geometries often miss the true equilibrium geometry.

In this paper we calculate the equilibrium configura-
tions of very small clusters without making any a priori
assumption. We start from a randomly generated initial
geometry and subsequently let the cluster relax under the
action of the forces on the atoms until an equilibrium
configuration is reached. To avoid being trapped in a lo-
cal minimum, we repeat the process with different initial
geometries.

For a given atomic configuration the electronic charge
density and the total energy of a cluster are calculated
self-consistently within the local-spin-density (LSD) ap-
proximation of the density-functional theory. We use a
first-principles, norm-conserving pseudopotential ' to
treat the effect of the core electrons on the valence elec-
trons. To obtain the forces on the atoms we follow a gen-
eralization of the Hellmann-Feynman theory' to the
pseudopotential local-spin-density scheme. "'

This method was used to determine the equilibrium
structures and to calculate the electronic properties of the
sodium clusters Na„and Na„+, with n ( 8 and n =13. A
preliminary account of this work was previously present-
ed."

The alkali aggregates are among the better known mi-
croclusters, both experimentally�' and theoretical-
ly. ' ' Using the molecular-beam technique to pro-
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duce the clusters and the mass-spectrometry technique to
detect clusters with a given number of atoms, several
properties of sodium aggregates were measured, including
the photoionization appearance potentials of Na„clus-
ters, '" ' the two-photon ionization spectra of Na3, ' '
the laser-induced atomic fluorescence spectra of Na3. '

The electron-spin-resonance (ESR) spectra of matrix-
isolated clusters have provided important information
about the geometries of Na3 and Na7. ' ' The optical ab-
sorption and Raman spectra have also been obtained
for Na aggregates deposited in a frozen inert-gas matrix.

Several studies of alkali clusters beyond the Hartree-
Fock level have been published, most concerning only di-
mers, trimers, and sometimes quadrimers. Some symme-
trical configurations of the clusters Na2 to Na8 (Ref. 25)
were studied with a Hartree-Fock method, which included
in a non-self-consistent way a correction for the correla-
tion energy in the local-density approximation, and which
treated the cores in the pseudopotential scheme. Several
geometries of Li6 with the internuclear distance fixed at
the bulk value, the pentagonal bipyramidal geometries of
the alkali septamers, and some highly symmetric
geometries of the LiI3 cluster were studied with a con-
figuration interaction method which treated the Na and K
cores in the pseudopotential approximation. However, all
the calculations for clusters with more than three atoms
have made some a priori assumptions on the geometry of
the cluster. The local-density scheme has also been used
recently to study metallic dimers ' ' and the structure of
copper clusters built from bulk unit cells. 32

In this study of the structural and electronic properties
of sodium clusters we find that clusters with six atoms or
less have a planar or quasiplanar equilibrium geometry
with a characteristic triangular pattern, whereas the larger
clusters have three-dimensional structures in which all the
atomic distances are similar. We calculate the adiabatic
ionization potentials, the atomization and dissociation en-
ergies, and the electronic charge and spin density of the
clusters. Where available, we find good agreement with
the experimental data, in particular with the photoioniza-
tion appearance potentials and the ESR results. We also
present a detailed discussion of the calculated equilibrium

structures and show that the main factor governing the
ground-state geometries of the small clusters is the delo-

calized metallic nature of the valence electrons combined
with the Jahn-Teller effect.

The paper is organized as follows: In Sec. II we give a
brief account of the computational procedure, including
the expression for the Hellmann-Feynman forces. In Sec.
III we present the results, compare them with the avail-
able experimental data and discuss the trends with in-
creasing particle size. A discussion of bonding and of its
relation to the electronic and structural properties of the
clusters is given in Sec. IV. Our conclusions are presented
in Sec. V. Except when explicitly stated, atomic units
(e =A'=m, = 1) are used in this work.

II. COMPUTATIONAL METHOD

As already mentioned, in our theoretical approach the
core-electron 'effects on the valence electrons are treated
within the pseudopotential approximation, whereas the
exchange and correlation effects are treated self-
consistently within the local-spin-density approximation
of the density-functional theory.

We use an /-dependent, norm-conserving pseudopoten-
tial ' derived from an ab initio atomic calculation per-
formed in the local-density approximation. This pseudo-
potential has the form

Vp, ————g c; erf(~y;r)
i=1

1 3 —~.7'+ g g(a;+b;r )e ' Pt.
l =0 i =I

Here Pt is the projection operator on the states of angular
momentum /, and Z is the ionic charge. The constants c;,
y;, a;, b;, and a; can be found in Ref. 9.

For the exchange and correlation energy e„, and po-
tential V„,~ we use the interpolation formulas of PerdewLSD

and Zunger derived from the Monte Carlo calculations
for the homogeneous electron gas done by Ceperley and
Alder.

In this framework the ground-state electronic density of
a molecule with n atoms and X valence electrons is ob-
tained by solving the set of self-consistent equations,

——,'V + g V~,'+VH(r)+V„, I p(r), g(r)] p; (r)=e; p; (r)

~

)where o = p, J, is the index for up and down spins and V ~~J,
' is the pseudopotential associated with the ion j, centered at the

ionic site R'J'. The occupation numbers f; are, respectively, equal to one or zero if c; &p or e; &p, and are between
one and zero if e; =p. The chemical potential p is determined by the condition that the sum of the occupation numbers
be equal to the number of valence electrons.

Using the self-consistent solutions of Eq. (1), the total pseudoenergy of the molecule is equal to
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n

1.(k IR"'—R'"
I

If we apply the Hellmann-Feyman theory' to the energy expression [Eq. (2)], the force on atom j is given by' '

E(R(&) R(n))
az„(J')

(j) (k)Rv —Rvgfi, u 0i, n (') Vps Pier ,+ g Zkzj
( ) (k) 3 ~ +=x~3 ~+

=i, ) i
' ' ()&.' '

k~,

(2)

(3)

TABLE I. Exponents of the (3$,2p ) gaussian basis set.

3$ 0.030466
0.086 586
0.397 668

2p 0.090 545
0.634 653

It is well known that the Hellmann-Feynman forces are
extremely sensitive to the quality of the basis set used in
all electron calculations. As a matter of fact, the compu-
tation of the Hellmann-Feynman forces with the standard
methods of quantum chemistry requires basis sets so large
that the calculations are almost impractical. In the case
of a linear or combination of atomic orbitals (LCAO)
basis set a reasonable convergence of the Hellmann-
forces is only obtained when one adds to an initial basis
set which gives a reasonably converged total energy, all
the derivatives with respect to the nuclear positions of its
basis functions. However, if the basis set is independent
of nuclear positions as in the floating orbital method for
molecules or in the plane-wave basis set used in solid-state
calculations, then the Hellmann-Feynman forces converge
with increasing basis set size at the same rate as the total
energy.

The gradient of the calculated total energy can be cal-
culated analytically if correction terms for the incomplete-
ness of the basis set, or even for the non-self-
consistency are added to the Hellmann-Feynman forces.
Optimization of 'molecular geometries has been achieved
using gradient forces.

When a pseudopotential is used, only small basis sets
are needed to calculate the total energy since it is not
necessary to describe the core electron wave functions. If
the pseudopotential does not have a divergence at the ori-
gin and the total pseudo charge density is smooth in the
core region, the Hellmann-Feynman forces are less sensi-
tive to the quality of the basis set. Hellmann-Feynman
forces have been used recently in pseudopotential calcula-
tions of solid and surface properties.

To solve the self-consistent Kohn-Sham equations [Eq.
(I)], we expand the molecular orbitals P; in a linear com-
bination of Gaussian atomic orbitals. A few words about
our basis functions are necessary since we need a basis set
not only to compute the total energy of a cluster as a
function of the nuclear positions, but also to compute the
Hellmann-Feynman forces on the nuclei. This is a much
more difficult task than just to compute the total energy

which is a variational quantity. The atomic (3s,2p )

Gaussian set (see Table I) that we have used in the present
calculation has been optimized in order to give a suffi-
ciently accurate description of the pseudo wave function,
and gives Hellmann-Feynman forces which are, for all
practical purposes, indistinguishable from the forces ob-
tained by numerically differentiating the total energy.

As was first proposed by Sambe and-Felton ' we use an
auxiliary set of Gaussian functions to fit the electronic
charge density p(r) and we calculate the electrostatic po-
tential V~(r) using the fitted charge. Another set of
Gaussian functions is used to fit the exchange and correla-
tion energy e„, (r) and potential V„, (r), the exchange
and correlation molecular integrals are then computed us-
ing the fitted functions. Several improvements on the
original scheme of Sambe and Felton have been reported
elsewhere. ' For the sodium clusters our auxiliary sets
include five even-tempered Gaussians at each atomic site
and one Gaussian at the bonding site between each pair of
nearest-neighbor atoms.

To obtain the equilibrium geometry of a cluster, we
minimize its energy [Eq. (2)] with respect to the ionic po-
sitions using the information provided by the Hellmann-
Feynman forces [Eq. (3)] and a steepest-descent method.
At each step of the minimization process we perform a
self-consistent calculation of the charge density, we evalu-
ate the total energy E(R'") and the forces F(~)(R(") and
we let the cluster geometry relax by a distance,

g R(j) F(j)

The minimization is rapidly achieved if e is of the same
order of magnitude as the largest eigenvalue of the matrix
of the second derivatives of E(R'"). For sodium clusters
this corresponds to a vibrational frequency of
—150 cm

A single minimization process could lead to a local
minimum; this risk was avoided by repeating the pro-
cedure several times with different initial geometries. In
practice we started with a set of initial geometries ob-
tained by generating points in a cube with a pseudo-
random-number generator. We used the following con-
straint to eliminate very unlikely geometries: If a new
generated point was near an already existing point or too
far from all the previously generated points, it was dis-
carded.

Within 10 to 15 relaxation steps the energy converges to
within a few hundredths of an eV, the cluster symmetry,
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if any, is clearly recognizable, but the internuclear dis-
tances are still 0.2 to 0.3 a.u. from convergence. After
collecting the data from the relaxation of a dozen dif-
ferent initial geometries, we can clearly identify the equili-
brium geometry of the cluster and the geometries of some
local minima.

We then generate a second set of initial cluster
geometries which include (i) the geometry with the sym-
metry of the absolute minimum and of some of the lowest
local minima identified with the relaxation of the first set,
(ii) the highly symmetric geometries of the cluster that
cannot be ruled out by a Jahn-Teller analysis, (iii) other
geometries and symrn. etries quoted in the literature. The
geometrical parameters which are not determined by the
symmetry constraints are again chosen at random, and a
few different geometries are generated for each case.
%'hen these clusters are allowed to relax under the action
of the Hellmann-Feynman forces, they automatically con-
serve their symmetry and, since there are just a few free
parameters, an excellent convergence in energy and
geometry is achieved within —10 minimization steps.
The results obtained with the first set have always been
confirmed by the second set.

The probability of finding a local minimum formed by
weakly interacting smaller units becomes significant for
clusters with 7 and 8 atoms when the initial geometry is
chosen at random; it becomes dominant for the 13-atom
cluster. This limits the efficiency of our minimization
method for the larger clusters. Therefore, in the case of
Na&3 and Na~3+ we studied only some Jahn-Teller distor-
tions of the highly symmetric icosahedral and cubooc-
tahedral configurations.

pect, as a general rule, that the interatomic distances will
be underestimated and that the binding energies will be
overestimated throughout the calculations.

The deviation with respect to the experimental results is
larger with the ab initio pseudopotential used in this work
than with the empirical pseudopotential used in a previous
work, where a discussion of the accuracy of the LSD ap-
proximation and of the empirical pseudopotential can be
found.

A. Equilibrium geometries

The equilibrium geometries of neutral and ionized clus-
ters having n & 8 and n =13 atoms are given in Figs. 1, 2,
4, and 5. We have also added in Fig. 3 the geometries of
the lowest-lying local minima of Na6 and Na6+.

The equilibrium geometry of the Na3 trimer (Fig. 1) is
an isosceles triangle ( C2„symmetry) with an apex angle of
78', it is a Jahn-Teller distortion of an equilateral triangle
geometry. The equilibrium geometry of the Na3+ mole-
cule (Fig. 2) is an equilateral triangle (D3/g symmetry). A
calculation of the whole Born-Oppenheimer surface of
Na3 using the same method but an empirical pseudopoten-
tial, has been reported in a previous paper. " %'e discussed
there the dynamical character of the Jahn-Teller effect
and we compared the trimer results with the available ex-
perimental and theoretical results.

Both the Na4 (Fig. 1) and the Na4+ (Fig. 2) clusters
have a rhombic equilibrium geometry (D2p, symmetry).
Similar equilibrium geometries have been previously ob-
tained with the same pseudopotential local-spin-density

III. RESULTS

As a test of the precision that can be expected from the
pseudopotential local-spin-density method used in this
calculation, we compare in Table II the well-known exper-
imental spectroscopic constants of Na2 and Na2+ with
our theoretical results. As can be seen, the calculated
equilibrium distances of Na2 and Na2+ are 5%%uo shorter
than the measured values and the dissociation energies are
5 to 20% larger than the measured values. We thus ex-

5.5

TABLE II. Experimental and calculated spectroscopic con-
stants of the neutral and ionized sodium dimers. The equilibri-
um distance r, is given in atomic units, the dissociation energy
in eV, and the vibrational frequency co, in cm

Na+

re

D,

re

D,

Experimental

5.818'
0.747+0.001'

159.1'

6.72"
0.991+0.001'

119"

Calculated

5.48
0.91
173

6.42
1.05
115

'Reference 56.
Reference 50.

'Value obtained using the data of Refs. 49, 50, and 56.
FIG. 1. Equilibrium geometries of Na„clusters with n (7.

The internuclear distances are given in atomic units.
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.2

FIG. 4. Equilibrium geometries of (a) Na8 and (b) Na8+ clus-

ters. The interatomic distances are given in atomic units.

ground state is worth considering since magnetic Stern-
Gerlach experiments have been performed on these clus-
ters. The ground state of the highly symmetric
icosahedral configuration is a sextuplet and is stable with
respect to distortions, whereas there is always a distortion
that lowers the energy of degenerate, lowest lying, doublet
state. An equilibrium configuration with doublet ground
state results when the lowering in energy obtained with a
Jahn-Teller distortion is larger than the magnetic energy
gained by having the five spina aligned in the sextuplet
state.

The CI and the LSD methods differ essentially by their
treatment of the exchange and correlation interactions.
While the I.SD scheme treats both in the same approxi-
mate way, the CI method treats the exchange essentially
exactly but the description of the correlation interaction
depends strongly on the completeness of the CI expansion.
For large molecules, where size consistency effects are
present, only a fraction of the correlation energy is usually
recovered in the CI calculations. Since the correlation in-
teraction reduces the preference of the exchange interac-
tion for an high-spin ground state, CI calculations with an
incomplete CI expansion can predict an high-spin ground
state for a molecule with a low-spin ground state.

We give in Table III some results concerning the intera-
tomic distances deduced from this calculation. The small-
est interatomic distance R;„increases slowly towards the
bulk value with growing cluster size, whereas no clear
trend appears in the average value (R ) of the nearest-
neighbor distances. For large-size clusters the experimen-
tal results' suggest that the interatomic distances within a
cluster decrease with respect to the infinite solid by an
amount proportional to n '~, where n is the number of
atoms, in agreement with the prediction of a classical
drop model' that explains the cluster contraction as a
surface-tension effect. The size range we have studied, 2
to 13 atoms, is too small to allow an extrapolation of the
asymptotic behavior.

The variance of the nearest-neighbor distances strongly
decreases with increasing cluster size (Table III), already

TABLE III. Distances between nearest-neighbor atoms in the
sodium clusters. R;„, (R), and hR are, respectively, the
smallest interatomic distance, the average value, and the vari-
ance of the nearest-neighbor distances. All values are given in
atomic units, the experimental values are given in parentheses.

&min

FIR. 5. Equilibrium geometries of (a) Na» and (b) Nal3+
clusters. The interatomic distances are given in atomic units.

Nap
Na3
Na4
Na5
Na6
Na7
Na8
Na»
Na„(bulk)

'Reference 56.
"Reference 58, p. 31.

5.5(5.8')
5.7
5.5
5.9
5.8
6.1

5.9
6.0

(6.9")

5.5
6.2
6.0
6.0
6.0
6.1

6.0
6.3

0.69
0.32
0.13
0.20
0.04
0.05
0.11
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B. Ionization potentials

The appearance potential of Na„clusters in a molecular
beam have been measured by photoionization followed by
mass spectroscopy. ' ' In a clean experiment, where no
fragmentation or multiphoton processes occur and where
the distribution of the excited states is approximately
Boltzmannian, the appearance potentials of the clusters
are equal to the adiabatic ionization potentials. ' '

We show in Fig. 6 the calculated adiabatic ionization
potentials of Na„clusters and the experimental values of
Herrmann et al. ' and Peterson et al. ' In this figure we
have also drawn the results of a simple electrostatic
model. ' ' More accurate adiabatic ionization poten-

o
o This work (Theory)

a Herrmann et al. (Expt.)
~ Peterson et al. (Expt. )

C:

cL 4.5-
C0
N

o 40-

0 0
I I t I I I I I I

2 3 4 5 6 7 8 9 10 11 12 13

Number of atoms

FICr. 6. Ionization potentials of Na„clusters. The circles are
the calculated adiabatic ionization potentials, the squares and
the triangles are, respectively, the photoionization appearance
potentials of Refs. 14 and 15. We have only shown the experi-
mental error bars for the Na6 and Na9 cases. The broken line is
the result of a simple electrostatic remodel.

reflecting the onset of the regularity of the cluster struc-
tures in these very small aggregates. The larger variance
for the Na~3 clusters could be an indication that the
cubo-octahedron is a local minimum and not the absolute
minimum of the energy surface.

The equilibrium geometries we have obtained for clus-
ters larger than four atoms are different from those found
by Flad et al., who studied only some symmetrical clus-
ter configurations. We have also checked that all our
geometries have a lower energy than the structures found
by Flad et al.

Our results can be summarized as follows: (i) Sodium
clusters with five atoms or less have a planar structure
built from distorted equilateral triangles, which is the typ-
ical pattern of close packing in two dimensions. (ii) The
aggregates with six, seven, and eight atoms have three-
dimensional structures (although those with six electrons
or less are flattened with respect to an ideal geometry) and
a regularity of the interatomic distances starts to appear.
(iii) A slight distortion of the cubo-octahedron rather than
an icosahedral structure appears to be a lower-energy con-
figuration for both 13-atom clusters.

tials have been obtained from the Rydberg spectra of
Na, Na2, and Na3, ' giving, respectively, the values
5.139, 4.895, and 3.92 eV. The agreement between the
values of the two different experiments'"' is not very
good for the Nas, Na6, and Na8 clusters. Our calculated
ionization potentials, and in particular their trend, are in
better agreement with the results of Herrmann et al.
Since our method is ab initio, parameter free, and de-
scribes correctly the ionization potentials for the smallest
Na„clusters, the better agreement with the results of
Herrmann et al. could indicate that these are more accu-
rate. When we compare the calculated vertical ionization
potentials with the experimental appearance potentials we
find poor agreement, confirming the interpretation of the
appearance potentials as adiabatic ionization potentials. '

Previous calculations of the ionization potentials of Na„
clusters have been reported by-Flad et al.; they have,
however, calculated vertical ionization potentials of select-
ed cluster structures, which we believe cannot be directly
compared with the experimental appearance potentials.

C. Comparison with ESR experiments

The electron-spin-resonance (ESR) spectra of alkali
clusters trapped in a frozen inert-gas matrix have been re-
ported by Lindsay and co-workers. ' ' ' They have
observed spectral features which they assign to atoms, tri-
mers, and septamers, the spectra of pentamers have, how-
ever, not been identified. Clusters with an even number of
atoms have a singlet ground state and therefore cannot be
observed in ESR experiments.

Interpretation of the hyperfine structure of the ESR
spectra gives the electronic spin density at the nuclear
sites, which is often expressed as a fraction of the atomic
value and denoted the isotropic spin population. At low
temperatures the ESR spectra attributed to Na3 have large
and equal spin densities at two nuclear sites and a smaller
spin density with opposite sign at a third nucleus. At
temperatures higher than 20 K, an ESR signal where all
three atoms have the same spin density appears. Qur
calculated charge and spin density for the equilibrium
geometry of Na3 (Fig. 7) are consistent with the low-
temperature spectra; the high-temperature spectra have
been previously explained by the pseudorotation of the
Na3 molecule. "' The ESR signal attributed to the Na7
molecule has large and equal spin densities at two atoms
and a smaller spin density at five other equivalent
atoms. ' These results are consistent with a pentagonal
bipyramidal equilibrium geometry for Na7, ' and the cal-
culated charge and spin densities given in Fig. 8 are in
agreement with the experimental result. We thus compare
in Table IV the measured isotropic spin populations and
the calculated "pseudo" isotropic spin populations for Na3
and Na7. We also report in Table IV the pseudo isotropic
spin populations, computed from the charge and spin den-
sity of the trapezoidal Naz cluster (Fig. 9). The agreement
between theory and experiment is excellent for Na3 and
Na7,' the calculated values for Na5 can help to identify the
ESR spectrum of Naz which is yet unknown.

In our calcu. lation we compute pseudo spin densities
rather than real spin densities at the nuclear sites. This
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FIG. 7. Contour plots of the (a) electronic charge density and
(b) spin density 'parameter of Na3 on the plane of the three
atoms. The length scale is given in atomic units at the lower
right corner of the figure in a.u. (Bohr), the charge density is
given in units of 10 electron per cubic atomic unit. The shad-
ed areas show the extension of the atomic cores.

FIG. 8. Contour plots of the (a) electronic charge density and
(b) spin density parameter of the Na7 cluster in one of the five
vertical symmetry planes of the D5q symmetrical point group.
The units are the same as in Fig. 7.

should affect only minimally the calculated isotropic spin
populations, since both the real and the pseudo isotropic
spin populations are normalized to their corresponding
atomic values, and both are a measure of the strength' of
the s part of the unpaired electron wave function at each
nucleus.

The matrix results should be extrapolated with care to
the intrinsic properties of the isolated clusters. For exam-
ple, the g shift depends on the matrix site, however the
spin populations are relatively unaffected by matrix-site
effects or even by the matrix material itself. '

D. Dissociation and atomization energies

The calculated atomization energies per atom of the
sodium clusters (Table V) converge smoothly to their bulk
value, i.e., the binding energy per atom of the solid,

Experimental

1.0
0.47'(2 x )

—0.07
b

0.37(2x )'
+0.02(5 X )

'Reference 20.
The ESR spectra of Naq has not been observed.

'Reference 21.

Calculated

1.0
0.48(2X )

—0.04
0.19(2x )
0.17(2x )

0.06
0.32(2x )

—0.02(5 x )

TABLE IV. Experimental isotropic spin populations and cal-
culated "pseudo" isotropic spin populations. The multiplicity of
each value is indicated in parentheses.
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TABLE V. Atomization energies per atom of the sodium
clusters. The values in parentheses are the experimental values.
All energies are given in eV.

Na2
Na3
Na4
Na5
Na6
Na7
Was

Na)3
Na„(bulk)

0.45(0.37')
0.43(0.36')
0.61
0.64
0.73
0.82
0.86
0.86

(1 11d)

Na2+
Na3+
Na4+
Na, +

Na6+
Na7+ .

Nas+
+

0.52(0 45 )

0.86(0.76b)
0.82
0.88
0.89
0.99
0.97
0.96

(1.11d)

'Reference 56.
"Values obtained using the data of Refs. 49, 50, 51, 56, and 57.
'Reference 57.
Reference 58, p. 74.

result is known. From these values and the experimen-
tal ionization potentials we have derived the experimental
dissociation energies for Na2+ and Na3+ given in Table
VI. As we already observed in the dimer case, our pseu-
dopotential local-spin-density approach gives larger bind-
ing energies for the neutral and ionized trimers than the
experimental values (Tables V and VI). We also notice
that the calculated dissociation energies for the ionized
clusters (Table VI) are of the order of I eV, therefore the
excess energy needed to break a cluster by photoioniza--
tion' is fairly high.

IV. DISCUSSION

FICx. 9. Contour plots of the (a) electronic charge density and
(b) spin density parameter of the Na5 cluster on the plane con-
taining the five atoms. The units are the same as in Fig. 7.

whereas the dissociation energies (Table VI) show a more
irregular convergence which reflects their stronger depen-
dence on the structure of the clusters. In order to obtain
the dissociation energies, we analyzed aH the possible dis-
sociation channels of the clusters. For both the neutral
and the ionized clusters the first dissociation channel is
given by

Na+ Na„, '+ ',

with the exception of Na4 and Na6 which dissociate into a
neutral dimer and a n —2 atom cluster.

The experimental values of the dissociation energies of
Na2 have been obtained by fluorescence spectroscopy
and from the thermochemical data of sodium vapor in a
Knudsen cell, for Na3 only the less precise Knudsen-cell

TABLE VI. Dissociation energies in eV of the sodium clus-
ters. The values in parentheses are the experimental values.

Na2
Na3
Na4
Na5
Na6
Na7
Nas
Na„(bulk)

0.91(0.747+0.001')
0.40(0.33')
0.63
0.76
1.03
1.35
1.14

(1.11')

Na2+
Na3+
Na4+
Na+
Na~+
Na7+
Na, +

1.05(0.991+0.001 )
1.55{1.30")
0.68
0.88
0.95
1.63
0.88

{1.11")

'Reference 56.
Values obtained using the data of Refs. 49, 50, 51, 56, and 57.

'Reference 57.
Reference 58, p. 74.

The distinction between metallic and covalent bonding
is less marked in molecules or very smaH aggregates than
in macroscopic condensed matter since the concept of a
band gap cannot be precisely defined in a molecule or
small cluster. If we accept the distinction that metallic
bonding is weak, nonlocalized, and nondirectional whereas
covalent bonding is strong, localized in the bond region,
and directional, this study shows that the sodium clus-
ters are typical cases of metallic bonding. Such metallic
bonding in a sodium cluster is to be expected since it is
known that the ions act as weak scatterers in the bulk

/
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metal; this is confirmed by the delocalized character of
the bonding charge (Fig. 10). In their work, however,
Flad et al. reached the conclusion that the structures
with Na2 units are a characteristic feature of small sodi-
um clusters. This dimerization would mean that weakly
localized and directional bonds are formed between pairs
of atoms, a situation that can be described as a covalent
contribution to the bonding. Qualitative theoretical argu-
ments also indicate a possible dimerization if the mean
coordination number is smaller than 4. In our work we
find no sign of dimerization.

In the tight-binding picture of metallic bonding, struc-
tures with a large number of nearest neighbors are favored
since their bandwidths are larger. Our calculated equili-
brium geometries of Na aggregates do not, however, al-
ways maximize the number of nearest neighbors. For ex-
ample, the clusters with five atoms or less have a plane
geometry made from distorted equilateral triangles. The
equilateral triangle is indeed the building block of close
packing in two dimensions, but the number of nearest
neighbors would be increased if the four- and five-atom
clusters had the shape of the tetrahedron and a triangular
bipyramid, respectively. Another example is given by the
Na6 cluster, whose pentagonal pyramid geometry has
fewer nearest neighbors than the more compact octahedral
geometry.

The fundamental reason why the most symmetrical
structures are not favored by small sodium clusters is
their instability with respect to a Jahn-Teller distortion.

The Jahn-Teller theorem asserts that a nonlinear molecule
cannot have a degenerate ground state (except for simple
Kramers degeneracy) since there is always a symmetry-
breaking distortion which lowers the energy. The highly
symmetric geometries possess a high probability of having
a degenerate ground state and therefore are discriminated
against the Jahn-Teller effect in favor of geometries with
lower symmetry.

In order to understand the geometrical structure of
small clusters, we have thus to take a closer look at their
electronic structure and study how it changes with in-
creasing number of electrons, taking into account the
delocalized character of the valence electrons. The main
point for sodium clusters is to realize that the molecular
orbitals, which are essentially linear combinations of the
3s atomic orbitals, can be classified as "s like", "p like",
"d like", etc , ac.cording to their global shape (Fig. 11).
They are filled in a well-defined order as the number of
electrons in the cluster increases. This classification can
be justified in a more formal way since these molecular
orbitals generate the same representation of the sym-
metries of the molecule as a set of functions with well-
defined angular momentum.

. For the clusters with one and two valence electrons, a
single nodeless s-like orbital is occupied. This orbital
has a tendency to be spherical in order to lower its kinetic
energy; the ions will thus try to adjust to this spherical
shape and tend to form a compact structure. Na2 and
Naz+ can only be linear, but Na3+ is an equilateral trian-
gle, the most compact geometry for a trimer.

As we add the third and the fourth electrons, the next
occupied orbital must be orthogonal to the first. It has a
nodal surface separating two semi-infinite half-spaces, in
which the orbital has different signs; it is an example of a'
p-like orbital. There are, however, three p-like orbitals

a7.

FIG. 10. Contour plots of the bonding charge (molecular
charge density minus the sum of atomic charge densities) in the
Na~ duster, showing the delocalized character of the metal1ic
bond. The units are the same as in Fig. 7, the represented plane
is the same as in Fig. 8, and the lightly shaded areas show the
regions of charge accumulation.

FICx. 11. Example of a p-like molecular orbital in the Na7
cluster, represented in the plane containing five atoms.
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and degeneracies can occur in a high-symmetry cluster,
which could thus be subject to a Jahn-Teller distortion.
If, to give a specific example, we want to study the stabili-
ty with respect to Jahn-Teller distortions of the Na4 clus-
ter with a tetrahedral shape (Td symmetry), we need only
know that fx,y, z J form the T2 irreducible representation
of the cubic group Td, which implies that the three p-like
orbitals are degenerate. The Na4 molecule with two elec-
trons in the s-like, fully symmetrical (A i irreducible rep-
resentation) molecular orbital, and two electrons in the
three degenerate p-like orbitals (T2 irreducible representa-
tion) has a degenerate electronic ground state and is there-
fore unstable with respect to Jahn-Teller distortions. The
stable molecules have one s-like and one p-like orbital oc-
cupied, so the electronic charge density tends to have the
shape of a prolate ellipsoid of revolution. The ions will
move to stabilize this shape, which leads to an elongated
structure. This is the case for Na3, Na&, Na4+, and Na5+.

A fifth electron will occupy a second p-like orbital giv-
ing a situation in which the first p-like orbital is doubly
occupied, the second is singly occupied and the third is
empty. Since in this case there can be no degeneracies, the
only allowed symmetries are the D2~ group and its sub-
groups. The Na5 and Na6+ clusters have, indeed, a very
low symmetry.

The clusters with six electrons have one s-1ike and two
p-like orbitals fully occupied. In this case the two occu-
pied p-like orbitals can be degenerate and the charge den-
sity tends to take the shape of an oblate ellipsoid of revo-
lution. The molecule can thus have a high-order symme-
try axis perpendicular to the plane of the two occupied p-
like orbitals; this is the case for Na6 and Na7+, which
have a fivefold symmetry axis. The geometries of these
clusters are fiattened compared to the regular pyramid
and bipyramid, in which a11 edges would be equal. This is
the result of a compromise between the four electrons in
the p-like orbitals, which prefer a planar geometry, and
the two electrons in the s-like orbitals, which favor a com-
pact geometry. The isomer of Na6 with plane geometry
reflects the same tendency.

The Na7, Nas, and Nas+ clusters, whose p-like orbitals
are all occupied, have very regular three-dimensional con-
figurations with their nearest-neighbor distances almost
identical. In the 13-atom clusters the next available ener-

gy levels are d-like orbitals which are occupied by four or
five electrons. These orbitals are fivefold degenerate in
the icosahedron and are split into a threefold and twofold
degeneracy in the cubo-octahedron. In the cubo-
octahedron the three degenerate orbitals ("d„»," "d„„"
and "d»,") are directed toward the surface atoms and have
a lower energy than the doubly-degenerate orbitals
("d~, , 2" and "d

2 2"), which are directed toward
the square faces. Thus both the icosahedral and the
cubo-octahedral geometries of Na~3 and Na~3+ are unsta-
ble if they have a low-spin configuration. The calculated
equilibrium geometries of these clusters are Jahn-Teller
distortions of the cubo-octahedron with the D4~ symme-
try.

These results are interesting since molecular-dynamics
calculations using additive two-body potentials always
favor the most compact structures, i.e., icosahedral struc-

tures, for small clusters. Experiments have also shown
the presence of fivefold symmetry axes in clusters of rare
gases and of noble metals' having fewer than 1000
atoms. Our results are not an indication that bulk like
(fcc) structures are already attained with 13 atoms for al-
kali metal clusters, but rather suggest a manifestation of
the Jahn-Teller effect. The importance of the incomplete-
ly filled molecular shells will decrease as a function of the
cluster size, and we cannot exclude the dominance of
icosahedral structures for larger clusters.

This analysis shows that the electronic structure is the
principal factor which governs the equilibrium geometry
of the clusters and that the main features of the electronic
structure are fairly insensitive to the actual geometrical
structure. In fact the s-like, p-like, and d-like ordering of
the energy levels has been previously found in a spherical
jellium model of Na clusters in which the ions were re-
placed by a spherical background of charge. In that
model the ordering of the energy levels was
s,p, d, s,f,p,g, d, h, s,f, . . . . Recently a similar shell struc-
ture was used to explain a mass spectrum of sodium clus-
ters produced in a molecular beam, where each significa-
tive drop in the ion signal occurred just after a shell was
completed.

A complete study of the eq&ilibrium geometry of the
clusters should take into account dynamical Jahn-Teller
effects. Generally speaking, we cay say that if the distor-
tions are smaller than the typical zero-point vibration am-
plitudes of sodium molecules (-0.2 a.u. ) as in, for in-
stance, the case of Naii, then the molecular vibrational
wave function is not localized within each of the
equivalent potential minima of the energy surface, and the
effective cluster geometry has the same symmetry as the
undistorted cluster. We expect this to be the case for the
larger clusters, where the importance of the incompletely
filled molecular shells will decrease, and therefore result
in smaller Jahn-Teller distortions. If the distortions are
large, as in the case of Na4, viewed as a Jahn-Teller distor-
tion of a square, then the equivalent minima on the Born-
Oppenheimer are well separated in space, with large po-
tential barriers between them. In this case the interaction
between the equivalent minima can be neglected and the
effective geometry is the distorted geometry. The Na3
molecule is a special case where the Jahn-Teller distortion
is comparable to the zero-point vibrational amplitude.
The barrier between the equivalent minima is of the order
of 0.03 eV (Ref. 4) and, depending on the cluster tempera-
ture and on the time scale of the measured property, an
isosceles or an equilateral triangle geometry should be ob-
served. '

V. CONCLUSION

Realistic calculations of the electronic and structural
properties of Na„clusters with n as large as 13 have been
performed in the framework of the pseudopotential and
local-spin-density approximations. The equilibrium
geometries of the clusters have been obtained by allowing
randomly generated clusters to relax under the action of
the Hellmann-Feynman forces.

We find the bondings to be weak, delocalized, and non-
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directional, which is a characteristic of a metallic bond-
ing. The structures are closely packed, either in two di-
mensions for clusters with five atoms or less, 6r in three
dimensions for the larger clusters, but do not always max-
imize the number of nearest neighbors. The tendancy to-
ward dimerization reported in a previous study was not
observed. A model has been given to explain the equilibri-
um shape of the very small clusters of simple metals. It
takes into account the s , p ,-an-d d-like global shape of
the molecular orbitals of the clusters.

The atomization energy per atom increases smoothly
toward the bulk value with increasing particle size
whereas the dissociation energy shows a more irregular
convergence. The smallest internuclear distance also in-

creases with increasing particle size, but the variance of
the internuclear distances decreases dramatically. This
shows that the onset of regularity already appears for very
small clusters.

These theoretical results have been compared with the
available experimental data. In particular, the calculated
adiabatic ionization potentials are in good agreement with
the measured appearance potentials of Herrmann et al., '"
and the calculated equilibrium geometries and wave func-
tions of Na3 and Na7 are in excellent agreement with the
spin densities deduced by ESR on Na3 and Na7 clusters
trapped in an inert-gas matrix. %e present also a predic-
tion for the isotropic spin densities relevant to the ESR
spectra of Nas, which has not yet been observed.

'Present address: Solar Energy Research Institute, Golden,
Colorado 80401 ~
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