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The isotropic quadrupolar coupling Hamiltonian is studied by means of double-time Green’s func-
tions. The equations-of-motion hierarchy is decoupled by using the concepts of cumulant averages
and self-consistently identifying the statistically independent operators of the system. Our results
satisfy all relevant spin-1 identities. We obtain the transition temperature and the ground-state or-
der parameter for the sc, fcc, and bec lattices. Our result for the ground-state order parameter is
larger than that obtained by current decoupling schemes.

I. INTRODUCTION

Systems in which quadrupolar interactions dominate in-
clude molecular solids,' liquid crystals,? and the Jahn-
Teller ferroelectric system.> Attempts to develop double-
time Green’s-function (DTGF) theories of even the sim-
plest (i.e., isotropic) quadrupolar coupled system have met
with many difficulties. Barma* pointed out an ambiguity
in the random-phase-approximation (RPA) treatment of
the system and proposed a “trace-invariance criterion” to
resolve the ambiguity and obtain a single value of the or-
der parameter. In addition, Barma proposed a new
(DTGF) treatment which provided a larger value of the
T =0 order parameter than RPA. Fittipaldi and Tahir-
Kheli® pointed out that Barma’s new treatment did not
preserve certain spin-1 identities. Using a Barma-type
DTGF treatment which preserved some (but not all)
relevant spin-1 identities, they . obtained an order-
parameter value between those of RPA and Barma, as-
cribing this result to “oscillatory, though convergent, suc-
cessive approximation.” Ritchie and Mavroyannis® pro-
posed another, more complex, DTGF scheme which did
not preserve the spin-1 identities, dismissing this
shortcoming as being equivalent to the expected failure of
an approximate scheme to provide exact results for the
correlations of the system. However, the identities in
question were assumed valid throughout the entire treat-
ment and were found not to be satisfied at the end, thus
violating self-consistency. Ritchie and Mavroyannis did
not obtain numerical results with their scheme.

In this paper we consider the isotropic quadrupolar sys-
tem for all 7. Our treatment is based upon the concepts
of cumulant averages and statistical independence, is
unambiguous, and satisfies all spin-1 identities. We ob-
tain the susceptibility for T > T, the critical temperature,
and the ground-state value of the order parameter for the
simple-cubic (sc), face-centered-cubic, and body-centered-
cubic lattices. Our value for the sc order parameter in the
ground state is Jarger than that obtained by Barma.

II. DOUBLE-TIME GREEN’S FUNCTIONS

The retarded (p=+1) or advanced (p= —1) commuta-
tor (p=—1) or anticommutator (n=+1) double-time
Green’s function (DTGF) is defined by’

CADBUENG=— Slp+ 10 —1)

+(p—1)O(t'—1)]
X ([4(2),B(t)],) , (2.1)

where

A(t)=eH'4e ! [A4,B],=AB+nBA , (2.2)

and O(¢) is unity for >0 and zero for t <0. The single
angular brackets in Eq. (2.1) denote thermal average. It
follows from Eq. (2.1) that (A(¢);B(t')){?) is a function
of t—t' only.

The Fourier transform of  4(#);B){}) is defined by
CABYD, o= [ dt e E+iot 40BN

e—0T (2.3)

and satisfies the equation of motion

E{A;BNF=([4,B],)+[4,H]_;BN . (24

The GF on the right-hand side of Eq. (2.4) is generally of
“higher order” and must be decoupled so that a closed
system of equations is obtained. Note that the Fourier-
transformed GF as defined in Eq. (2.3) is sectionally holo-
morphic; the retarded (or advanced) GF is analytic in the
upper (respectively, lower) half of the complex E plane.®°®

It has been shown®!© that the commutator GF cannot
have a pole at E=0, i.e.,

c-'=o0,
where
C= lim E4;B )’

(2.5)

(2.6)

. and that the correlation (BA(t)) may be calculated from
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(BA(1))= 5+(1—qm)C'—™
+El;_r_ f—ww dE(eﬂE+n)—le—iEt

X lim (A;BNT .

e—0t+
—(A;BND 0 .

Also, the response of the system to an external field is
described by the generalized susceptibility,®!!

X p(E)=— lim {A4;BN%i .

E——>0+

(2.7)

(2.8)

III. QUADRUPOLAR COUPLED SYSTEMS

We consider the spin-1 operator basis consisting of the
dipolar operators S7, S?, S7, and the quadrupolar opera-
tors

Q) =V3[(S)*—31,
Q! =(S7?— (87,
Q} =SfS?+S!S7,
Q' =SS{+SiST,

| QF=SIST+SiS? .

(3.1

In this basis, the isotropic nearest-neighbor coupling of
the quadrupolar operators is described by

4
Ho=—5 3 3J,;0'0

(3.2)
v=0ij
and a uniform field coupling to Q is described by
H=—030°. | (3.3)
i
We consider the full Hamiltonian
H=H,+H, (3.4)

and consider the possibility of an ordered phase in which
(Q?)5£0 by allowing Q to approach zero.
Defining and invoking translational symmetry,

we note that due to simple rotational symmetries of H all
such single-site correlations vanish except gg.

The equations of motion of our basis operators are
given by

[S5H)=iV3Q0{—i 3 Jy[ V302 +0/)
1

(3.5)

x Q-0 V307 + 0

+0707 07071, (3.6)

(1 H]=—1V3007+i 3 Ju[ (V30 - 010
-0’ (V307 -0/
+0i'07 0701,

LS5, H]=—i 3 Ju[20070! - 0/0N— 00! +0/0/1 .

(3.7

(3.8)
[Q)H]=—iV3 ;Ju(Sin?—Si"Qi‘) , (3.9)
[0\ H]=—i ;JiI(ZSfQ,Z—S;"Qf—S;‘Q,“) : (3.10)
[Q3LH]=i gJi,(zsz,‘ —S7QP+S70}) , (3.11)
[Q},H]=iV3QS!+i ;1,-,[ S7(V300—0h

—SFQ7+S701'1 (3.12)

[Q}H]=—iV3QS]—i 2l SHV30P+0/)
+87Q}—S707).  (3.13)

Taking the thermal average of both sides of each member
of Eqgs. (3.6)—(3.13) yields the correlation identities

Qg3;=0Qg4=0, (3.14)
3 Ja((SPQP) —(S7Qi) =0, (3.15)
1
3 Ju(2(S7Q7) —(S7Q}) — (SFQ!))=0, (3.16)
1
3 Ju(2(SFQ ) — (SFQP) +(S7Qf)) =0, (3.17)
l .
V3Qy+ 3 Jul (SYV30P—0h)
1
— (87O + (8701 1=0, (3.18)
V3Qx + 3 Jul {(SFV300+01)
1
+(S70}) —(S70)1=0. (3.19)
Defining
GERM=(SHR NP, LERT=([SHR;1,) ,
(3.20)

GHR M=K QYR NP, LF*M=([Q}\R;],) »

and using Eqgs. (3.6)—(3.13), we obtain the Green’s-
function equations of motion

EGHRM=LYPR™ 1 iv3QGHR™ i §I:J.-,[ KV3QP+0N0NR NP — K QHV3Q P+ R N

+{QPO%R NP — K QPO%R; NI,

(3.21)
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EGHRW=LER ™ —iv3QG ;K™ +i Sl (V300 —0NQHR N — ( QF(V3QP— 0/ ;R N
+UQIOBR N~ QPO R NET (3.22)
EGERM—LzRM_; zJ,,(z« Q2O RN 24 Q' OBER NP — K QPSR N + K QOB R M) (3.23)
EGHH T =Lj""—iV3 3 Ju((STQI:R, V'~ (STQISR, ) 7, (3.24)
EGY™ V=L —i 3 12 STONR VP — (STQER, VP — (SFQHR W) (3.25)
1 ,
EGHRM=Li* " +i 3 Jy2(SQI R N — (STQH R N + K SYQIR; DE) (3.26)
1
EG "M =Li "™ +1V3GE ™ +i 3 Il (SHV30 ~ 0K, WP — (SFOLR N + (STOER M, 327
EGHRM=LH* ™ —iv3GHR™ —i 3 Jy[(SFVIQP+ QI iR N + (STQLR N — (STQLR DT, (3.28)
1
r
IV. DECOUPLING SCHEME QOISR NP =4 Gl W +4,G5" ™
As expected, the Green’s functions on the right-hand (147m) anv
sides of Egs. (3.21)—(3.28) are of higher order than our T g R((Q7QI) ~24a9,) ,  (46)
basic Green’s functions in Eq. (3.20) and must be approxi- anv. (1) ~vR(R) aR(q)
mately decoupled to provide a closed, soluble set of equa- (SPQIR; N =aGi™ " +4,6Gjj
tions to replace Egs. (3.21)—(3.28). We propose a decou- (1+m) I
pling scheme based upon the concepts of cumulants and +——E—7LR( (S7Q/) —2agq,) . @.7n

statistical independence. The cumulant averages of
(QM()Q/(1)R;) and (SF(1)Q/(1)R;), the correlatlons ap-
pearing m ((Q, OrR N and’ (SPFONR; NG, are
defined by'?

< Q,'a(t)QIV(t)Rj ) =qa(Q1"(t)Rj ) +qv(Q,-“(t)R,~)
+R((Q7Q") —29,.9.)

+{QHNOQ ()R} ), » (4.1)
(SHOQNR; Y =al QN ()R, ) +q,{SH)R;)

+R({SfQ}) —2aq,)

+(SHQ[(DR;), , 4.2)

where the subscript ¢ denotes cumulant average and
R=(R,).

Our decoupling is based upon the assumption that at
least one of the operators in (Q7()Q/(£)R;) and
(SHQI(DR;) is statzsttcally independent of the others.

This allows us to set!?

(QF(QI()R; ). =(ST1)Q[(HR; ) =0 4.3)
and obtain the approximations
(QAOQI(R; ) =q.{QI()R; ) +4,{ Q(t)R; )
+R({Q70!) —2944q,) » (4.4)

A SHDQ()R; ) =alQ[(t)R;) +q,{SF(D)R;)
+R({SFQ) —2aq,) . (4.5)

Proceeding in identical fashion for (R;Q(#)Q/(¢)) and
(R;S{(1)Q(1)) we obtain the decouplmg approximations:

We will self-consistently identify the statistically indepen-
dent operators as those whose diagonal susceptibilities in
the approximation, Egs. (4.6) and (4.7), diverge in the or-
dered phase.

Using Egs. (4.6) and Eq. (4.7) in the hierarchy, Egs.
(3.21)—(3.28), and using the correlation identities, Egs.
(3.14)—(3.19), and the fact that the only nonvanishing
single-site correlation is qq yields the decoupled hierarchy
(after performing a spatial Fourier transform)

EGHR™ =L%RM 4 iv3(Q+qoJ 2 )GET 4.8)
EG‘%R("’=L%R("’—i\/§(ﬂ+quo)G%R("’ , (4.9)
y,R(n) _ry,R(n) __ - 3,R(7n)
EGZR™ =L iV3(Q+qol )G, (4.10)
EGY™ =L3R™ 4iv3(Q+¢0J0)G%N ™, 4.11)
z,R(n) __r z,R(7) LR(9) _y LR(n)
EGZRM =L2R™, EGLR™W L LE™ | (4.12)
O,R(n) __r O,R(7) 2,R(m) _ 7 2,R(7)
EGT"=L2"", EGZ " =LY , (4.13)
where
G,gz(m -1 zei?'?’qG{;,R(m ’
N %5
R 414
I‘:R(”l)z_l_ ik'?,u _,R('r,) :i ik'?i» .
Lw ——N%e "L,[; s JY——Nge JJU
and
Jo=Jo—J— 4.15)
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Solving Egs. (4.8)—(4.13) we obtain

x,R(7q) | : 4,R(7)
EL% +z\/§(ﬂ+qu0?)L ¥

x,R(n) _ ]
GLR FEmCI— , (4.16)
K
y,R(np) __ - 3,R(n)
grron _ PEE V3t 0T oy LY (4.17)
¥ o E2 o2 ’ '
X
EL>R 4 iv3(Q+qJo) LR
G¥Rm _ X k (4.18)
¥ E?—? ’ ’
g
EL%R™ —iv/3(Q+qoJ o)L R
G4]_2R(m: K —— k , (4.19)
E ‘—CL)E»
LﬁR(n) (LR(W)
Gz,R('q)_ k GO,R(TI):_k_
X E ’° % E °
4.20
LR(7) 2,R(m) ( )
GLRM _ & G2Rm __k
where

Using Eq. (2.8), the diagonal susceptibilities are given
by

X,=—G§H=(E=0). 4.21)
Defining

Xo=qo/Q (4.22)
and using Eqgs. (4.16)—(4.20) in Eq. (4.21), we obtain

Xo=X3=X4 , (4.23)

X x #Xy=—1:_)—()(1]—0 s (4.24)

X;=X1=X,=0 (4.25)
For g, ordering,

(4.26)

li 0
alino go+~

and, from Egs. (4.22)—(4.25), Xy, X3, and X, are the on13y
d1vergent diagonal susceptibilities. We identify QF, O},
and Q; as the members of the set of Egs. (3.1), which are
statistically independent of every other member of the set.
Having determined the statistically independent opera-
tors under the approximations, Eq. (4.6) and Eq. (4.7), we
must, for self-consistency, require that at least one of
these statistically independent operators appears in every
Green’s function that we have approximated as in Eq.
(4.6) and Eq. (4.7). This requirement is clearly satlsfied
for Green’s functions of the form (QfQ/;R; »oif of
and/or Q/ is one of the statistically mdependent operators
and for Green’s functions of the form (SPQ7;R; W& if
Qf is one of the statistically independent operators All

of the Green’s functions we have decoupled fall into one

of these categories, except

KQQLRND, «SIOLR N,
«SFQLR; N, (STQLR N,
: . (4.27)
(SFQELR N, (STQLR N,
«SYQLR NP .
In order to assure that at least one statistically indepen-
dent operator appears in every Green’s function in the set

of Egs. (4.27), we must require that R; be one of the sta-
tistically independent operators.

Defining
R (RiSjV>, V=X,),2Z
V=1
aij - (RinV)9 'V=0,1,2,3,4 (4.28)
and
R __1_ Ty
a’= N 2] Ja , (4.29)
we obtain by using Eqs. (4.16)—(4.19) in Eq. (2.7)
JR(—)
aRx— L% V73 Q+q°‘]oi’
¥ 2 2 0
Ba)_,
XL " coth , (430
»R(—)
B P N 17 Bl ol '
P 2 2 o
Bow -
XL )coth <1, @3)
3,R(—)
R3 Ll—f iv3 Q+qody
a3 =— -+
k 2 2 (l)?
Bow—
XL%R =)coth £, @32
4,R(—)
JRA__EE T i3 Q+aedo
[ 2 2 o
XL%’.R(_)coth —_ (4.33)

Using Eq. (4.20) in Eq. (2.7) yields a series of identities. It
is important to note that Eqs. (4.30)—(4.33) are obtained
from both n= +1 and = —1 versions of Eq. (2.7).

Using R; QJ,QJ,QJ in (4.30)—(4.33) gives

a%":a%“:a%’:a%:a%"za%“ a%" a“’—?:O,
(4.34)
which are exactly true due to the symmetry of H, and
az 3 —iv3q0/2, (4.35)
a%¥=—iv3qy/2 (4.36)
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Q+qoJ Boo
‘137}3=‘;’40 w‘]o ® coth 2k , 4.37)
¥
Q+qoJ Bo-
at? = $go—220 coth - (4.38)
I's

Summing Eq. (4.35) and Eq. (4.36) over k and using the
spin-1 identities

Q/St= é(ﬂQ?—Qz‘) , (4.39)

ofst=—2(vV30/+0), (4.40)
gives

q:=0, (4.41)

which is true by the symmetry of H. Summing Eq. (4.37)
and Eq. (4.38) over k and using the spin-1 identities

0
3\2 114 QI 1
= |=-——— 4.
0
ap_1 14 O s
(QI) - ) 3 '\/3 +Ql ) (4'43)
yields, using Eq. (4.41)
4 9o : 1 1 Boy
373 oy % or 002
(4.44)

For the nonordering region, we write Eq. (4.44) in the
form (using qo=X2)

4 4o 1 < 14+Xodo |'?
4D _yaaxp, Lty |0
37 V3 X°N§ BES AR
K 0%
‘/'
 coth ﬁfﬁ(uwo)m
X(14+Xod )/ | (4.45)
and take () and ¢qo—0 to obtain
2 Xo 1 1
N S ~ SO U (4.46)
3 B N 1+XJp

thus obtaining X,. At the critical temperature X diverges
and we obtain
kT, 3

Jo F(—1)°

(4.47)

where the Watson sum is defined by!3

1507
1
F(n)=7v—§(l—'yr)", ve=Jp/o - (4.48)
K
From Eq. (4.47) we obtain
ch c
=0.4396, =0.4785 ,
JO sc 0 bee
(4.49)
kT,
— | =0.4956.
Jo fec

For the region T < T;, go does not vanish as —0 and
in this limit Eq. (4.44) becomes
4 4o 1
49 301 3 (1—y_)oth
3 V5 90 %( yg)~ ot

X

g‘[‘/iqojo( 1 —7’7;)1/2]
(4.50)

Taking 8— « and anticipating g, negative, we obtain an
expression for gq in the ground state

go= ‘*—“——4/‘/3 . (4.51)

3F(—5)—1

For ready comparison to previous work we calculate the
parameter L defined by

L= %_3—% (4.52)
and obtain

L=— 3—17({;)—: . 4.53)
We thus obtain the ground-state values of L,

L,=-0.8532, L,.=—0.8843,

L¢.=—0.9006 . (4.54)
For the simple-cubic case, Barma obtained L

+ =—0.9316, while Fittipaldi and Tahir-Kheli obtained

L, =—0.9356. Our result is substantially larger than
these. ’

V. CONCLUSIONS

Green’s function decoupling schemes are generally criti-
cized for being based upon unclear approximations and
for failing to satisfy relevant operator identities. Our
scheme is based upon the self-consistent approximation
that those operators whose diagonal susceptibilities
diverge in the ordered phase are statistically independent
of all other operators. The results obtained with this
scheme satisfy all relevant spin-1 identities. Also, the
ground-state order parameter determined by this scheme
is larger than those obtained by previous decoupling
schemes.
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